MAST30026 Metric and Hilbert Spaces 2023

Tutorial Week 05

Topics: connected, bounded, compact sets.
Note: You can skip the starred questions on a first pass and come back to them later.

1. Let A and C be connected subsets of a metric space (X, d). Prove that if AnC # @, then
Au(C is connected.

2. Let (X,d) be a metric space. Suppose A € X is a connected subset and {C;: i € I} is an
arbitrary collection of connected subsets of X such that AnC; # @ for all 7 € I. Then
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is a connected subset of X.

[Hint: Use the argument from Q1.]

3. (*) Let (X, d) be a metric space. Suppose {C},: n € N} is a countable collection of connected
subsets of X such that C,, nC,,,1 # @ for all n € N. Then

U .

neN

is a connected subset of X.

[Hint: Build the union inductively, and use Q1 and Q2.]

4. (*) Let (X,d) be a metric space and define = ~ 2/ if there exists a connected subset C' ¢ X
such that x, 2" € C.

Prove that this is an equivalence relation on the set X, thereby partitioning X into a
disjoint union of maximal connected subsets (these are called the connected components of

X).

[Hint: Recall that an equivalence relation has three defining axioms: (a) x ~ x for all x € X;
(b) if x ~ 2’ then 2’ ~ x; (c) if x ~ 2" and 2’ ~ 2" then z ~ 2]

5. Give explicit continuous surjective functions f: R — I, where [ is:

(&) R (b) (0,00) (c) (=00,0) (d) (=00,0] (e) [-1,1]
(f) (0,11 () [0,1) () (==/2,7/2) (i) {0},

[Hint: Draw some functions you know from calculus and see what their ranges are.]

6. (*) Let (X,d) be a metric space.
If A and B are bounded sets with An B # &, then

diam(Au B) < diam(A) + diam(B).

7. Let C be a closed subset of a compact subset K of a metric space (X,d). Prove that C' is
compact.

[Hint: K< X =Cu(X\C)]

8. Let K and L be compact subsets of a metric space (X, d). Prove that K u L is compact.



