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1. Introduction

1.1. What’s up with infinite-dimensional vector spaces?

The discussion in this section is heavily inspired by the lecture notes [8] by Karen Smith.

Despite the inevitable ups and downs, linear algebra as seen in a first-year subject is very
satisfying. There is one fundamental construct (the linear combination, built out of the two
operations defining the vector space structure) that gives rise to all the other abstract concepts
(linear transformation, subspace, span, linear independence, etc.). And one of these abstract
concepts (the basis) allows us to identify even the most ill-conceived of vector spaces with one
of the friendly standard spaces F", whereby we can use the concreteness of coordinates and
matrices to perform computations that allow us to give explicit answers to many questions
about these spaces.

If these ill-conceived vector spaces are finite-dimensional, that is. Once finite-
dimensionality goes out the window, it takes much of our clear and satisfying linear-algebraic
worldview with it. The purpose of this introduction is to bluntly point out the dangers of the
infinite-dimensional landscape, and to take some tentative steps around it to see what tools
we might need to use. After all, giving up is not an option: infinite-dimensional vector spaces
are everywhere, so we might as well learn how to deal with them.

Let IF be a field and V' a vector space over F. As you know, a linear combination is a finite
expression of the form

101 + -+ AUy, where neN, aq,...,a,€F, v,...,v,€eV.

If S is a subset of V, the span of S is the subspace of V' consisting of all possible linear
combinations of elements of S:

Span(S) = {a1v1+~~~+anvn: neN, a,...,a, €T, vl,...,vneS}.
The subset S is linearly independent if, for any n € N, and any vq,...,v, € .5, the equality
avy + -+ ayv, =0 with ay,...,a, €F

only holds for a; =---=a, =0.

Finally, a subset B of V' is a basis if Span(B) =V and B is linearly independent, which one
easily shows is equivalent to: every vector in V' can be written uniquely as a finite linear
combination of vectors in B.

First year linear algebra tells us that every finite-dimensional vector space V' has a basis!.

What happens if V' is not finite-dimensional?

Example 1.1. The space of polynomials in one variable R[z] (called P(R) in linear
algebra) has basis B = {1,3:,:152, . }

!This statement appears to be circular, as “finite-dimensional” is typically defined as “having a finite basis”,
but the circularity can be resolved by provisionally defining “finite-dimensional” as “being the span of
some finite subset” until the existence of bases is established.
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Solution. The fact that B spans and is linearly independent is really just a restatement of
the definition of polynomial.
Suppose there exists n € N, aq,...,a, € R and kq,...,k, € Zsy such that

a4+t = 0.

This is an equality of polynomials (with the constant zero polynomial on the right hand
side), so by definition it forces the coefficients of same degree to be equal, in other words
a;=---=a,=0. So B is linearly independent.

By definition, any polynomial in R[z] is of the form

n
apg+a1x +---+a,T",

which is in the span of B. O

This first example worked out great: the space has bases, and we can actually write down
a basis explicitly. We owe our luck to the fact that, even though the space of polynomials is
not finite-dimensional, each element of the space is in some sense “finite”.

Something we can try is to start with the standard finite-dimensional spaces we know,
namely R”?, and “take the limit as n — o0”. This leads us to consider the space R*> of
arbitrary real sequences (x1,%s,...). We may naively hope that, since {ey,es,...,¢,} is a
basis for R”, and these standard bases nest nicely as n increases, we end up with {e,es,...}
being a basis for R, but that is not the case because, for instance, the constant sequence
(1,1,...) is not in the span of {e1,ea,...}.

See Exercise 1.3 for more details.

For another example, take V =R viewed as a vector space over Q. One can show that the
set S = {\/ﬁ nelN squarefree} is Q-linearly independent in R, but not a basis. The same is
true of the set 7' = {7r": ne N}. (See Exercise 1.4.)

In fact, R has no countable basis over Q. (See Exercise 1.5.) It’s a sign that it may be
rather difficult to write down an explicit Q-basis of R.

This is turning into a very depressing motivating section, so here is some good news:

Theorem 1.2. Any vector space V' has a basis.
The proof of this theorem requires the (in)famous

Lemma 1.3 (Zorn's Lemma). Let X be a nonempty poset such that every nonempty chain C
i X has an upper bound in X. Then X has a mazrimal element.

Say what?
A partially ordered set (poset for short) is a set X together with a partial order <, that is
a relation satisfying

e r <z forall xelX;
e if x <y and y < x then x =y;
o if <y and y <z then x <z

A poset X such that for any z,y € X we have x <y or y < x is called a totally ordered set,
and < is called a total order.
A chain in a poset (X,<) is a subset C' € X that is totally ordered with respect to <.
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If S c X is a subset of a poset, then an upper bound for S is an element u € X such that
s<u forall seS.

A mazimal element of a poset X is an element m of X such that there does not exist any
x € X such that z #+ m and m < z. In other words, for any x € X, either x =m, or z < m, or x
and m are not comparable with respect to the partial order <.

Here’s a good example to keep in mind:

Example 1.4. Fix a set {2 and let X be the set of all subsets of 2. Then ¢ is a partial
order on X. It is not a total order if {2 has at least two distinct elements.

Solution. The fact that ¢ is a partial order follows directly from known properties of set
inclusion.

If © has at least two distinct elements x; and xq, then {x;} and {xs} are not comparable
under S, so the latter is not a total order. O

The point of Zorn’s Lemma is in dealing with infinite posets, because any nonempty finite
poset automatically has a maximal element. (See Exercise 1.6.)
Back to

Proof of Theorem 1.2. If V = {0}, then @ is vacuously a (in fact, the only) basis of V.
Suppose V' # {0}. If v e V' x {0}, then {v} is a linearly independent subset of V. Let X be
the set of all linearly independent subsets of V', then X is nonempty. We consider the partial
order € on X given by inclusion of subsets.
Let C' be a nonempty chain in X and define

U=1J5,

SeC

then clearly S c U for all S € C, so we’ll know that U is an upper bound for C' as soon as we
can show that it is linearly independent (so that U € X).
Suppose there exist n €N, aq,...,a, €F, and uy,...,u, € U such that

(1.1) ajuy + -+ aptly, = 0.

Let J ={1,...,n}. For each j € J, there exists S; € C' such that u; € S;. As C is totally
ordered, there exists ¢ € J such that S; ¢ S; for all j € J. But this means that uy,...,u, €5,
so that the linear relation of Equation (1.1) takes place in the linearly independent set .S;.
Therefore a; =---=a, = 0.

We conclude that X satisfies the conditions of Zorn’s Lemma, hence it has a maximal
element B. I claim that B spans V, so that it is a basis of V.

We prove this last claim by contradiction: if v € V'~ Span(B), then B’ := Bu {v} is linearly
independent, hence an element of X. But B ¢ B’ and B # B’, contradicting the maximality
of B. [

I leave it to you (if you are so inclined) to read more about Zorn’s Lemma, including the
fact that it is equivalent to the Axiom of Choice. (See Section 1.3 for my philosophy regarding
the latter.)

For now let’s celebrate the fact that we have bases for all vector spaces...but decry the
fact that the proof gives us absolutely no handle on what a basis looks like or how to
compute one explicitly. This severely reduces the usefulness of the notion of a basis for an
infinite-dimensional vector space.
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And yet. . .it is hard to ignore the success of Example 1.1, where we saw an explicit, nice
basis for the space of polynomials: {1, x, 2%, ... } We also know that many functions of one
real variable can be expressed as Taylor series, for instance

x? 23
e“=1+x+ o7 + 5
This suggests that maybe one should drop the finiteness condition from the definition of linear
combination and see where that leads. Consideration of Taylor series also tells us that we need
something more than just the algebraic structure of a vector space if we are to make sense of
infinite linear combinations. The notion of convergence of infinite series in real analysis is
based on the Euclidean distance function on the real line: d(z,y) = |z —y|. We know from first
year linear algebra that choosing an inner product on a vector space gives rise to a distance
function, so that’s a possible direction to explore. Before saying more about it though, note
that an inner product also gives a concept of orthogonality, and of more general angles; and
it is unclear whether angles are needed for what we want to do.

So here is, in rough terms, how we will be spending our time this semester.

The first thing that we will do is axiomatise the essential properties of the Euclidean
distance function. We do this on arbitrary sets and obtain the notion of a metric space, and
see that a surprising amount of results from real analysis carry through to this much more
general setting. (Sometimes with different, but typically more conceptual, proofs.)

Once we have a firm grasp on the behaviour of general metric spaces, we consider the
special case where the underlying set has a vector space structure. These are called normed
vector spaces (in this setting, it is customary to single out the norm of a vector rather than
the distance between two vectors; the two are equivalent).

Finally, because of their importance in many applications, we specialise further to inner
product spaces. We could, for instance, consider the space CtS([—’/T,?T],R) of continuous
functions f: [-m, 7] — R, endowed with the inner product

(0=~ [T 1)z

(The normalising factor is just a matter of convenience, and to some extent of convention.)
The distance function is of course

d(fag)z V<f_gaf_g>‘

This allows us to bring rigorous meaning to expressions such as
0 )n+1

Z

sin(nz).

In our setting, we have

f)=r. f)= 20T

N
sin(ne),  sx(2) = Y fulo).
n=1
all of them elements of V' = CtS([—?T,ﬂ'],R), and the claim is that d(f,sy) — 0 as N — oo.
It turns out that this space V' has a maximal orthonormal set B such that every f eV can
be written uniquely as an infinite series of elements of B, as in the example above. One can
take B to consist of

, sin(nz) for ne N, cos(nz) for n e N,

=B
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and the unique expression of any f € V in terms of these elements is the Fourier series of f.
(Note that the above B is countable, but V' has uncountable dimension, a bit like Q being
countable while R is uncountable.)

A modification of the Zorn Lemma argument we used above shows that any inner product
space V' has a maximal orthonormal set. However, it is not true in general that every element
of V' can be written uniquely as an infinite series in the elements of the maximal orthonormal
set. It is also not true in general that arbitrary infinite series give rise to an element of the
vector space, even when these series “look like” they are converging.

A Hilbert space is an inner product space V' that is complete: every Cauchy sequence con-
verges to an element of V. This is certainly a desirable feature. But note that Cts([—ﬁ, W],R)
lacks it:

Example 1.5. Consider the sequence

0 if <0,

xl/m  otherwise.

fn(x) = {

Show that (f,,) is a Cauchy sequence in V = Cts([—w, W],R) with the distance function

w0 -\2 [[G-or@ i

f@0={0 if 2 <0,

Show that the function

1 otherwise

is the pointwise limit of the sequence (f,,) (that is, for any z € [-7, 7] we have f,(z) — f(x)
as n —> o0), but that f ¢ V, so V is not complete.

Solution. The claim about pointwise limit is clear: if x <0 then certainly f,(z)=0—0=
f(z), and if z >0 then z'/* — 20 =1 = f(z). O

We will see that we can complete inner product spaces to obtain Hilbert spaces: in the
example above, the completion is LQ([—’/T, ’/T],R) consisting of (certain equivalence classes of)
functions f: [-m, 7] — R such that

/: fA(x)dx

exists and is finite.

Example 1.6. Check that the function defined in Example 1.5

f@0={0 if £ <0,

1 otherwise

defines an element of L?([-,7],R) and that the sequence (f,) defined in Example 1.5
converges to f with respect to the given distance function.
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Solution. We haven’t discussed the Lebesgue integral but the function f2 = f is Lebesgue
integrable and its Lebesgue integral is the sum of the Riemann integrals on the two intervals

on which f is continuous:

m 0 ™
/ f2(x)dx:f de+/ ldr=0+m=m.
- -7 0

For the statement about convergence we have

1 0 1 T ,/T1+1/n 7.[-Q/n
A 1) =~ [ (0=0Pdu+— [T(1-atm)Pde=1-2
(f: ) T —7r( ) A (1-a) de 1+1/n+1+2/n’
so d(f, fn) — 0 as n — oo. O

10
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1.2. Exercises

First, some exercises on countability /uncountability. See Section 1.3 for clarification on our
use of the term “countable”. You may assume without proof that any subset of a countable
set is finite or countable.

Exercise 1.1. Let f: X — Y be a function, with X a countable set. Then im(f) is finite
or countable.

[Hint: Reduce to the case f: N — Y is surjective; construct a right inverse g: Y — N|
which has to be injective, of f.]

Solution. Without loss of generality, we may assume that f is surjective and we want to
show that Y is finite or countable.

Also without loss of generality (by pre-composing f with any bijection N — X)), we
may assume that f: N — Y is surjective.

As f: N — Y is surjective, there exists a right inverse g: ¥ — N, in other words
fog: Y — Y is the identity function idy: given y € Y, the pre-image f~'(y) ¢ N is
nonempty, so it has a smallest element n,; we let ¢g(y) = n,. For any y € Y, we have
F(9(v)) = F(ny) =y as my € (). So fog=idy.

In particular, this forces g: Y — N to be injective, hence realising Y as a subset of the
countable set N. We conclude that Y is finite or countable. ]

Exercise 1.2. Show that the union S of any countable collection of countable sets is a
countable set.
[Hint: Construct a surjective function Nx N — S']

Solution. Write
S = Sn,
neN
with each S,, a countable set. It is clear that S is infinite (as, say, S is, and S} € ).
For each n € N, fix a bijection ¢,,: N — S,,. (As Chengjing rightfully points out to me,
this uses the Axiom of Countable Choice.) Define a function ¢: Nx N — S by:

¥((n,m)) = pn(m)eS,cS.

This is surjective, and N x N is countable, so S is finite or countable, and we ruled out
finite above. [

Exercise 1.3. [tut02] Let R*> be the set of arbitrary sequences (x1,zs,...) of elements of
R.

This is a vector space under the naturally-defined addition of sequences and multiplication
by a scalar.

Let e; € R* be the sequence whose j-th entry is 1, and all the others are 0. Describe the
subspace Span {61,62, .. } of R*>. Is the set {61,62, . } a basis of R>?

Solution. Let S = {61,62, . } and W = Span(.5).
For each n € N, define

Wi =Span{61,eg,...,en} cW.

11
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I claim that
W=JW,.
neN
One inclusion is clear, as W,, ¢ W for all n € N.
For the other inclusion, let w € W. Then there exist m € N, a4,...,a,, € R and
k1,...,k, € N such that

W= a1€p, +- -+ ameg,, -

Set n = max{ky, ..., ky}, then weW,.

Is W =R>? No. Any w e W appears in a W, for some n € N, therefore only the first n
entries of w can be nonzero. This means, for instance, that v = (1,1,1,...) ¢ W. So S does
not span R, O]

Exercise 1.4. [tut02] Let V =R viewed as a vector space over Q.

Let o € R. Show that the set T' = {a”: nelN } is Q-linearly independent if and only if «
is transcendental.

(Note: An element « € R is called algebraic if there exists a monic polynomial f e Q[x]
such that f(«)=0. An element « € R is called transcendental if it is not algebraic.)

Solution. This is a straightforward rewriting of the definition of algebraic: « is algebraic if
and only if it satisfies a polynomial equation with coefficients in QQ, which is equivalent to
a nontrivial linear relation between the powers of «, which exists if and only if T is linearly
dependent. O

Exercise 1.5. [tut02] Let W be a Q-vector space with a countable basis B. Show that W
is a countable set.

[Hint: Use Exercise 1.2.]

Conclude that R does not have a countable basis as a vector space over Q.

Solution. Since B is countable we can enumerate it as B = {b,: n € N}. For each n e N, let
W, = Span{by,...,b,}. Then for each n € N, W), is isomorphic (as a Q-vector space) to Q",
hence W,, is countable. I claim that

W= W,

neN

One inclusion is obvious, as W,, € W for all n € N. For the other direction, let w e W =
Span(B), so there exist n €N, ay,...,a, € Q and ky,...,k, € N such that

w = albk1 +---+anbkn.

Let k = max{ky,...,k,}, then w e W.
So W is a countable union of countable sets, hence countable by Exercise 1.2.
The last claim follows directly from the fact that R is an uncountable set. ]

Exercise 1.6. [tut02] Let (X, <) be a nonempty finite poset. (This just means that X is a
nonempty finite set with a partial order <.) Prove that X has a maximal element.
[Hint: You could, for instance, use induction on the number of elements of X .|

12
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Solution. We proceed by induction on n, the cardinality of X.

Base case: if n =1 then X = {x} for a single element z. Then trivially z is a maximal
element of X.

For the induction step, fix n € N and suppose that any poset of cardinality n has a
maximal element. Let X be a poset of cardinality n + 1 and choose an arbitrary element
rxeX. Let Y = X\ {z}, then Y is a poset of cardinality n so by the induction hypothesis
has a maximal element my, and clearly my # x.

We have two possibilities now:

e If my <z, then x is a maximal element of X. Why? Suppose that z is not maximal
in X, so that there exists z € X such that z # x and x < z. Since z # x, we must have
zeY. If z=my, then 2 <x and x < 2z so z = z, contradiction. So z # my, and my <z
and x < z, so my < z, contradicting the maximality of my in Y.

e Otherwise, (if it is not true that my < z), my is a maximal element of X. Why?
Suppose there exists z € X such that z # my and my < z. Since my < x is not true,
we have z # x, so z € Y, contradicting the maximality of my in Y.

In either case we found a maximal element for X. O

Solution. An alternative approach is to proceed by contradiction: suppose (X,<) is a
nonempty finite poset that does not have a maximal element. Use this to construct an
unbounded chain of elements of X, contradicting finiteness. ]

1.3. Notations and conventions

Set inclusions are denoted S €T (nonstrict inclusion: equality is possible) or S ¢ T (strict
inclusion: equality is ruled out). I will try to avoid using S c T (as it is ambiguous), as well
as S ¢ T (not ambiguous, but too easily confused with S ¢ 7).

The symbols |z| will always denote the usual absolute value (or modulus) function on C:

|z| = V22 + 92, where z =z + iy.

It, of course, defines a restricted function |- |: S — Ry for any subset S ¢ C, which is the
same as the real absolute value function when S = R.
For better or worse, the natural numbers

N={1,2,3,...}
start at 1. The variant starting at 0 is
Zs0=1{0,1,2,3,...}.

I use the term countable to mean what is more precisely called countably infinite, that is, a
set in bijection with N.

A Hermitian inner product is linear in the first variable and conjugate-linear in the second
variable:

(Az,y) = Mz, y), (z,\y) = Mz,y)  forall AeC.

Unless otherwise specified, F denotes an arbitrary field.
I am not the right person to ask about foundational questions of logic or set theory: I
neither know enough or care sufficiently about the topic. It’s of course okay if you care and

13
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(want to) know more about these things. I am happy to spend my mathematical life in ZFC
(Zermelo—Fraenkel set theory plus the Axiom of Choice), and these notes are part of my life
so they are also hanging out in ZFC. In particular, I am very likely to use the Axiom of
Choice without comment (and sometimes without noticing); I may occasionally point it out if
someone brings my attention to it.

Acknowledgements

Thanks go to Thomas Black, Stephanie Carroll, Isaac Doosey-Shaw, Jack Gardiner, Leigh
Greville, Ethan Husband, Peter Karapalidis, Rose-Maree Locsei, Quan Nguyen, Quang Ong,
Hai Ou, Joshua Pearson, Kashma Pillay, Guozhen Wu, Corey Zelez, and Chengjing Zhang for
corrections and suggestions on these notes.
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2. Metric spaces

2.1. Metrics

Think of Euclidean distance in R:

d(l’,y) = |ZL’ _y|

What properties does it have? Well, certainly distances are non-negative, and two points are
at distance zero from each other only if they are equal. The distance from x to y is equal to
the distance from y to z. And we all love the triangle inequality: if you want to get from x to
y, adding an intermediate stopover point ¢ will not make the journey shorter.

We already know of other spaces where such functions exist (R™ comes to mind). So let’s
formalise these properties and see what we get.

Let X be a set. A metric (or distance) on X is a function

d: X x X — Ry
such that:
(a) d(z,y) =d(y,z) for all z,y € X;
(b) d(x,y) <d(x,t)+d(t,y) for all x,y,t e X;
(¢) d(x,y) =0 with z,y € X if and only if z = y.

The pair (X, d) is called a metric space; when the choice of metric is understood, we may
drop it from the notation and simply write X.

Of course, the simplest example of a metric space is R with the Euclidean distance. But
there are many other examples, some of which are quite exotic:

Example 2.1. Let X = Q and fix a prime number p. We define a metric d, on X that,
in some sense, measures the distance between rational numbers from the point of view of
divisibility by p. The definition proceeds in several stages:

(i) Define the p-adic valuation v,: Z —> Zsy U {0} by:
vp(n) = the largest power of p that divides n,

with the convention that v,(0) = co.

Show that v,(mn) =v,(m) +v,(n) for all m,n € Z.
(ii) Extend to the p-adic valuation v,: Q — Z U {0} by defining

m

o (2] = vpm) = ().

Show that for all x,y € Q we have

vp(2y) = vp(x) +vy(y)

15



2. Metric spaces

(i)

(iv)

and
Up(x +Y) > min {vp(x)a Up(y)}a
with equality holding if v,(x) # v,(y).

Next define the p-adic absolute value |-|,: Q — Q¢ by:
|33|p = p_vp(x)v

with the convention that |0], = p= = 0.

Show that for all x,y € Q we have

|x?/’p = |x’p |y|p
and
|7+ ylp < max{|x|p, |y|p}’

with equality if |z[, # |yl,.
Finally define the p-adic metric on Q by

dp(7,y) = |2 = ylp.
Show that (Q,d,) is indeed a metric space.

Solution.

(i)

(i)

(i)
(iv)

Using the fundamental theorem of arithmetic (the existence of a unique prime factori-
sation of any natural number > 2), we have m = p*»(™m/ and n = p»("n’ with p + m’
and p 4+ n/. Then

mn = pPr (MM and p + m'n’,

so that v,(m) +v,(n) is indeed the same as v,(mn).

Write x =7, y = ¢, then

ma
vp(xy) = v, (E) = vp(ma) —vy,(nb) = v,(m) +v,(a) —vy(n) —v,(b) = vy(x) +vu(y).
For v,(z +y), without loss of generality assume v :=v,(x) < v,(y) =t u. Then

Um ua U m u—va’
rT+y=p EJFP g=p E+p A

where m,n,a,b are not divisible by p. Therefore v, of the quantity in parentheses is
non-negative, and we conclude that v,(z +y) > v = min {vp(sc), Up(y)}.

Moreover, if v < u then the quantity in parentheses has valuation zero, so that
vp(z +y) =v =min {vp(x), vp(y)}.

Direct from the previous part and |z], = p»(®).

We have

(a) Clearly v,(y —z) = v,(-1) + vp(2 - y) = vy(x - y), so dp(y,x) = dy(z,y).
(b) Letting u=x -t and v =t -y, we want to prove that |u+ v|, < |ul, + |v],. But we
have already seen that
|[u + ], < max {|x|p7 |y|p}7
and the latter is clearly < |z, + |y],.
(c) If z € Q # 0, then vy(z) € Z so |z|, = p~»@ e Q~ {0}. Hence ||, = 0 iff z =0,
which implies that d,(z,y) =0 iff z = y. O

16
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Given a metric space, we can obtain other metric spaces by considering subsets:
Example 2.2. If (X,d) is a metric space, then for any subset S of X, the restriction of d
to S gives a metric on S. (This is called the induced metric.)

Solution. Straightforward (follows immediately from the definitions). O

Or we can construct metric spaces as Cartesian products of other metric spaces. There are
many ways of doing this, neither of which is particularly canonical.

Example 2.3. Let (X;,dy,) and (X3,dy,) denote two metric spaces. Prove that the
function d; defined by

dy((21,22), (y1,92)) = dx, (21,51) + dx, (22, 2)

is a metric on the Cartesian product X; x Xs.

The definition extends in the obvious manner to the Cartesian product of finitely many
metric spaces (X1,dx,), ..., (X, dx, ).

(This is sometimes called the Manhattan metric or tazicab metric. In the context of
R? =R x--- xR, it is called the ¢! metric.)

Solution. Straightforward. ]

Example 2.4. Same setup as Example 2.3, but with the function

doo((iﬁl,.itg), (yl,yz)) = max (dxl(ﬂfhyl), dXz(i’fza?h))-

The definition extends in the obvious manner to the Cartesian product of finitely many
metric spaces (X1,dx,),..., (X, dx, ).

(This is called the sup norm metric or uniform norm metric. In the context of R™, it is
called the £> metric.)

Solution. Straightforward; proving the triangle inequality uses

max{a + b, c+d} < max{a,c} + max{b,d}. O

Example 2.5. Take X; = X5 = R with the Euclidean metric and convince yourself that
neither d; from Example 2.3 nor d,, from Example 2.4 is the Euclidean metric on R2.

Solution. Consider (1,2) and (0,0), then the distances are:
d1((1,2),(0,0))=1+2=3
ds((1,2),(0,0)) = max{1,2} =2
do((1,2),(0,0)) = V12 +22 = /5. O

Not every metric has to do with lengths and geometry in an obvious way. The p-adic metric
in Example 2.1 is an example of something a little different. For another example, let n € N,
X =F%, and let d(z,y) be the number of indices i € {1,...,n} such that z; # y;. Then d is a
metric on X; it is called the Hamming metric. See Exercise 2.17 for more details.
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2.2. Open sets and closed sets

A metric on a set X gives us a precise notion of distance between elements of the set. We use
familiar geometric language to refer to the set of points within a fixed distance r € Ry of a
fixed point ¢ € X: the open ball of radius r and centre c is

B,(c)={xeX:d(zx,c)<r}.
There is also, of course, a corresponding closed ball
D.(c) ={x e X: d(x,c)<r}

and a corresponding sphere
Si(¢) ={z e X:d(x,c)=r}.

The familiar names are useful for guiding our intuition, but beware of the temptation to
assume things about the shapes of balls in general metric spaces:

Example 2.6. Describe the Euclidean open balls centred at 0 in Z (endowed with the
metric induced from the Euclidean metric on R).

Solution. In addition to the empty set @ = By(0), we have {0} =B;(0), and for all n e N
the set

{-n,-n+1,...,-1,0,1,....n-1,n} =B,,1(0) =B,.(0) for any r € (n,n+1]. ]

For another intuition-busting example, see Exercise 2.19.
And you won’t believe how weird p-adic balls are:

Example 2.7. Fix a prime p and consider the metric space (Q, d,) where d,, is the p-adic
metric from Example 2.1.

(a) Let p =3 and write down 4 elements of B;(2) and 4 elements of By (3).

(b) Back to general prime p now: show that every triangle is isosceles. In other words,
given three points in Q, at least two of the three resulting (p-adic) distances are equal.

(¢) Show that every point of an open ball is a centre. In other words, take an open ball
B, (c) with 7 € Ryy and ¢ € Q and suppose z € B,.(¢); prove that B,(c) = B,(z).

(d) Show that given any two open balls, either one of them is contained in the other, or
they are completely disjoint.

Solution.

(a) We have

4
{275,—7, 5} CBy(2)

39
{3, 30, —24, Z} c Bl/g(g)

18
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(b) Recall that in the proof of the triangle inequality for the p-adic metric in Example 2.1,
the following stronger result was shown:

dp(,y) <max{dy(z,t),dy(t,y)}.

with equality holding if d,(z,t) # d,(t,y). But this precisely says that if d,(x,t) #
d,(t,y), then d,(x,y) has to be equal to the largest of d,(z,t) and d,(t,y).

(c) First z € B,(c) iff ¢ € B,(x) (this is true for any metric space). So it suffices to show
that = € B, (c) implies B, (z) € B,(c). Let y € B,(z), then d,(y,x) <r, so that

dp(y7 C) < max {dp(yv CC), dp(x’ C)} < r,
in other words y € B,(¢).

(d) Consider two open balls B,.(z) and B;(y). Without loss of generality r < ¢t. Suppose
that the balls are not disjoint and let z € B,.(z) nB,(y). By part (c) this implies that
B,(2) =B,(x) and B,(2) = B;(y), so that

B, (x) =B,(2) € Bi(2) = B(y). O

We are now ready for a simple yet fundamental concept: a subset U € X of a metric space
(X, d) is an open set if, for every u € U, there exists r € R.g such that B,.(u) € U.

If xeU and U € X is an open set, we say that U is an open neighbourhood of x.

If Ac X, we say that a € A is an interior point of A if there exists r € R,y such that
B, (a) c A. Let A° denote the set of all interior points of A. Then U ¢ X is an open set if and
only if U° =U.

Example 2.8. Prove that @ and X are open sets.

Solution. The first statement is vacuously true; the second follows directly from the
definition of B, (). O

Example 2.9. Fix z € X and let U = X \ {x}; prove that U is an open set.
Solution. Let u e U, then u # x so r:=d(u,z) >0. Then x ¢ B,(u), so B,(u) € U. O

Example 2.10. Prove that any open ball is an open set.

Solution. Let U = B,.(x). If r =0 then U = @, an open set. Otherwise, let u € U and let
t =r—d(u,z). Since d(u,z) <r we have t > 0.
I claim that B,(u) € U. Let w € B;(u), so that d(w,u) <t. Then

d(w,z) <d(w,u) +d(u,z) <t+r—-t=r. O

What happens if we combine open sets using set operations?

Proposition 2.11. Let X be a metric space. The union of an arbitrary collection of open
sets 1s an open set.
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Proof. Let I be an arbitrary set and, for each i € I, let U; € X be an open set. We want to
prove that

U = U U,L
iel
is open. Let u € U, then there exists i € I such that u € U;. But U; ¢ X is open, so there exists
an open ball B, (u) ¢ U;. Since U; € U, we have B, (u) cU. O

Intersections are a bit more delicate:

Proposition 2.12. Let X be a metric space. The intersection of a finite collection of open
sets s an open Set.

Proof. Let ne N and, fort=1,...,n, let U; € X be an open set. We want to prove that

U = ﬂ Ul
i=1
is open. Let ue U, then u e U; for all i =1,...,n. Since U; is open, there exists an open ball
B,,(u) € U;. Let r =min {rl, .. ,rn}, then B, (u) € B,.(u) € U; for each i = 1,...,n. Therefore
B,(u)cU. O

Wondering about the necessity of the word “finite” in the statement of the proposition?
See Exercise 2.20.

Example 2.13. Let A< X. The set A is open if and only if A is the union of a collection
of open balls.

Solution. In one direction, if A is a union of a collection of open balls, then A is open by
Example 2.10 and Proposition 2.11.

In the other direction, suppose A is open. Let a € A, then there exists an open ball
B,)(a) ¢ A. Then

A = LIJL‘BT(Q)(CZ). D

Example 2.14. Let S be a subset of a metric space (X, d) and consider the induced metric
on S. Let AcS. Prove that A is an open set in S if and only if there exists an open set U
in X such that A=UnS.

Solution. Here we are working with two different but related metric spaces: (X,d) and
(S,d). To avoid confusion, we denote open balls in (X, d) by BX(z) and open balls in
(S,d) by BZ(s). Of course, as S € X, we have BY(s) =B.X(s)n S for any s € S.
Now, suppose A is open in S; by Example 2.13 we have some indexing set I such that
A= UBEI (CL@),
iel
with r; >0 and a; € A for all i € I. We can then let
U= U]Bif(al)v
iel
which by Example 2.13 is an open in X. It is clear that A = U n S from the discussion in
the first paragraph of the solution.
Conversely, suppose A =U n S with U open in X. Let a € A, then a € U so there exists
an open (in X) ball BX (a) such that BX(a) ¢ U. Consider B (a) =BX(a)nScUnS = A.
So every point a € A is contained in an open (in S) ball, hence A is open in S. O
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A subset C ¢ X is a closed set if X ~ C'is an open set. Beware: as opposed to their English
language counterparts, the terms “open” and “closed” do not indicate a dichotomy! All four
possibilities can be realised: you can have (a) sets that are both open and closed, (b) sets
that are open but not closed, (c) sets that are closed but not open, (d) sets that are neither
open nor closed.

Example 2.15. Show that the union of any finite collection of closed sets is closed. Show
that the intersection of any arbitrary collection of closed sets is closed.

Solution. Let n e N and let C,...,C, be closed subsets of X. Let
c=Ua,
i=1

then the complement of C' is

X\C’zX\(UC’i)z (X~NCy).
i=1 i=1
For each 1 =1,...,n, C; is closed so X \ C; is open, therefore X \ C'is the intersection of

finitely many open sets, hence is itself open by Proposition 2.12. We conclude that C' is
closed.

For the second statement, let {C;: i € I} be a collection of closed subsets of X, indexed
by a set I. Let

C = m Oi>
iel
then the complement of C' is
X\C:X\(ﬂCi):U(X\Ci).
iel iel

For each i € I, C; is closed so X \ C}; is open, therefore X \ C' is the union of a collection of
open sets, hence is itself open by Proposition 2.11. We conclude that C'is closed. [

Let (X,d) be a metric space and A a subset of X. Here are a few properties that a point
of X might have with respect to the subset A:

(a) Recall that a € A is an interior point of A if there exists r € R, such that B,(a) ¢ A.
(b) z € X is a boundary point of A if, for every r € R,o, we have

B.(x)nA*g and  B.(z)n(X\A)+a2.

(¢) a€ Ais an isolated point of A if there exists r € R,y such that
B.(a) n A= {a}.
(d) x € X is an accumulation point (or limit point) of A if, for every r € R.q, there exists
a € B.(x)n A such that a # z.
This gives rise to:

e The interior of A:
A°={a€ A: ais an interior point of A}.
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e The boundary of A:

0A ={zx e X: x is a boundary point of A}.

e The closure of A:

A={reX: xis alimit point or an isolated point of A}.

Note that Ac A: ifae A is not a limit point, then there exists > 0 such that B,(a) n A = {a},
so a is isolated. Hence a € A.

Example 2.16. Prove that A°= A\ 0A.

Solution. In one direction, it is clear that A° ¢ A. If a € A° then there exists B,(a) € A of
radius r > 0, so B,(a) n (X N A) =@, hence a ¢ 0A.

In the opposite direction, suppose a € A~ 0A. Then there exists r € R,q such that
B,(a)nA=@ or B.(a)n (X \ A) = @. But the former is impossible as a € A, hence we
conclude that the latter must hold, implying that a € A°. ]

Example 2.17. Prove that 0A = 9(X \ A).

Solution. Obvious since the statement in the definition is symmetric in A and X N A. O

Example 2.18. Prove that A = A° U JA.

Solution. Let x € A. Suppose z is isolated and let r > 0 be such that B,(z) n A = {z}.
If # ¢ A°, then B,(z) is not contained in A, so that B,(x)n (X N A) # &, hence z is a
boundary point. We conclude that x € A°udA.

Suppose now that x is a limit point of A. If x ¢ A°, for every r € R,, there exists
a€B,(x)n A such that a # x, so B,(z) n A # @. On the other hand, B, (z) is not a subset
of A, so there exists b € B,.(z) such that b ¢ A, therefore B,.(z)n (X \ A) # . We conclude
that = is a boundary point of A. In any case, z € A° U JA.

For the other inclusion, recall that A ¢ A. So it remains to deal with the points of
0AN (X N A). Suppose x ¢ A is a boundary point of A. Then for every r >0, B,.(z)nA + @,
so there exists a € B,(z) n A, and a # x because = ¢ A. Hence z is a limit point of A, in
particular x € A. O

Example 2.19. Prove that C is closed if and only if C' = C.

Solution. We already know that C' ¢ C.

Suppose C'is closed, so that X \ C' is open. Any isolated point of C' is by definition in
C. If z € X ~ C then there exists > 0 such that B,(z) ¢ (X N C’), so that z is not a limit
point. Therefore all limit points of C' are also in C, hence C = C.

Conversely, suppose C = C, then every limit point of C'is an element of C. Therefore if
x e X N C, x is not a limit point of C. So there exists r > 0 such that B, (z) n C has no
points # z; but z is also not an element of this intersection, which must therefore be empty,

so that B, (z) ¢ (X ~ C). O
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A subset D of X is dense if X = D. This is an extremely useful concept, as the subset D is
sometimes easier to work with, for instance:

Example 2.20. The set of rational numbers Q is dense in R.

Solution. We'll do this in a slightly handwavy way. We want to show that for every x € R
we have z € Q. Consider the decimal expansion of an arbitrary real number x:

T =M.Tr1T2x3 ...

where m € Z and x; € {0,...,9}. We want to show that for every ¢ > 0, there exists ¢ € Q
such that ¢ € B.(x). Given such ¢, let n € N be such that 10™ < &. Set

10" 1z + 10" 229 + - + @,
q=m.Ty...Tp =M+ o7 ,

then |z —¢| < 10™ < ¢, as claimed. O

Example 2.21. Prove that the set of irrational numbers R \ Q is dense in R.

Solution. We have seen in Example 2.20 that for any € R and any ¢ > 0, there exists
q € Q with ¢ € B.(z). But B.(z) = (z —¢,2 +¢) is a (nonempty) open interval in R, hence
is uncountable, therefore it must also contain some irrational number 7 (as the rationals
are countable).

(To see that any nonempty open interval (a,b) is uncountable, recall that Cantor’s
diagonal argument shows that (0,1) is uncountable, then note that f: (a,b) — (0,1)
given by f(z) = (x-a)/(b-a) is a bijection.) O

So we have two disjoint sets, each of which is dense in R. The situation is very different if
we ask for the sets to be both dense and open, which we do in Exercise 2.12.

A subset N of X is nowhere dense if (N)O = @, in other words N contains no nonempty
open balls of X. An obvious example is Z as a nowhere dense subset of R.

2.3. Continuous functions

Let (X, d) be a metric space.
A sequence in X is a function N — X, commonly denoted as (x,), meaning that n — x,,.
We say that (z,) converges to a limit x € X if for any ¢ € R, there exists NV € N such that

T, € B.(1) for all n> N.

Limits of sequences with terms in a subset A of X belong to the closure of A:

Example 2.22. Let A be a subset of a metric space (X,d). If (z,,) is a sequence in A that
converges to z € X, then z € A.

Conversely, given any x € A there exists a sequence (x,) in A that converges to .

In particular, a subset A ¢ X is closed if and only if for every sequence (a,) — x € X
with a,, € A, we have z € A.
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Solution. If x € A then clearly = € A and we are done.

So suppose (z,,) converges to x ¢ A. Then for any ¢ > 0, there exists N € N such that
x, € B.(x) for all n > N. In particular, zy € B.(z) n A, and 2y # = as one is in A and the
other is not. Therefore z is a limit point of the set A, in particular z € A.

For the converse statement: let 2 € A = A° U A (recall Example 2.18). Given n € N,
consider By ,,(z) n A. Either x € A° or x € 9A, in both cases By/,(z) n A # &, so let x,, be
some element in the intersection.

The result is a sequence (x,,) of elements of A that converges to z. (For any € > 0, take
N €N such that 1/N <e, etc.) O

Example 2.23. Let U ¢ X be an open subset of a metric space X and let (z,) be a
sequence in X that converges to x € U. Then there exists N € N such that z, € U for all
n > N. (We sometimes refer to this situation as: x, € U for sufficiently large n.)

Solution. As x € U and U is open, there exists € > 0 such that B.(z) < U. But as (z,) — =,
there exists N € N such that z,, e B.(z) c U for all n> N. O

Example 2.24. You may encounter “multivariable sequences” such as Nx N — X
(m,n) — Zp,. You may be tempted, based on your experience with multivariable
calculus, to try to deal with this one variable at a time.
However, in general:
lim lim z,,,#* lim lim z,,,.

m—>00 N—>00 n—-o0 Mm—>00

n

Convince yourself of this by considering z,,, = .

Solution. We get lim,, ., 1=1+0=1im,_ 0. O

Theorem 2.25. Let X and Y be metric spaces, let f: X — Y be a function, let v € X and
y=f(x)eY. The following are equivalent:

(a) Given any open neighbourhood V- CY of y, there exists an open neighbourhood U ¢ X of x
such that f(U)c V.

(b) Given any € € Ry there exists 0 € Ryg such that if 2’ € Bs(x), then f(a') € B.(y).

(c¢) If (x,) is a sequence that converges to x in X, then the sequence (f(x,)) converges toy
in Y.

If the equivalent conditions listed in the theorem hold, we say that f is continuous at x.
Proof of Theorem 2.25.

(a) = (b): Let € e R,y and set V :=B.(y). This is an open subset of Y, so by (a) we get an open
neighbourhood U € X of x such that f(U) ¢ V. Since U is open, there exists § € R,
such that Bs(z) € U. But then

f(Bs(x)) € f(U) <V =B.(y),

which is precisely what (b) states.
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(b) = (c): Let (z,) be a sequence converging to x in X.

Let € € R,. By part (b), there exists § € Ryg such that if 2/ € Bs(x) then f(z') € B.(y).
On the other hand, since (z,) converges to z, given the above ¢, there exists N ¢ N
such that x, € Bs(z) for all n > N. We conclude that f(z,) € B.(y) for all n > N, so
that (f(xn)) converges to 1.

(c) = (a): Let V cY be an open neighbourhood of y.

We prove the existence of U by contradiction: suppose that for every open neighbourhood
U c X of z, there exists u € U such that f(u) ¢ V. In particular, this is true for the
open balls of radius 1/n and centre , for all n € N: there exists x,, € By, () such that
f(x,) ¢ V. We obtain a sequence (z,) that converges to z in X, hence by part (c),
the sequence ( f (xn)) converges to y in Y. Since y € V and V is open, this implies
(Example 2.23) that f(x,) € V for sufficiently large n, contradiction. O

We say that f: X — Y is continuous if it is continuous at all x € X.

Example 2.26. The function f: X — Y is continuous if and only if: for any open subset
V Y, the inverse image f~}(V') € X is an open subset.

Solution. Suppose f is continuous and let V' €Y be an open subset. If f~1(V) is empty,
then it is open and we are done. Otherwise take an arbitrary z € f~1(V) and let y = f(x) € V.
As f is continuous at z, there exists an open neighbourhood U of x such that f(U)cV,
but this implies that U ¢ f~1(V'). So f~}(V') has the property that every point = has an
open neighbourhood contained in f~1(V"), therefore f~1(V) is open.

Conversely, suppose that f is such that the inverse image f~!(V) of any open V c Y is
open in X. Let x € X. Let y = f(x) and consider an arbitrary open neighbourhood V' of .
Then f~1(V') is open in X, and z € f~1(V'), so certainly there is an open ball centred at x
and contained in f~1(V'). Therefore f is continuous at z, for all z € X. O

The notion of continuous function is one possible type of morphism that we can consider
between metric spaces. The corresponding concept of isomorphism is given by: a continuous
function f: X — Y is a homeomorphism if f is bijective and f~': Y — X is continuous.

An important related idea is that of (topological) equivalence of metrics. We have seen that
a given set X may have many different metric functions on it. Depending of which features
we are focusing on, we may want to identify different metrics. For instance, even though a
metric d and its rescaling %d are not the same function, it is easy to see that they give rise to
the same collection of open sets, closed sets, convergent sequences and their limits, and so on.
If we only care about these concepts, rather than the exact distance between points, we may
want to treat d and %d as equivalent metrics.

To give a precise definition of this notion, we start with a number of logically equivalent
ways of comparing two metrics on a set:

Proposition 2.27. Let X be a set and dy, dy metrics on X. The following are equivalent:
(a) Every open subset of (X,dy) is open in (X, dy).
(b) Every closed subset of (X,dy) is closed in (X,dy).

(c) For any x € X, every open ball of (X,dy) centred at x contains an open ball of (X,d;)
centred at x.
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(d) For any x € X, every sequence that converges to x in (X,dy) also converges to = in
(X, ds).

(e) The function f: (X,d;) — (X,dy) given by f(z) =x for all x € X is continuous.

If any (and therefore all) of the statements in Proposition 2.27 hold, we say that the metric
dy is finer than d,, and that ds is coarser than d;.
We say that dy and dy are (topologically) equivalent if dy is both finer and coarser than ds.

Proof of Proposition 2.27. This is not the most economical way there, but whatever.

(a) < (b): Let C be closed in (X,dy), then X \ C is open in (X,ds), so by (a) X ~ C' is open in
(X,dy), hence, C is closed in (X, d;).
Interchange “closed” and “open” everywhere in the previous sentence to get the other
direction.

(a) = (c): Consider B®(z). It is open in (X, ds), so by (a) it is open in (X, d;), so there exists
B (2) € B&(z), as wanted.

(c) < (d): Special case of Theorem 2.25, with f: X — X the identity function.
(d) <= (e): Special case of Theorem 2.25, with f: X — X the identity function.

(a) < (e): Follows immediately from Example 2.26. O

An important special case concerns the metric space structures on Cartesian products.
If (X,dx) and (Y, dy) are two metric spaces, a metric d on X xY is said to be conserving if

doo((z1,91), (22, 12) ) <d((x1,21), (22,92)) <di((21,31), (22, 92))

for all (z1,y1), (z2,y2) € X x Y.
Trivially, ds, and d; are conserving metrics. Slightly less trivial: ds is a conserving metric.

Proposition 2.28. If d is a conserving metric, then the collection of open subsets of X xY
with respect to d consists precisely of arbitrary unions of sets of the form

UxV, withU open in X and V open in Y.

In particular, all conserving metrics on X xY are equivalent.

Proof. The second statement follows from the first and Proposition 2.27.

For the first statement, we start by showing that U x V' is open with respect to d, if U is
open in X and V is open in Y. Consider an arbitrary element (u,v) € U x V. Since u is open
in U, there exists s > 0 such that B,(u) € U. Similarly, there exists ¢ > 0 such that B,(v) € V.
Let 7 =min{s, ¢} > 0. I claim that the d-open ball B :=B,((u,v)) €U xV. Why? If (z,y) € B
then since d is conserving,

max {dx (z,u),dy (y,v)} = deo((2,). (u,0)) < d((2,y), (u,v)) <7,

so dx(z,u) <r < s hence x € U, and dy(y,v) <r <t hence ye V.

We conclude that sets of the form U x V' are open with respect to d. By Proposition 2.11,
so are arbitrary unions of such sets.

It remains to prove that any d-open set of X xY is of this form. The empty set and X xY
are clearly of this form, so let @ # W # X xY be open with respect to d. For each w e W, we
will exhibit opens U,, ¢ X and V,, €Y such that

W= Uy x V.

weW
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Fix w = (u,v) € W. Since W is d-open, there exists r > 0 such that B,(w) ¢ W. Let U,

be the dx-open ball B, »(u) € X, and let V,, be the dy-open ball B, »(v) €Y. I claim that
Up x Vi €B.(w) €W. Why? If (x,y) € U, x V,,, since d is conserving,

ror

d((l’,y), (U,U)) < dX(xa U,) + dy(yﬂ}) < 5 + 5

There are situations where a stricter notion of morphism between metric spaces is needed.

A function f: X — Y between metric spaces (X, dx) and (Y,dy) is said to be distance-

preserving if

=1T. D

dX(asl,a:g)zdy(f(;vl),f(.rg)) for all x1, x5 € X.

An isometry f: X — Y is a bijective distance-preserving function.
Two metric spaces X and Y are said to be isometric if there exists an isometry f: X — Y.
This is an equivalence relation on any set of metric spaces.

Example 2.29. Show that the inverse of an isometry f: X — Y is distance-preserving.

Solution. Let y1,y2 €Y. Set 1 = f~Y(y1), 2 = f~'(y2). Then

dy(y1,y2) = dY(f(xl)a f(3?2)) = dx(ﬂfhxz) = dX(f_l(y1)>f_1(y2))- O

Example 2.30. Show that any distance-preserving function f: X — Y is continuous.
In particular, any isometry is a homeomorphism.

Solution. Let € X. Given ¢ >0, if 2/ € B.(z) then dx(x,z’) <e, so

dy(f(l’),f(l”)) =dx(z,z") <e,
hence f(z') € B.(f(x)). O

2.4. Completeness

Here is something that you know from real analysis and follows easily from the definition of
sequential convergence:

Example 2.31. Let (X,d) be a metric space and suppose (z,,) — = € X. Then, given
e >0, there exists N € N such that d(z,,z,,) <e for all n,m > N.

Solution. Since (x,) —> z, there exists N € N such that d(x,,x) < /2 for all n > N.
Therefore, for all n,m > N we have
€

(@, ) < d(@n, ) + (2, T <g+5 - e =

A sequence (x,) that satisfies the conclusion of Example 2.31 is said to be Cauchy.

A natural question is whether the converse of Example 2.31 holds: does every Cauchy
sequence converge?

A metric space (X,d) is said to be complete if every Cauchy sequence converges to an
element of X.
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Example 2.32. If (X,d) is a complete metric space and S ¢ X, then S is complete if and
only if S is closed.

Solution. Suppose S is complete. If (s,,) is a sequence in S such that (s,) — z € X, then
by Example 2.31 we know that (s,) is Cauchy, so by the completeness of S we have x € S.

Conversely, suppose S is closed in X. Let (s,) be a Cauchy sequence in S, then (s,) is
a Cauchy sequence in X, which is complete, so (s,) — x € X. But S is closed, so we have
res. ]

Recall that the intersection of two open dense subsets is open and dense (Exercise 2.12),
hence the same is true for the intersection of any finite collection of open dense subsets. What
happens if we drop the finiteness assumption? In general we cannot expect anything good:

Example 2.33. Note that for every x € R, U, := R\ {z} is dense and open in R.
Conclude that the intersection of an uncountable collection of dense open subsets need
not be dense.

Solution. Clear, as Mg U, = @, which is certainly not dense in R. O

But if we stick to complete metric spaces and to countable collections, we are in good shape
again:

Theorem 2.34 (Baire Category Theorem). Let (X, d) be a complete metric space. Then the
intersection of any countable collection of dense open subsets of X is dense in X.

Proof. Let {U,: n € N} be a countable collection of dense open subsets of X and let D be
their intersection.
We use the criterion in Exercise 2.10. Let W be a nonempty open set. We want to show
that DnW # @.
Since U is dense, W nU; is a nonempty open set. Let z1 e W nU; and let 0 <r; <1 be
such that
D, (x1) cWnUj.

Since Us is dense, B, (x1) nUs is a nonempty open set. Let x5 € B, (z1)nUs and let 0 < ry < %
be such that
DT2 (%2) c Brl ($1) n UQ.

We continue in this manner; for each n > 2, U, is dense, so B,, , (z,,_1) n U, is nonempty and
open. Let z, €B,  (x,-1)nU, and let 0 <r, < }L be such that

Dy, (zn) € By, (#n-1) N Uy

We obtain a sequence (x,). It is Cauchy by construction: if n > m then x, € B, (x,) ¢
B1/m(2m). Since X is complete, (z,) — v € X.

For each m € N, (x,,)nsm is a convergent sequence of elements of the closed set D, (z,),
hence its limit x € D,, (z,,,) € W nU,,. Therefore z € W and x € U, for all m € N, in other
words z € W n D. O

It might be hard to see the point of this result right now, but it is used in multiple ways in
functional analysis, so we’ll see it come up later.

Any metric space can be embedded into a complete metric space. To make this precise,
we say that a complete metric space (X, (T) is a completion of a metric space (X, d) if there
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exists an injective distance preserving function ¢: X — X such that ¢(X) is a dense subset
of X. (In particular, this implies that (:(X),d ) is isometric to (X, d).)

Example 2.35. Let (X, d) be a complete metric space and let S ¢ X. Then the closure S
(with the metric induced from S ¢ X)) is a completion of S (with the metric induced from
ScX).

Solution. Of course, S is complete: if (x,) is a Cauchy sequence in S, then it is a Cauchy
sequence in X, so (#,) — z € X since X is complete. But S is closed, so (x,) — z € S.
We let t: S — S be the inclusion map: «(s) = s for all s € S. It is injective and
distance-preserving (as dg and dg are both induced from dx).
Finally, S is dense in S: by Example 2.22, for every x € S there exists a sequence (s,) in
S such that (s,) — =. O

Theorem 2.36. Any metric space (X,d) has a completion.

We will see later (Example 2.44) that any two completions of (X,d) are isometric.
We give a proof of the Theorem using the fact that R is complete. (This can be proved by
defining R as the completion of (Q, ds) and using arguments similar to the ones given below.)

Proof of Theorem 2.36. Given (X,d), consider the set C of all Cauchy sequences, and define
an equivalence relation on C by:

(z) ~ () if given € > 0, there exists N € N such that d(z,,z]) <e for all n > N.

Put more concisely, (z,) ~ (23) if (d(zn,27)) — 0 € R.
Let X be the resulting set of equivalence classes [(z,)]. Define d: X x X — Ry by:

d([(@)]: [(g)]) = lim_d(za,yn).

The limit exists as the sequence (d(,,yy,)) is Cauchy in R (Example 2.37) and R is complete;

moreover d is well- defined, see Example 2.39.
It is easy to see that d is a metric on X.
Consider the map ¢: X — X given by

(z) =[(z,x,...)].

If «(z) = u(y) then (z,z,...) ~ (y,y,...), but the distance between the n-th elements of these
two sequences is the constant d(z,y), which is then forced to be 0, so that x = y.
We have for all x,y € X:

E(L(@, W(y)) = lim d(z,y) = d(z,y),

so ¢ is distance-preserving.

To show that «(X) is dense in X, let [(z,)] € X and let £ > 0; we will show that there
exists z € X such that E[(L(JC), [(z,)]) <e. As (x,) is Cauchy, there exists N € N such that
d(Zpm, ) <e/2 for all m,n > N. Letting x = xy, we have d(z,z,) < e for all n > N, so taking
limits:

CT(L(.CE) (azn)) = hm d(z,x,) < = <e

Let’s check that the metric space (X ,d ) is complete. Suppose (a,) is a Cauchy sequence
in X. As o(X) is dense in X, for each n € N there exists x,, € X such that d(c(z,),a,) < i
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As (a,) is Cauchy in X, by Example 2.38 so is the sequence (t(x,)) in X, and hence so is
the sequence () in X as ¢(X) is isometric to X. So we have an element 7 := [(z,)] € X.

I claim that (a,) converges to T. Let € >0. We want to show that there exists N € N such
that for all n > N we have

a\(an,ﬁs\) = lim d(an(m),xm) <e.
Here a, € X, so it is represented by a Cauchy sequence (an(m)) where the varying quantity
is meN.
We have by the triangle inequality
d(an(m), a:m) < d(an(m), a:n) +d(Tn, Tm),
so taking limits:

mli_rr}oo d(a,(m), azm) < mli_r)noo d(a,(m),z,) + mli_r)noo d(xp, Tm).

As (x,) is Cauchy, there exists Ny € N such that d(z,,z,,) < £/2 for all n,m > N;. Take
N5 € N such that 1/Ny < e/2 and N = max{Ny, No}, then for all n > N we have

c’l\(an,ﬁc\) < c’l\(an, L(an)) + mliglm d(zp, Tpm) < % + g <e. O

Example 2.37. If (x,) and (y,) are Cauchy sequences in a metric space (X,d), then
(d(n,ys)) is a Cauchy sequence in R.

Solution. First note that for any n,m we have by the triangle inequality:

AT, Yn) < A(2p, ) + d( Ty Yn) < A(T0, ) + ATy Y ) + A(Yrms Yn ),

SO

A, Yn) = AT, Ym) < A(T, T ) + A(Yims Y )-
Similarly:

d(@m, Ym) € AT, T) + AT Yn) + (Y Yrm)
so that

~(d(@m, 2n) + d(Yns Ym)) € AT, Yn) = (@, Yim)-
We can summarise this as
|d($na yn) - d(xma ym)‘ < d(xma xn) + d(ym ym)-

Let € > 0. There exists N, € N such that d(z,,z,,) <¢/2 for all m,n > N,. There exists
N, € N such that d(y,,yn) < €/2 for all m,n > N,. Let N = max{N,, N,}, then for all

n,m > N we have:

A0, 90) = A y) | < A, 00) + Ay, ) < 5+ 5 = 2.

So (d(mn, yn)) is a Cauchy sequence in R. O
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Example 2.38. Let (X,d) be a metric space and let (a,) be a Cauchy sequence in X.
Suppose (b,) is a sequence in X such that (b,) ~ (a,). Prove that (b,) is Cauchy.

Solution. Let € > 0. As (b,) ~ (a,), there exists Ny € N such that d(b,,a,) < /3 for all
n > Ni. As (a,) is Cauchy, there exists Ny € N such that d(a,,a,,) < ¢/3 for all n,m > N,.
Let N = max{N;, N2}, then for all n,m > N we have

d(bn, b)) < d(b, @) + d( i, A ) + (A, b)) < €. O

Example 2.39. In the context of the proof of Theorem 2.36, show that if (x,) ~ (z/,) and

(yn) ~ (y7,), then
lim d(x;,y,) = lm d(z,,y,).

Solution. This uses the same approach as Example 2.37: we have
(1) = d(@n, yn)| < A7, 20) + A (Y Yn)-

But by assumption the two distances on the RHS can be made arbitrarily small, so we
conclude that d(z!,y!) and d(x,,y,) can be made arbitrarily close, hence they have the
same limit.

(This explanation shouldn’t keep you from writing a more rigorous proof.) O]

Do you remember from Theorem 2.25 how amazing continuous functions are at preserving
all sorts of stuft? Well, it turns out that nobody’s perfect:

Example 2.40. Give an example of a continuous function f: X — Y between metric
spaces, and a Cauchy sequence (z,,) in X, such that the sequence ( f (fL‘n)) is not Cauchy
inY.

Solution. Take X =Y =R,y with the induced metric from R, and f: X — Y given by
f(z) = 1. Take the sequence (z,) with z,, = £ for all n € N. Then (z,) is Cauchy, but
(f(zn)) = (n) is most certainly not Cauchy. O

If you want your functions to preserve Cauchyness, you need a stronger condition than
continuity: a function f: X — Y between metric spaces is uniformly continuous if for all
e > 0 there exists § > 0 such that for all z € X we have f(B;(z)) ¢ B.(f(x)).

The last part of the definition is equivalent to: for all x,x’ € X we have

dx(z,x')<d = dy(f(:c),f(:c’)) <e.
(You may have to read the definition more than once, and compare it symbol by symbol

with the definition of continuity, to see what the difference is: here ¢ depends only on the
given €, not on x € X.)

Example 2.41. Prove that any uniformly continuous function maps Cauchy sequences to
Cauchy sequences.
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2. Metric spaces

Solution. Let f: X — Y be uniformly continuous and let (x,) be a Cauchy sequence in
X. For all n e N, set y,, = f(x,).

Let € >0. As f is uniformly continuous, there exists d > 0 such that for all x,z' € X, if
dx(x,x") <9 then dy(f(x),f(x’)) <e.

But (z,) is Cauchy in X, so given this § there exists N € N such that dx(z,,z,) < for
all n,m > N. Therefore dy(yn,ym) <g foralln,m> N. ]

If f: X — Y is some kind of function between metric spaces and X, Y are completions of
X, Y, we may ask whether f can be extended to a function of a similar kind f: X Y.
Since X is not actually a subset of X (and similarly for Y'), what we mean here is that we
identify X with its isometric copy tx(X) < X, and we 1dent1fy Y with its isometric copy
,y(Y) €Y. In other words, we say that a functlon f: X — YV is an extension of f: X — Y
if

Flix(@) =w(f(z)) forallzeX,

or, put more elegantly, if the following diagram commutes:
X X

/| "
Y Y

A reasonable first attempt would be to see if any continuous function f: X — Y extends
to a continuous function f X — Y. It turns out that such a continuous extension may
not exist (Example 2.42), but when it does, it is unique (Example 2.43).

-
>

Example 2.42. Let X =R,o, Y =R, f: X — Y given by f(z) = <. For X =Ry and
Y =Y =R, prove that there is no continuous function f: X — ¥ such that f| x=F

Solution. Suppose that a continuous extension f: R,y — R, exists. Consider the sequence
(z,) = (%) — 0 € Ryy. By continuity of f we must have

£(0) = ]?(nlim<>o %) = nli_r)n()() f(%) = lim f( ) = lim n.

— n—oo n—oo

But the rightmost limit does not exist (in Ryg), contradiction. O

Example 2.43. Let f1, fo: X — Y be two continuous functions between metric spaces.
Suppose that there exists a dense subset D ¢ X such that fi|p = f2|p, in other words that

fi(d) = fa(d) for all de D.

Then f1 = f2
Deduce that any two continuous extensions g1, g2: X — Y of a continuous function
: X — Y to completions X, Y must be equal.
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Solution. Let x € X. As D is dense, we have z € D so there is a sequence (z,,) — = with
xn € D for all n e N. But f; and f5 are continuous on X and they agree at each x,,, so

fi) = fi( lim 2,) = lim fi(wa) = Tim fo(en) = fo( lim @) = fol2).

For the case of completions, let D = 1x(X) ¢ X and use the above. [

It is, however, the case that any uniformly continuous (resp. distance-preserving)
function f: X — Y extends uniquely to a uniformly continuous (resp. distance-
preserving) function f: X — Y. Sece Exercise 2.40.

This has the following consequence:

Example 2.44. Let (X,d) be a metric space. Prove that any two completions of (X, d)
are isometric.

Solution. Let (Xl,c’fl) and (Xg,c@) be two completions.

We have isometries t1: X — 11(X) ¢ X, and 15: X —> 12(X) ¢ X,. Consider the
composition f :=iy0 7t 11(X) — 2(X). It is an isometry, in particular it is distance-
preserving, so by Exercise 2.40 it extends uniquely to a distance-preserving function
fﬁ Xl — Xg.

We check that fis bijective. It is automatically injective since distance-preserving. For
surjectivity, let T € X, and let (z,,) be a sequence in X such that (t2(xn)) — T Let

Tp = t1(xy,). Since (x,) is Cauchy and ¢; is an isometry, (ffn) is Cauchy in X;. As the
latter is complete, (’fn) — 7€ X;. Therefore

f@) = F( lim 7,) = 1im F(7,) = i f(u(2a)) = lim () =7 0

n—oo

Example 2.45. Let (X,dx) and (Y, dy) be metric spaces. A contraction is a function
f: X — Y for which there exists a constant C' € [0,1) such that

dy(f(xl),f(xg))SC’dX(xl,xg) for all zq, 29 € X.
Prove that any contraction is uniformly continuous.

Solution. Let ¢ >0 and set § = &=, then for all 1,z € X such that dx(z1,72) < J, we have

e<e. ]

dy (f(21), f(22)) < Cdx (21, 32) <CO = C+1

Contraction self-maps on a complete metric space have an amazing property that is
incredibly useful:

Theorem 2.46 (Banach Fixed Point Theorem). Let (X,d) be a nonempty complete metric
space. Let f: X — X be a contraction. Then f has a unique fized point, that is an element
x € X such that f(x) = x. Moreover, for any choice of x1 € X, the sequence (x,) defined
recursively by x,,1 = f(x,) converges to the fixed point x.
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Proof. The uniqueness claim is easy to show: if z,x" are such that = = f(x) and 2/ = f(2'),
then

d(z,2") = d(f(x), f(«')) < Cd(z,2").
If z + 2’ then d(z,2") >0 and C'd(x,z") < d(x,z") since 0 < C' < 1, leading to a contradiction.

The proof of existence follows the hint in the last statement. Let x; € X and consider the
sequence (z,,) = (f"(z1)). For any m > 2 we have

A(Tpms1, Tm) = d(f(acm), f(xm_l)) SCd(Tm, Tm-1)-

Applying this repeatedly with decreasing m, we get
d(T i1, ) < O™V d(9, 21).

If we now go up from m + 1 and apply this in conjunction with the triangle inequality, we get
for all n > m:

d( 2y, Tpy) < (C”’2 +C" 344 C’m’l)d(:cg,arl)
1-Crnm
T d(l’z,ﬂ?l)
d(l’g,l‘l)
1-C
As 0< C < 1, we know that C™! — (0 as m —> oo, so we conclude that the sequence (z,,) is

Cauchy. As X is complete, (z,) — x € X. But we can say more about this limit x, using
the continuity of f:

< C’m—l

-1
<™

f(x) = f( lim :zrn) = lim f(x,)= lim z,, =2.
So x is indeed a fixed point of f. ]

Recall the following result from real analysis:

Theorem 2.47 (Mean Value Theorem). Let f: [a,b] — R be continuous. If f is differentiable
on (a,b), then there exists £ € (a,b) such that

This turns out to be very useful in checking that a given function is a contraction:

Example 2.48 (2010). Verify that the function f: [1,2] — R defined by

1 1
f(oc):—ﬁx3+x+zl

has a unique fixed point, and find this point.

Solution. First we show that f is a contraction. We have

f’(l’) :_Z+17

and since 1 < x <2 it is easy to deduce that

3
0<f <,
O
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in particular |f’(x)| < 3/4 for all x €[1,2].
Now let @y, x5 € [1,2]. Apply Theorem 2.47 to f restricted to the interval [zq, 5], and
deduce that there exists € € (x1,22) € [1,2] such that

£@) = Pl =17l = < 5 b - il

in other words f is a contraction with constant 3/4.

In order to apply the Banach Fixed Point Theorem we need to know that f is a self-map,
that is, that the image of f is contained in [1,2]. The global minimum and maximum of
f occur either at the boundaries of the interval [1,2], or at some stationary point in the
interval. The only zero of f'(z) = —‘%2 +11in [1,2] is x = 2, so we only need to evaluate f at
1 and 2:

f)=gelLal f@)=1eln2)
so indeed f([1,2]) < [1,2].

The Banach Fixed Point Theorem tells us that f has a unique fixed point, which we can
find directly by solving

1 1
xzf(x)z—ﬁx3+x+1:>x3=3:>x=3/3

Note that this gives us a recursively-defined sequence of rational numbers that converges
to V/3: take 2, = 1 and apply f iteratively, x,,1 = f(zn). O

2.5. Connected sets

We say that a metric space (X,d) is disconnected if there exist open subsets U,V ¢ X such
that
X=UuV, UnV =g, U+, V+o.

Note that this forces both U and V' to be both closed and open.

We may sometimes refer to the above condition as expressing X as a nontrivial disjoint
union of open subsets. If no such expressions for X exist, we say that the metric space (X, d)
is connected.

More generally, a subset D ¢ X is said to be disconnected (resp. connected) if D is a
disconnected (resp. connected) with respect to the induced metric.

We say that a metric space (X, d) is totally disconnected if the only connected subsets of
X are the empty set and the singletons.

Example 2.49. In any metric space X, @ and the singletons {z}, z € X, are (vacuously)
connected.
The set {0,1} = {0} u {1} with the discrete metric is clearly disconnected.

Example 2.50. A metric space (X,d) is disconnected if and only if there exists a non-
constant continuous function g: X — {0,1}. (Of course the metric on {0,1} is taken to
be discrete.)

Solution. Suppose there exists a non-constant continuous function g: X — {0,1}. Let
U=g%0)and V =g (1), then U # @, V # @. Since {0} n {1} =@, we have UnV = @.
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Clearly X =U uV, and both U and V are open since {0} and {1} are open. This implies
that X is disconnected.

For the other direction, suppose that X is disconnected and write X = U uV with U,V
open nonempty and UnV =@. Define g: X — {0,1} by

() 0 ifxeU
:L’:
g 1 ifreV

This is well-defined since UnV = @. It is continuous as ¢g~1(0) = U and ¢g~!(1) = V are open.
It is not constant since it takes both values 0 and 1 (as both U and V' are nonempty). [J

Example 2.51. A subset A of a metric space (X, d) is both closed and open if and only if
0A=g.

Solution. This follows easily from Examples 2.16 and 2.18, which say that A° = A\ 0A and
A=A U0A:

If A is closed and open then A = A and A° = A, therefore A ¢ A°, but since A° = AN0A,
we get A°nN0A =@. So we conclude that 0A = @.

Conversely, if 9A = @ then A° = A and A is open, but also A = A° = A and A is closed. [

This leads to another characterisation of disconnectedness:

Example 2.52. A metric space (X, d) is disconnected if and only if it has a nonempty
subset U ¢ X with oU = @.

Solution. Suppose there exists a nonempty subset U ¢ X with OU =@, and let V := X N\ U.
By Example 2.51 U is both closed and open, so its complement V' is both closed and open.

In the other direction, suppose X is disconnected and write X =U uV, UnV =@, both
U and V open nonempty. Then U is both open and closed, so by Example 2.51 oU = @. O

Proposition 2.53 (2010). If f: X — Y is a continuous function between metric spaces and
X is connected, then f(X) is connected.

Proof. Suppose f(X) is disconnected, then by Example 2.50 there exists a non-constant
continuous function g: f(X) — {0,1}. In particular, f(X) has at least two elements. Then
the composition go f: X — f(X) — {0, 1} is a non-constant continuous function, implying
that X is disconnected. [

Example 2.54. The metric space R is connected.

Solution. Recall the notion of supremum of a subset S € R: M € R is a supremum of S if
it is an upper bound for S (that is, s < M for all s € S), and if x € R is any upper bound
for S then M < z.

R has the property that every nonempty bounded above subset has a (unique) supremum.

There is a similar notion of infimum.

We will abuse this notation/terminology and say that a subset S ¢ R that is not bounded
above has sup(S) equal to +oo, and a subset that is not bounded below has inf(.S) equal
to —oo0.
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With this convention, an interval in R is a subset I with the property that for any z e R
with inf(/) < x < sup([), we have z € I.

We use the criterion from Example 2.52, so we need to show that every nonempty subset
A ¢ R has nonempty boundary.

Let z e RN~ A. We have two possibilities:

o S:= (__Oo;x) NA + @. Since S € R is nonempty and bounded above, it has a supremum
MeScA If M=xthen M ¢ A so M e0A.
If M <z then (M,z] € R~ A, therefore M € RN A but M ¢ (R \ A)O, hence
Med(RN A) =0A.

e S:=(x,00)Nn A+ @, which is considered similarly by interchanging supremum and
infimum. [

Example 2.55. The nonempty connected subsets of R are the intervals.

Solution. Let S € R be a nonempty subset that is not an interval. Then there exists
x € R\ S such that inf(.S) < z < sup(S) (where the infimum and supremum can be infinite).
In that case U := Sn(-o0,z) and V :=.Sn (x,00) show that S is disconnected.
Conversely, suppose [ is an interval in R. Then (Exercise 2.52) there exists a surjective
continuous function f: R — I, hence [ is connected because R is connected. [

Theorem 2.56 (Intermediate Value Theorem). Let f: X — R be a continuous function,
with X a connected metric space. For any x,y € X and any r € R such that f(x) <r < f(y),
there exists £ € X such that f(§) =r.

Proof. The image f(X) is a connected subset of R, hence an interval, from which the
conclusion follows. [

2.6. Compactness

Let (X, d) be a metric space.
The diameter of a subset S € X is by definition

diam(S) := sup {d(x,y): x,y€eS}.

If this is a real number we say that S is bounded. Otherwise we say that S is unbounded.

Example 2.57. A subset S ¢ X is bounded if and only if S ¢ D,(z) for some r > 0 and
some z € X.

Solution. If S € D, (z) then diam(S) < diam (ID,(x)) = 2r so S is bounded.
Conversely, suppose S is bounded and let r = diam(S). Let x € S be any point, then
d(z,y) <r for all y € S, so that S cD,(z). O

Example 2.58. Let (X,d) be a metric space and let A, B be bounded sets. Then Au B
is bounded.
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Solution. Let a€ A, be B, and r = d(a,b). T claim that the diameter of Au B is at most
diam(A) +r + diam(B). If z,y € Au B then

diam(A) ifx,ye A

diam(B) if z,yeB

d(z,a) +d(a,b) +d(b,y) <diam(A) +r +diam(B) ifzeAyeB

d(y,a) +d(a,b) +d(b,z) < diam(A) +r + diam(B) if reB,ye A. O

d(z,y) <

Example 2.59. Let S € R be a bounded set. Show that for any ¢ > 0, there exist N € N
and open balls By,..., By, all of radius ¢, such that

N
Sc B
n=1

Solution. As S is bounded, it is contained in some closed ball, which in R is some interval
[x,y]. So it suffices to prove that the conclusion holds for the interval [z,y], which is
straightforward: given € >0, let N € N be such that N > £=%, then

Sclz,y]c 6 [x+ (n- 1)5,x+n5] c G]B%E(x+ (2n - 1)5/2). O

n=1 n=1

The property in the last example is called total boundedness: a subset S ¢ X of a metric
space is totally bounded if for all € > 0, there exist N e N and zq,...,xy € X such that

N
S c U B.(z,).
n=1

Example 2.60. In any metric space (X, d), any totally bounded set S is bounded.

Solution. Take € =1 and let By, ..., By be a cover of S by open balls of radius 1. Each B,,
is bounded, so by Example 2.58 the finite union B; u---u By is bounded, hence so is its
subset S. O

We have seen that the converse is true if X = R.

Example 2.61. If f: X — Y is a uniformly continuous function between metric spaces
and S ¢ X is totally bounded, then f(S) cY is totally bounded.

Solution. Let € >0. As f is uniformly continuous, there exists d > 0 such that for all z € X
we have

f(Bs(@)) € B(f(2)).
As S is totally bounded, there are open balls Bs(x1),...,Bs(xy) such that

N
Sc UB5(Q:]')7
j=1
so applying f on both sides we get

)5 (OB = U (Bste)) < UB50) -
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Before we delve into the next result, let’s define a notation that will hopefully simplify
things. If (x,) is a sequence in a metric space (X,d) and A ¢ X is a subset such that x, € A
for infinitely many A, we define

(zp)n A

to be the subsequence (z,,) with {n;: j € N} = {n e N: z,, € A}, enumerated in the natural
order on N.
For example, if z,, = % €R and A =[0,1], then

1
(z,)N A= (2—):(an) where n; = 2j for j e N.
J

Proposition 2.62. A subset S € X is totally bounded if and only if every sequence in S has
a Cauchy subsequence.

Proof. Let (s,) be a sequence in S.

Take a finite cover of S by open balls of radius 1. At least one of these open balls By (1)
contains infinitely many terms of (s,); let (553)) = (8,) N By (7).

Take a finite cover of S by open balls of radius 1/2. As least one of these balls By (x2)
contains infinitely many terms of (37(11)); let (322)) = (3%1)) NB1/o(x2).

Continuing in this manner, we get a subsequence (sgl”)) of (s,). I claim that (s,(l")) is a
Cauchy sequence.

Given ¢ > 0, let N € N be such that 2/N <e. For n > m > N we have sﬁnm),sfl”) € (ng)) c
B1/m(2m), hence

d(sgnm) s(")) < d(s(m) x ) + d(x s(")) < 2 < 2 <Ee.
) on N m 9 m my“n m X N X

In the other direction, let € > 0. Choose an arbitrary s; € S. If S € B.(s;), we are done.
Otherwise, there exists ss € S NB.(s1). If S cB.(s1)UB.(s2), we are done. Otherwise, there
exists s3 € S\ (B.(s1) UB.(s2)).

Suppose that this process does not stop after finitely many steps, then we obtain a sequence
(sp) in S with the property that d(s,, s,,) > € for all n,m € N, so that (s,) has no Cauchy
subsequence, contradiction. O

We have been experimenting with various flavours of finiteness. Here is yet another one,
which turns out to be more generally useful:

A subset K ¢ X of a metric space is compact if any arbitrary open cover of K, that is a
collection {Uj;: i € I} of open sets U; € X such that

K c{JU;,

iel

has a finite subcover, that is there exist n € N and 4,...,4, € I such that

KclJU,.
j=1

Example 2.63. Any compact subset K ¢ X is totally bounded.

Solution. This is straightforward: given € > 0, consider the open cover

K c [ B.(z).

zeK

As K is compact, this has a finite subcover, proving total boundedness. O
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Example 2.64. Prove that a subset K ¢ X is compact if and only if: any open cover of K
by open balls
Kc UB€7($Z)
iel

there is a finite subcover

KEHB%(:E%), neN,i,el.

Solution. The direction left to right is clear.
For the converse, suppose we are given an open cover

KEUUZ

iel

By Example 2.13 we know that each U; is a union of open balls:

U; = U B5j(xj)7

jedi

so that we get an open cover of K by open balls

K¢ U IB%Ej(xj)-

J€User J;
This has a finite subcover

Kc kL_J stk (l‘jk)7
=1

but for each k& we have IB%ajk (z;,) € U, for some iy, € I, so that
KcJU,
k=1

is a subcover of the original cover. [

Example 2.65. Any compact subset K ¢ X is closed.

Solution. Let v e X N\ K.
For any k € K, let ry = d(x,k)/2, then B,, (k) nB,, (z) = @.
We now have an open cover of K:

K< B (),

keK

which has a finite subcover

Lettingr = min {ry,: n=1,..., N}, we have B,, (k,)nB,(z) = @ for all n, hence KnB, () =
@ and X \ K is open. O

Proposition 2.66 (2013). If f: X — Y is a continuous function between metric spaces and
K < X is a compact subset, then f(K) is a compact subset of Y.
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Proof. Consider an arbitrary open cover of f(K):

f(K) UV, V; ¢ Y open.
iel
Then
K< (),

iel

which is an open cover of K as f is continuous. As K is compact, this has a finite subcover

N
Kc L:Jlf‘l(Vin),

therefore
N

f(K)c UV, 0

n=1

Proposition 2.67. Let f: X — Y be a continuous function between metric spaces. If X is
compact, then f is uniformly continuous.

Proof. Let > 0.
Given z € X, there exists §(z) > 0 such that f(Bs.)(2)) € Bjo(f(z)). We get an open
cover of X:

X c U ]B(;(m)/g(x),

reX

which therefore has a finite subcover

N
X € U Bsge,j2(2n)-
n=1

Let 6 = min{é(:cn)/Z: n= 1,...,N}.
Suppose s,t € X are such that dx(s,t) <6. We have s € By(,,)/2(2y) for some n e {1,...,N}.
I claim that ¢ € Bs(s,)(2n):

dx(t,z,) <dx(t,s) +dx(s,z,) <0+ @ <(xy).

Therefore f(s), f(t) € Be/g(f(xn)), hence dy (f(s), f(t)) <e. O

Example 2.68. Any bijective continuous function f: X — Y from a compact metric
space to a metric space is a homeomorphism.

Solution. We have to prove that f~': Y — X is continuous. Let U c X be open, then
X N\ U is a closed subset of the compact space X, hence X \ U is compact, hence its image
F(XNU) =Y~ f(U) is compact in Y, hence closed in Y, hence f(U) = (f‘l)_l(U) is open
inY. O

Example 2.69. Let S be a subset of a metric space (X, d). Prove that every sequence
in S has a subsequence converging in S if and only if every infinite subset of S has an
accumulation point in S.
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Solution. The statement is clear if S is a finite set (any sequence must take the same value
infinitely often, so has a constant subsequence, which is obviously converging in S; the
other condition is vacuously true as there are no infinite subsets of .5).

Let A be an infinite subset of S. Then there is a sequence (a,) consisting of distinct
elements of A. This has a subsequence (a,,) — a € S. For any ¢ > 0, B.(a) contains all
but finitely many elements of (a,,), and since these are distinct, at least one of them is
# a, hence a € S is an accumulation point of A.

Conversely, let (s,) be a sequence in S. Let A = {s,: n e N}. If A is finite, then (s,)
takes the same value infinitely many times, so it has a constant sequence, which converges
in S. Otherwise A is infinite so it has an accumulation point a € S. Hence for every j e N
we have that B,,;(a) contains some a; € A with a; # a. Then (a;) — a € S is a converging
subsequence of (sy,).

(Note: the last part of this is not entirely correct, namely it is not clear that the way in
which we chose (a;) gives a subsequence of (s, ), rather than just a sequence consisting of
terms of (s,). Do you see how to fix this point?

Answer: for j =1, look at B;i(a); as a is an accumulation point of A, Bi(a)n A is an
infinite set. Choose a; € Bi(a)n A and let ny € N denote the index of its first appearance in
(Sn), that is s, = a;. Next, for j =2, look at By/2(a) n A, which again must be an infinite
set. Choose aq € Bl/g(a) N A such that as ¢ {s: k <n;} and let ny € N denote the index of
its first appearance in (s,), that is s,, = as. Continue.) O

Example 2.70. Suppose (z,,) is a Cauchy sequence in a metric space (X, d). If (z,) has
a subsequence (x,,) that converges to some z € X, then (z,) also converges to .

Solution. Let € > 0.
Since (z,,) is Cauchy, there exists N € N such that

d( T, xy,) < g for all m,n > N.

[ claim that d(z,,z) <e for all n> N.
To show this, let n > N. Since (2,,) — & as j — oo, there exists J € N such that

d(n;,x) < g for all j > J.

Let j > J be such that n; > N. (This can be done as (n;) is an increasing sequence of
natural numbers.) Then

d(Tn, ) < d(2p, 2p,) +d(2n,,7) <c. O

Theorem 2.71 (Heine-Borel). Let (X,d) be a metric space. A subset K ¢ X is compact if

and only if K is complete and totally bounded.

Proof. Suppose K is compact. We already know from Example 2.63 that K is totally bounded.
Suppose it is not complete, and take a Cauchy sequence (z,) in K that does not converge in
K. (In particular, this forces the set {x,: n € N} to be infinite, otherwise the sequence would
have a constant, hence converging, subsequence, therefore (z,) would also converge to the
same limit, being Cauchy.)

This means that, for every k € K, there exists € > 0 such that for all N € N there exists
n> N with d(x,, k) > e. Since (z,) is Cauchy, there exists N’ € N such that d(z,,,x,) <€/2
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for all m,n > N’. Pick an n > N’ with d(z,, k) > ¢, then for all m > N’ we have
d(zm, k) + g > d(@m, k) + d(m, 1) > d(20, k) > €,

hence d(zp,, k) > /2 for all m > N'.

So, for a given k € K, letting (k) = min{{d(xj, k): j<N' xzj#k}u {5/2}}, we have that
B.(x) (k) contains no points of the sequence (x,) unless z,, = k.

We get an open cover of K:

Kc U Bs(k)(k),

keK
which has a finite subcover .
Kc LJIBE(kj)(kj)'
]:
But (z,) is a sequence of K, so it must only take the finitely many values {ki,...,ky},

contradiction.
Conversely, suppose K is complete and totally bounded, but not compact.
Take an open cover of K that does not have a finite subcover:
Kc U Ui.
i€l

As K is totally bounded, for € =1 we have a cover
N
K = U B1(y;)-
j=1

It follows that for at least one j, K nB;(y;) cannot be covered by finitely many of the U;’s.
Let 21 = y; so that K nB;(x;) is not covered by finitely many U;’s.

Now apply the same process with the totally bounded set K nB;(z;) and € = %, to get an
open ball By /2(x2) such that K nB;(x1) nBy/2(22) cannot be covered by finitely many of the
U/S.

Continuing, we get a sequence of subsets

K> KﬂBl(ZIfl) 2 KﬂBl(.fL'l) ﬂBl/Q(l’Q) 2.2 KﬂBl(.fL'l) ﬂ"‘ﬁBl/n(l'n) 2...

such that K nB;(x1) n---nBy,(z,) cannot be covered by finitely many of the U;’s. In
particular, By, (z,) itself cannot be covered by finitely many of the U;’s. The resulting
sequence (x,) is Cauchy, hence converges to some z € K as K is complete.

There exists i, € [ such that = € U;,. Since U, is open, we can find an open ball B.(z) c U, .
Choose n € N such that n > 2/e and d(x,,z) < &/2. Then

Bi/n(zn) € Bo(2) € U

x )

contradicting the fact that By, (x,) cannot be covered by finitely many U;’s. ]

The following compactness criterion is sometimes called sequential compactness:

Theorem 2.72 (Bolzano—Weierstra8). Let (X,d) be a metric space. A subset K ¢ X s
compact if and only if every sequence in K has a subsequence converging in K.

Proof. If K is compact, then it is totally bounded by Example 2.63, so any sequence in
K has a Cauchy subsequence by Proposition 2.62, which converges since K is complete
by Theorem 2.71.
In the other direction: suppose (x,) is a Cauchy sequence in K. Since it has a subsequence
that converges to some x € K, (x,,) itself converges to x by Example 2.70. So K is complete.
If (z,,) is an arbitrary sequence in K, it has a subsequence that converges, hence is Cauchy,
so by Proposition 2.62, K is totally bounded. ]

43



2. Metric spaces

Example 2.73. Let f: X — R be a continuous function, where X is a compact metric
space. Then the image f(X) is bounded, and the bounds are attained: there exist
Tmin, Tmax € X such that

f(2min) € f(2) € f(Tmax)  forall z e X,

Solution. By Proposition 2.66, f(X) is a compact subset of R. Therefore f(X) is totally
bounded by Example 2.63, hence bounded by Example 2.59. So f(X) has both infimum
and supremum, which are boundary points. But f(X) is also closed by Example 2.65,
therefore it contains its boundary points and hence the infimum and supremum. O
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2.7. Exercises

Exercise 2.1. Let (X, d) be a metric space. Show that
jd(z,y) —d(t, y)| <d(z,1)
for all z,y,te X.
Solution. We need to show that
—d(z,t) <d(z,y) —d(t,y) <d(z,t).
One application of the triangle inequality gives
d(z,y) <d(z,t)+d(t,y) = d(z,y) —d(t,y) <d(z,t).
Another application gives

d(t,y) <d(t,z)+d(z,y) = —d(z,t) <d(z,y)-d(t,y). O

Exercise 2.2 (2010,2013). Let (X, d) be a metric space. Show that
|d(x,y) —d(s,t)| <d(x,s)+d(y,t)
for all z,s,y,te X.
Solution. We have
jd(z,y) - d(s, )] = |d(z,y) - d(y, s) + d(y, s) - d(s,1)]

< |d(x,y) - d(y7s)| + |d(y,s) - d(S,t)|
<d(z,s)+d(y,t)

after one application of the triangle inequality and two applications of Exercise 2.1. O

Exercise 2.3. If Ac B then A° c B°.

Solution. Let a € A°, then there exists an open ball B,(a) € A< B, so a € B°. O

Exercise 2.4. For any subset A ¢ X, A° is the largest open set contained in A.

Solution. Suppose U is an open set such that A° c U ¢ A. If u € U then there exists an
open ball B,.(u) €U ¢ A. Therefore u € A°, so U € A°, hence U = A°.
Let a € A°. There exists an open ball B,(a) € A. Therefore B,.(a) =B,(a)° c A°. O

Exercise 2.5. Prove that any closed ball is a closed set.

Solution. This is a variation on Example 2.10 (draw the pictures!), and a generalisation of
Example 2.9 (which is the case r = 0).
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Consider C' =D,(z) with z € X, r € Ryo. Let y € X\C, then d(z,y) >r. Set t = d(x,y)-r
and consider the open ball B;(y).
I claim that B,(y) ¢ (X N C): if w e B,(y) then d(w,y) <t so

d(z,y) <d(z,w) +d(w,y) <d(z,w)+t = d(z,w)2d(z,y)-t=r,

hence w ¢ C. O

Exercise 2.6. Prove that C' is closed if and only if 9C c C.

Solution. Suppose that C'is closed and let € 9C'. We proceed by contradiction to prove
that x € C: suppose x ¢ C, then x € (X \ ('), which is open as C'is closed. Therefore there
exists r > 0 such that B, (x) ¢ (X N C’), in particular B, (z) n C' = @, contradicting the fact
that = is a boundary point.

For the opposite implication, suppose that 0C ¢ C. We proceed by contradiction to
prove that C'is closed: suppose 2 € X \ C'is such that for all » >0, B,(z) is not a subset of
X\ C. Therefore B,(z)nC # @, but also B, (z) n (X \ C) # @, as this intersection contains
x. We conclude that z is a boundary point of C, so by assumption z € C, contradicting the
fact that x € X \ C. O

Exercise 2.7. Show that any p-adic open ball is both open and closed.

Solution. Any open ball in any metric space is open (Example 2.10). Let’s show that an
arbitrary p-adic open ball B, (c) is closed.

Let 2 € 9B, (c). Let s <r and consider By(z). Since z is a boundary point, there exists
y € By(x) nB,(c). In other words, |z -y, <s <7 and |y - |, <r. Therefore

|‘T - C|p < max{|:v - y|pa |y - C|p} < max{s,r} ST

where we used the p-adic triangle inequality.
We conclude that = € B,.(c), so by Exercise 2.6 B,(c) is closed. O

Exercise 2.8. Let A be a finite subset of a metric space (X,d). Show that A has no limit
points.

Solution. Suppose z is a limit point of A. Let ry = 1; there exists a; € B, (x) n A such that
a; # x. Now let ro = d(z,a1)/2; there exists as € B,,(z) n A such that as # z. Note that we
also have ay # a;. Continue in this manner. For each n > 3, let r,, = d(x, a,-1)/2, then there
exists a, € B,, (z)n A such that a, #  and a, # a; for k=1,...,n—1. This constructs an
infinite subset {ay,as,...} € A, contradicting the fact that A is finite. ]

Exercise 2.9 (2011). Let (X,d) be a metric space.
(a) Prove that X v A = (X« A)O.
neighbourhood of z intersects A.)

Conclude that A is a closed set.

(In other words, z € A if and only if every open
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(b) If Ac B, then Ac B.
(c) Prove that A is the smallest closed subset of X that contains A.
Solution.

(a) Suppose that 2 ¢ A. Then 2 ¢ A and z is not a limit point of A. So there exists
r > 0 such that B,(z) n A has no points # z; but x ¢ A is also not an element of this
intersection, which must therefore be empty, so that B,.(x) ¢ (X \ A). We conclude

that x € (X N A)O.

Conversely, let € (X « A)o, then z € X \ A and there exists > 0 such that B, (x) ¢
(X N A). In particular, B,.(x) n A =@, so x is not a limit point of A. As it is also not
an element of A (hence not an isolated point of A), we conclude that x ¢ A.

(b)
AcB= (X B)c (X A)= (X B)' c(X\A)' = (X B)c(X\A)=>AcB.

(c) We already know from part (a) that A is a closed set.
If AcC and C is closed, then AcC =C. ]

Exercise 2.10. Let (X, d) be a metric space. A subset D € X is dense in X if and only if
D nU # @ for all nonempty open sets U in X.

Solution. Suppose D is dense and let U be nonempty open. Let x € U. As U is open, there
exists B,(x) ¢ U with 7 > 0. If z € D, we are done. Otherwise, z € D \ D, so it is a limit
point of D, so there exists a € B,.(x) n D such that a # z, hence a € U n D.

Conversely, suppose D n U is nonempty for any nonempty open U. Let x € X \ D. For
every r >0, U :=B,(z) is open so D nB,(x) is nonempty, and z is not in this intersection
so there must be a point distinct from x in it, hence x is a limit point of D. O

Exercise 2.11. Let (X, d) be a metric space, D a dense subset, and z an isolated point of
X. Then x € D.

Solution. Since z is isolated, there exists > 0 such that B, (z) = {z}. But D is dense and
B, (z) is a nonempty open subset of X, hence D nB,.(z) + @, which forces D nB,(z) = {z}.
In particular x € D. O

Exercise 2.12. Let (X, d) be a metric space. The intersection of two dense open sets U;
and Us is dense and open.

Solution. Let Uy = Up nUy. We know already that Uy, is open.
To show that U;s is dense, we use Exercise 2.10 and show that Ujs nU # @ for all
nonempty open U:
Ui nU = (Ui nUs)nU=Uin(UsnU).

Since Us is dense and open, U, n U is nonempty and open. Since U; is dense, U N (U2 N U)
is nonempty. So U;onU # &, hence Uy is dense. O
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Exercise 2.13. Any sequence has at most one limit.

Solution. Suppose x and z’ are two limits of a sequence (z,,). For any € > 0, there exist

N, N’ e N such that
Ty € Bejo () foralln >N and x,€B.s(z') for all n > N'.

Therefore, for n = max{N, N’} we have z, € B.j»(x) nB,2(2"), which (via the triangle
inequality) implies that d(z,z') <e.
Since this holds for all € > 0, we conclude that d(z,z") =0 so that x = z'. O

Exercise 2.14 (tut02). Let n € N, X =R" with the dot product -, |z| = /x -z for x € X,
and d(x,y) = |z —y| for x,y € X. Then (X,d) is a metric space. (The function d is called
the Fuclidean metric or £ metric on R™.)

[Hint: The Cauchy—Schwarz inequality can be useful for checking the triangle inequality.]

Solution. We have

(a) d(z,y) = |z -yl =\/(z-y) - (x-y) =/(-1)?(y-2)-(y—-2) = |y - x| = d(y, 2);

(b) Let u=2 -t and v =t -y, then we are looking to show that |u +v| < |u| + |v|. But:

[w+v]? = (u+v)- (u+0) = [ul* + 2u-v+ [o]* < Jul* + 2Ju- v + o]

2
<Nl + 2 Jul Jol + 1012 = (Jul + o])",
where the last inequality sign comes from the Cauchy-Schwarz inequality.

(¢) d(z,y)=0iff (z-y) - (x-y)=0iff z—y=0iff z =y. O

Exercise 2.15. Fix n € N. Put a metric space structure on C".

Solution. We mimic the construction in Exercise 2.14, replacing the real dot product with
the standard Hermitian inner product:

(z,y) =21yy + - + Tl o

Exercise 2.16 (tut02). Let X be a nonempty set and define

d(z,y) = {

Prove that (X, d) is a metric space. (The function d is called the discrete metric on X.)

1 ifz=+y,

0 otherwise.

Solution. It is clear from the definition that d(y,x) = d(z,y) and that d(z,y) =0 iff z = .
For the triangle inequality, take z,y,t € X and consider the different cases:

v=y xz=t t=y d(zy) dzt)+dty)

True True True 0 0+0=0
True False False 0 1+1=2
False True False 1 1+0=1
False False True 1 0+1=1
False False False 1 1+1=2
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In all cases we see that d(z,y) < d(z,t) +d(t,y). O

Exercise 2.17. Let n e N, X =F7, and let d(x,y) be the number of indices i € {1,...,n}
such that z; # y;. Prove that (X,d) is a metric space. (The function d is called the
Hamming metric.)

Solution. Do this from scratch if you want to, but I prefer to deduce it from other examples
we have seen.

First look at the case n =1, X =F,. Then d(x,y) is precisely the discrete metric on [y
(see Exercise 2.16), in particular it is a metric. I'll denote it dp, for a moment to minimise
confusion.

Back in the arbitrary n € N case, note that d(x,y) defined above can be expressed as

d(x,y) = dIFQ(ivl,yl) + "'+dF2($n7yn)7

which is a special case of Example 2.3, therefore also a metric. O

Exercise 2.18 (tut02). Let (X, d) be a metric space and define

d(z,y)

d(z.y) = 1+d(z,y)

Prove that (X,d") is a metric space.
[Hint: Before tackling the triangle inequality, show that if a,b,c € Ry satisfy ¢ <a+b,

c a b
then l+c S 1+a + 1+b'}

Solution. 1t is clear from the definition that d'(z,y) = d’(y,z) and that d'(x,y) = 0 iff
d(z,y)=0iff x = y.

For the triangle inequality, apply the inequality in the hint with ¢ =d(z,y), a = d(x,t),
b=d(t,y). O

Exercise 2.19 (tut02). Draw the unit open balls in the metric spaces (R?, d;) (Example 2.3),
(R2,dy) (Exercise 2.14), and (R? d) (Example 2.4).

Solution. The Manhattan unit open ball is the interior of the square with vertices (1,0),
(0,-1), (-1,0), and (0, 1).

The Euclidean unit open ball is the interior of the unit circle centred at (0,0).

The sup metric unit open ball is the interior of the square with vertices (1,1), (1,-1),
(-1,-1), and (-1,1). ]

Exercise 2.20 (tut02). Is the word “finite” necessary in the statement of Proposition 2.127
If no, give a proof of the statement without “finite”. If yes, give an example of an infinite
collection of open sets whose intersection is not an open set.

Solution. The word “finite” is necessary. For a counterexample to the more general
statement, for each n € N take U,, = (-1/n,1/n) as an open set in R with the Euclidean
metric. I claim that

U:=(U,={0}.

neN
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L
Jul*

This can be proved by contradiction: suppose u € U, u # 0. Let n € N be such that n >
Then |u| > £, therefore u ¢ (-1/n,1/n) = U, contradiction.

Finally, U is not open: for any r € R,o, 5 € B,(0) but % ¢ {0} = U, so B,(0) is not a
subset of U. O

Exercise 2.21. Let (X, d) be a discrete metric space (see Exercise 2.16).

(
(

a) Prove that {z} is an open subset of X for all x € X.

b

)

) Prove that every subset of X is open.
(¢) Prove that every subset of X is closed.

)

(d) Let A be a subset of X. Find all the (i) interior, (ii) boundary, (iii) isolated, and (iv)
limit points of A.

Solution.

(a) Since d(z,y) =1 for any y # x, we have B;(«) = {z}, which is an open ball, hence an
open set.

(b) Any subset is the union of all its one-element subsets, hence is open by the previous
part.

(¢) The previous part says that the complement of any subset is open.

(d) Since A is open, A° = A.

If x € X is a boundary point of A, then B;(z) intersects both A and X \ A nontrivially,
so it must have at least two elements, but B;(z) = {z}. So 0A = @.

We have seen in the proof of part (a) that every point of X is isolated, so the set of
isolated points of A is A.

If x € X is a limit point of A, then By (z) n A should contain some a # x, but we have
seen that B;(x) = {z}. So the set of limit points of A is @. O

Exercise 2.22 (tut03). Let X and Y be two metric spaces and endow the Cartesian
product X x Y with the Manhattan metric from Example 2.3. Prove that a sequence
((2n,yn)) in X xY converges to (z,y) if and only if (z,) converges to z and (y,) converges
to y.

Solution. By definition,

A((@n,yn), (2,9)) = dx (2, ) + dy (Y, ).

Suppose (z,) — z and (y,) — y. Let € >0, N, € N such that x, € B.js(x) for all n > N,,
and N, € N such that y, € B.j»(y) for all n > N,. Set N = max{N,, N,}, then

d((Inayn)v(xuy))<%+§:5 for alln}N

Conversely, suppose ((a:n,yn)) —> (z,y). Given £ > 0 there exists N € N such that
(Zn,yn) €B-((z,y)) for all n > N, therefore

dx (2, @) +dy (Y, y) = d((20,90). (2,9)) <.
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Since both dx and dy are non-negative, we conclude that each summand is strictly bounded
by ¢ for all n > N. [

Exercise 2.23 (tut03). Let (z,) be a sequence in X, let ¢: N — N be an injective
function, and consider the sequence (y,) = (Z(n)) in X. Prove that if (z,) converges to z,
then so does (yy,).

Does the converse hold?

Solution. Suppose (z,,) — x. Given € >0, let N € N be such that z,, e B.(x) for all n > N.
Since ¢: N — N is injective, the inverse image 4,0‘1({1, N - 1}) is a finite set, so it
has a maximal element M. (If the set is empty, just take M =0.) For all n > M + 1, we
have ¢(n) > N, 50 Y, = Ty(n) € B-(2).
The converse certainly does not hold. For instance, take (x,) = (1,0,1,0,1,0,...)
and ¢(n) = 2n, then the sequence (y,) = (0,0,0,...) converges to 0 but (z,) does not
converge. O]

Exercise 2.24 (tut03).

(a) Let f: X — Y be a function between two sets X and Y, and let S ¢ Y. Prove that
fHS) =X YN S).
(b) Let f: X — Y be a function between metric spaces. Prove that f is continuous if and
only if: for any closed subset C' €Y, the inverse image f~1(C') ¢ X is a closed subset.
Solution.
(a) We have z € f~1(S) iff f(z) e Siff f(z) ¢ (Y NS)iff z¢ (Y \9).
(b) Suppose f is continuous and C' ¢ Y is closed. By part (a) we have
O =X~ (Y NO).

Then (Y N C) c Y is open, so by Example 2.26, f~1(Y ~ C) ¢ X is open, therefore
f71(CO) is closed.

Conversely, suppose the inverse image of any closed subset is closed. Let V ¢ Y be
open, then by part (a) we have

FUV) = XS ).

So (Y N V) cY is closed, so f~1 (Y~ V) € X is closed, hence f~1(V) is open. By Ex-
ample 2.26, f is continuous. [

Exercise 2.25 (tut03,2011). Show that if f: X — Y is a continuous map between metric
spaces and A ¢ X then f(4) c f(A).

Solution. Let x € A, let y = f(x), and suppose that y ¢ f(A). By Exercise 2.9 part (a),
there exists an open neighbourhood V' ¢ (Y N f (A)) with y € V. As f is continuous, there
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exists an open neighbourhood U ¢ X of z with f(U) ¢ V; as V does not intersect f(A),
we get that U does not intersect A, contradicting the fact that x € A. [

Exercise 2.26 (tut03). Give N the metric induced from R. Let (X,d) be a metric space
and (z,) a sequence in X. Prove that (z,) is a continuous function N — X.

Solution. First note that the induced metric on N € R is equivalent to the discrete metric:
for any n € N, we have {n} = (n-1,n+1)nN, so {n} is open in N. Therefore every subset
of N is open, hence every function N — X is continuous. [

Exercise 2.27 (tut03).

(a) Let f: X — Y and g: Y — Z be functions, where X, Y| Z are sets, and let S ¢ Z.
Then

S g (9)) = (go f)(9).

(b) Let f: X — Y and g: Y — Z be continuous functions, where X, Y, Z are metric
spaces. Prove that go f: X — Z is continuous.

Solution.

(a) We have x € (go f)71(9) iff (go f)(z) € S iff g(f(x)) € S iff f(x) € go}(S) iff
ze [Hg7U(9)).

(b) Let W € Z be open. As g: Y — Z is continuous, g- ' (W) c Y isopen. As f: X — Y
is continuous, (go f)~Y(W) = ffl(gfl(W)) c X is open. So go f is continuous. ]

Exercise 2.28 (tut03). Let f: X — Y be a continuous map between metric spaces and
let ScY be such that f(X)cS. Endowing S with the metric induced from Y, show that
f:+ X — S is continuous.

Solution. Since f(X) < S, we have that f~1(Y \ S) =@.

Let W ¢ S be open in (the induced metric on) S, then there exists V' ¢ Y open in
Y such that W =V nS. Since f: X — Y is continuous, we have that U := f~1(V) is
open in X. But f~H(V) = fH(VnS)u fH(V~S),and fH(VS)c fFHYS) =g, so
fAV)=f1Y(VnS)=f1(W)is open in X. O

Exercise 2.29 (tut03). Let g;: X — Y7 and go: X — Y5 be continuous maps, with X,
Y1, Y5 metric spaces.

Define f: X — Y] x Y, by f(x) = (gl(:c),gg(x)). Endow Y] x Y3 with the Manhattan
metric.

Show that f is continuous if and only if both g; and g» are continuous.

Solution. The function f is continuous iff for any sequence (x,) — x € X, we have
(f(xn)) — f(x) € Y1 x Y3, in other words (gl(a:n),gg(:vn)) — (gl(x),gg(x)) €Y, xYs.
But by Exercise 2.22, the latter holds iff (¢1(z,)) — g1(2) € Y; and (g2(2,)) — ga(z) € Y5,
which precisely says that both g; and g, are continuous. ]
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Exercise 2.30 (tut03). If A and B are subsets of a metric space (X, d), then
AuB=AuUB.

Solution. By Exercise 2.9 part (b), A ¢ AuB implies A ¢ AU B, and similarly for BcAuUB.
For the other inclusion, note that by Example 2.15, Au B is a closed set containing
Au B, so by the minimality of the closure Exercise 2.9, AuB c Au B. ]

Exercise 2.31 (tut03). Let (X,d) be a metric space.
(a) Prove that any subset of a nowhere dense subset of X is nowhere dense in X.
(b) Prove that a subset N ¢ X is nowhere dense if and only if X \ N is dense in X.

(c) Prove that the union of any finite collection of nowhere dense subsets of X is nowhere
dense in X.

Solution.

(a) Let N ¢ X be nowhere dense and let M € N. Then M c N by Exercise 2.9 part (b), so
(M)O c (N)O = @ by Exercise 2.3.

(b) Suppose N is nowhere dense and let U € X be nonempty and open. If Un (X \N) =@,
then U ¢ N, so U ¢ (N)O = @, contradicting the non-emptiness of U. So it must be
that U intersects X \ N nontrivially, hence X \ N is dense.

Conversely, suppose X \ N is dense but N is not nowhere dense, that is there exists a
nonempty open U € N. Then U n (X N N) = @, contradicting the denseness of X \ V.

(c) Tt suffices to prove the case of two nowhere dense sets M and N. Let L= M uUN. Then
by Exercise 2.30 we have L=MUN so X \ L = (X \M) N (X \N). As X \ L is the
intersection of two dense open subsets, it is dense and open by Exercise 2.12, hence L
is nowhere dense. O

Exercise 2.32 (tut03). Let X be a set.

(a) Show that the relation “d; is finer than dy” on metrics on X gives rise to a relation
“[dy] is finer than [d3]” on equivalence classes of metrics on X.

(b) Show that the latter is a partial order on the set of equivalence classes of metrics on X.
(¢) In the statement from part (b), can we remove the words “equivalence classes of”?
(d) Show that the partial order from part (b) has a unique maximal element.

Solution.

(a) First we note that the relation “is finer than” on metrics is transitive: if d; is finer
than ds and dy is finer than ds then d; is finer than ds. (This is clear from any of the
equivalent definitions in Proposition 2.27.)

Next we show that the relation “is finer than” on equivalence classes of metrics is
well-defined. Let [d] denote the equivalence class of a metric d. We say that a class
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(d)

[dy] is finer than a class [dy] if the metric d; is finer than the metric dy. To check
well-definedness of this concept, suppose that d) is a metric equivalent to d;, and dj is
a metric equivalent to dy. Is is true that d} is finer than d}? Well, d] is finer than d,,
which is finer than dy, which is finer than d), so the answer is yes, by transitivity.

Given a class [d], it is true that d is a finer metric than d, so [d] is a finer class than
[d].

If [dy] is a finer class than [d2] and [ds] is a finer class than [d;], then d; is a finer
metric than dy and dy is a finer metric than d;, hence d; and dy are equivalent metrics,

so [dq] = [dz].

Finally, suppose [d;] is a finer class than [dz], which is a finer class than [d3]. Then d;
is a finer metric than d,, which is a finer metric than ds, so by the transitivity we saw
in part (a), d; is a finer metric than ds, so [d;] is a finer class than [d3].

Not in general, as for metrics, d; finer than dy and ds finer than d; does not necessarily
imply that d; = ds, only that they are equivalent metrics.

The unique maximal element is the equivalence class of the discrete metric on X, as it
is clear that the discrete metric is finer than any metric on X. ]

Exercise 2.33 (ps01).

(a)

(b)

Let (X,d) be a metric space with X a finite set. Prove that d is equivalent to the
discrete metric on X.

Let X be a set and let d be the discrete metric on X.

Is X (i) complete? (ii) compact? (iii) connected? (iv) bounded?

For each property listed, either give a proof that all discrete metric spaces X have the
property, or give a specific counterexample of a discrete metric space X that does not
have the property.

Solution.

(a)

(b)

If X is empty, then d equals to the discrete metric vacuously and of course d is equivalent
to the discrete metric. If X is not empty, then we prove that every singleton {z} is
open with respect to the metric d in two cases:

e If X has only one element, then X = {x} is open by Example 2.8.

e If X has more than one element, then there are finitely many pairs (z,y) € X x X,
so we can look at the non-empty set

{d(:c,y): x,yeX,x#y}.

The minimum 7 of this set is the minimum of finitely many positive numbers,
hence r > 0. Then B,(z) = {z} for all x € X, showing that {z} is open for all
relX.

(i) Since d is the discrete metric, d(z,y) = 1 iff  # y, so the only Cauchy sequences
are the eventually constant sequences of the form (x1,...,Z,, Ty, Ty, ... ), which
converges to x,, € X. So yes, X is complete.
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(ii) Z has the open cover

Z = U Bl(m),

meZ

where all the open sets are disjoint, so there is no finite subcover.
In fact, a discrete metric space X is compact iff X is a finite set.

(iii) Let X ={x,y} where x # y. Then {x} and {y} are open sets and express X as a
nontrivial disjoint union of two open sets. So X is disconnected.

In fact, the only connected discrete metric spaces are the empty set and the
singletons.

(iv) X is bounded, since d(z,y) <1 for all z,y € X. ]

Exercise 2.34 (ps01). Let X be a set and let dy, ds be two metrics on X.

(a) Suppose that there exist m, M € R.q such that
(2.1) mdi(z,y) <do(z,y) < Mdi(z,y) for all z,y e X.
Show that d; and dy are equivalent.

(b) Prove that the converse of (a) does not hold.
In other words, find a set X and two equivalent metrics d; and dy with the property
that there do not exist positive real numbers m and M such that Equation (2.1) holds.

Solution.

(a) Use Proposition 2.27. Consider an open ball B2 () of (X, d,). I claim that the open
ball Bf}M(m) of (X,d,) is contained in B®(z): if y € Bf}M(:p) then dy(x,y) <r/M, so
that

d2($7y) < Mdl(xay) <.

So d; is finer than ds.

Now consider an open ball B (z) of (X,d;). I claim that the open ball BY2,(z) of
(X,dy) is contained in B2 (z): if y € B%2,(z) then dy(z,y) < rm, so that

1
d < —do(x,y) <.
(59) < o) <7
So ds is finer than d;.
(b) Let X =Z. Let d; be the discrete metric on Z. Let ds be the induced Euclidean metric
from R, that is ds(z,y) = |z —y| for all x,y € Z.
First we note that d; and d, are equivalent metrics. It suffices to show that every

singleton {z} € Z is open with respect to ds:

B2 (x)={yeZ: ly-z|<1}={yeZ:x-1<y<z+1}={a}.

Suppose that d; and dy satisfy Equation (2.1) for some m, M > 0. In particular, if = #y
we would have
m<|r—yl <M for all x + y € Z,

which is blatantly false (take y =0, x = [M]+1). O
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Exercise 2.35 (ps01). Let X be a compact metric space and {CZ-: i€ I} be a collection of
closed subsets of X such that

N Cj+o for every finite subset J c I.
jed
Prove that
N C;+o.
1€l
Give an example showing that the conclusion need not hold without the compactness
condition.

Solution. Suppose that

mCZ = .

iel
Therefore
X =u, where U; := X \ (j,

iel

is an open covering of X. Since X is compact, there exists a finite subset J ¢ I such that

X:UUj>

jeJ

which implies that
Uc; =g,
jeJ
contradicting the hypothesis on the collection {C;: i€ I}.

Here is a counterexample where X is not compact. Take X =R.o, I =N, and C; = (0, 1/i]
for i € I. Then each C; is closed in X: since both X and (1/i,00) are open in R, we
conclude that X ~ C; = X n(1/i,00) is open in X.

Also,

NCi=2,

iel
because if x € R,q is in C; for all i € I, then 0 <z < 1/i for all ¢ in I, hence 0 < z <0 by

taking limits as ¢ — oo, contradiction.
If J c I is finite, let m = max{J}, then

ij:Cm:/:@. D

jeJ

Exercise 2.36 (ps01). Let (X, d) be a metric space and define d’: X x X — R, by

d'(,y) = min{d(z,y),1}.
Prove that d’ is a metric on X and that d’ is equivalent to d.

Solution. 1t is clear that d'(y,x) = d'(x,y) and that d'(z,y) =0 if and only if d(z,y) =0 if
and only if x = y.

For the triangle inequality: d’'(x,y) < 1 so if at least one of d'(z,t), d'(t,y) is 1, the
triangle inequality holds. So we may assume that d’(z,t) = d(z,t) and d'(t,y) = d(t,y).
Then

d'(z,y) <d(z,y) <d(z,t) +d(t,y) =d'(z,t) +d'(t,y).
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It remains to prove the equivalence of d and d’. Let z € X and s < 1.
I claim that B4(z) = B¢ (x). To see this, let y € BY(z), then d(x,y) <s< 1, so

d'(z,y) = min{d(z,y),1)} = d(z,y) <s.
In the other direction, let y € BY (z), then
min{d(z,y),1} =d'(z,y) <s <1,

which forces d(x,y) =d'(z,y) < s.

We conclude by noting that for any r > 0, if we set s = min{r, 1} we get B¢(x) = B% () ¢
B (x), and B (z) = B4(z) c Bé(x). In other words, any d’-open ball contains a d-open
ball, and vice-versa. O

Exercise 2.37 (ps01). Let (X, d) be a metric space.

(a) Fix an arbitrary element y € X and consider the function f: X — R given by
f(x) =d(z,y). Prove that f is uniformly continuous.

(b) Give X x X any conserving metric D coming from d. Prove that d: X x X — R is
uniformly continuous (with respect to D).

(¢) Let d’ be a metric on X and put on X x X any conserving metric D’ coming from d'.
Suppose that d: X x X — R is continuous with respect to D’. Prove that d’ is a finer
metric than d.

Solution.

(a) Let €>0. Set 0 =e. If z,2" € X satisfy d(x,z') <J = ¢, then
|[f (@) = f(2")] = ld(z,y) - d(a",y)| < d(z,2) <e.
(b) Let € >0. Set 6 =¢/2. If (z1,22), (2], x}) € X x X satisty
max{d(xy,z)),d(xs,25)} < D((x1,x2), (2],25)) < d = %,
(where we used the fact that D is conserving), then
|d(x1,x9) — d(2h, x5)| < d(z1, 7)) + d(zg, 7)) < &,

where the first inequality is obtained by applying the triangle inequality a couple of
times, as in Example 2.37.

(¢) We prove that if (x,) — = € X with respect to d’, then (z,) — x with respect to x.

Suppose (z,) — x € X with respect to d’. Then ((z,,2)) — (z,2) € X x X with
respect to D’. But d: X x X — R is continuous with respect to D’, so (d(z,,x)) —
d(z,x) =0€R. Therefore (x,) — = € X with respect to d. O

Exercise 2.38 (ps01). Give Q ¢ R the induced metric and consider the sequence (z,,)
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defined recursively by

x 1
xy =1, Tps1 = — + — for neN.
2 z,

(a) Prove that 1 < z,, < 2 for all n € N and breathe a sigh of relief that the recursive
definition does not accidentally divide by 0.

(b) For neN, let y,, = .1 — . Prove that

2

TRp— for all n e N.
2$n+1
(c) Prove that
1
lyn| < on for all n € N.

(d) Show that (z,) is Cauchy.
(e) Consider the function f: [1,2] — [1,2] given by

1

f(x):§+5

Prove that f is a contraction. What is the fixed point of f7

Solution.

(a) Induction on n. Base case x1 = 1 clear.

Fix n € N and suppose 1 <z, <2. Then

Tn

<—¢«1 and
2

N | —

so 1< xp €2
(b) Fix n e N. Noting that 2x,z,.1 = 22 + 2, we have

2
2 _ _ 2 2 _ .2
Y = (:L‘n+1 —xn) =Tp 1~ 2Ty 1T + T, =T — 2

1 Tn
2In+1yn+1 = 2Tn41 ( - +1) =2- I?L+l = _y?z'
Tn+1 2

(¢) From part (b) we have
[Ynl?

2J7n+1

[Yns1| = for all n € N.
We can use this, part (a), and induction by n.

1

For the base case we have y; = 3.

For the induction step, fix n € N and suppose [y,| < 5, then

|Yn

2 2
Pl L 1
2T a1 2 22n+1

= on+l '

|yn+1| =
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(d) Let e >0 and let N € N be such that 2V > 1/e. If n>m > N then

|xn - xm| = |yn—1 +tYp-2t---t ym+1|
< |yn—1| toee At |ym+1|

1 1
on-1 tot gm+1

(1 1 1
- 2n—m72 + Zn—mf?; +eet 1 2m+1

2 1

< < —
\2m+1 \2N<€'

<

Here we used the fact that the geometric series with ratio 1/2 sums up to 2.

(e) Let x1,xq €[1,2]. The function f is continuous on [z1,z5] and differentiable on (xy, x2),
so there exists & € (1, z2) such that

f(xa) = f(21)

Lo — X1

= 1'(£),
from which we deduce that

| (x2) = f(@0)| = [f (w2 =zl
But since £ € (1,2) we have

1 1 1 1 )
1<€<2:>71<§_2<1:>_§:§_1<f(€)<

111,
571 Z:>|f(§)|<§-

We conclude that f is a contraction with constant 1/2.

Since f is a contraction and [1,2] is complete, we know that f has a unique fixed
point, which is precisely the limit of the sequence (z,,) defined above. We can find it
explicitly as

1
v=f(e) =5+ - =at=2,
T

and since z € [1,2] we get = /2. O

Exercise 2.39 (ps01). Let S' =S;((0,0)) = {z,y € R: 22 +y? = 1} be the unit circle in R
Consider the function f: [0,1) — S! given by the parametrisation

ft) = ( cos(27t), sin(27t)).

Endow [0,1) with the induced metric from R and S! with the induced metric from R2.
Prove that f is a bijective continuous function, but not a homeomorphism.
(You may use without proof whatever properties of the functions sin and cos you manage
to remember from previous subjects.)

Solution.

(a) We know that t — 27t, t — cos(t) and ¢ — sin(t) are continuous, so by Exercise 2.29
so is f.
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(b) Suppose t; # ty € [0,1) are such that f(¢;) = f(t2). Then cos(2nt;) = cos(2nty), which
implies that to = 1-¢;. In that case sin(27ty) = sin(27—27t;) = sin(-27t;) = —sin(27t).
But we also have sin(27ts) = sin(27ty), so sin(27t;) =0, hence t; =0 and t5 =1 -1, = 1,
contradicting ¢5 € [0, 1).

We conclude that f is injective.

For surjectivity, let (x,y) € S!, in other words z? + y? = 1. Define 6 € [0, 27) by

g arccos(x) ify>0
27 —arccos(x) if y <O.

Letting ¢t = 0/(27), we have f(t) = (z,y).

(c) At this point we know that f is a homeomorphism iff f~': S! — [0,1) is continuous.
Note that S' € R? is compact: it is clearly bounded as any two points are at distance
at most 2 of each other, so we just need to check that it is a closed subset of R2.

But S' =D;((0,0)) nC is the intersection of two closed sets, where

C={z,yeR: 2% +y*>1} =R*\ B,((0,0)).

Since S! is compact, if f~! were continuous then [0,1) = f~1(S!) would be compact,
hence closed in R. This is a contradiction, because 1 is an accumulation point of [0,1)
but does not lie in the set. ]

Exercise 2.40 (ps01). Let X be a metric space and Y a complete metric space. Let D ¢ X
be a dense subset and f: D — Y a uniformly continuous function.

(a) Prove that f has a unique uniformly continuous extension to X, that is there exists a
unique uniformly continuous function

f: X —Y suchthat f(u)=f(u) forallueD.

(Make sure you give a complete argument: how do you construct 77 is it well-defined?
does it extend f? why is it uniformly continuous? why is it unique?)

(b) If, in addition, f is distance-preserving, then so is the extension fA

(c) Show that any uniformly continuous (resp. distance-preserving) function g: X — Y
between arbitrary metric spaces has a unique umformly continuous (resp. distance-
preserving) extension to completions, §: X Y.

Solution.

(a) The first task is to construct the function f: X — Y. Let z € X. Since D is dense
in X, there exists a sequence (u,) in D such that (u,) — x. In particular, (u,) is
Cauchy in D. Since f: D — Y is uniformly continuous, ( f (un)) is Cauchy in Y. As
Y is complete, (f(u,)) has a limit y e Y.

Define f(z) = y.

But wait, is this actually well-defined? We did make one choice in the construction,
namely a sequence (u,) in D that converges to x. Any other valid choice is a sequence
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(a)

(b)

(a)

(ul)) in D with the same limit z, so (u}) ~ (u,). As f is continuous, we have
(f(u;l)) ~ (f(un)), which implies that (f(u;l)) —yeY.

Is fan extension of f? If u e D and we work through the above construction, we
see that we can take u, = u for all n € N, so f(u,) = f(u) for all n € N, and finally
f(u) =y = f(u). In other words, f(u) = f(u) for ue D, as claimed.

Next we prove uniform continuity of f Let ¢ > 0. Since f: D — Y is uni-
formly continuous, there exists § > 0 such that for all u,u’ € D, if dx(u,u’) < ¢, then
dy (f(u), f(u")) < /2. Now suppose that z,z’ € X satisfy dx(z,2’) < §/3. Let (uy,)
be a sequence as in the definition of f(z) above, and similarly with (/) and f(z').
As (u,) — x, there exists N € N such that dx(u,,z) < §/3 for all n > N. Similarly,
as (u!,) — ', there exists N’ € N such that dx(u/,z’) < /3 for all n > N’. Letting
M =max{N, N'} we get for all n > M:

dx (tun,up) <dx(un, ) +dx(z,2") +dx (', u),) < 0.

Therefore dy (f(uy), f(ul,)) <e/2 for all n.> M.
As f(z) =lim f(u,) and f(2’) = lim f(u!,), we conclude that

<E.

dy (f(z), f(z)) <

DO | ™

The uniqueness of ffollows from Example 2.43, which says that there is at most one
continuous extension.

If f is distance-preserving, we use the same line of argument, only simpler. Let
(un) — x, (u!)) — =’ with u,,u!, € D. Then

—_ —_

dy (F(2). F(a')) = dy ( lim_F(u,), lim F(u}))
= lim_dy (f(un), f(u)) = lim_dy (uy,up) = dy (w,2").

For the case of completions, let D = +(X) ¢ X, and apply the above to the function
tyogoiyt: D—Y. O

Exercise 2.41 (tut04). Let (X,dx) and (Y, dy) be metric spaces and let d be a conserving
metric on X x Y.

Prove that the sequence ((xn,yn)) is Cauchy in X x Y if and only if (x,) is Cauchy in
X and (y,) is Cauchy in Y.

Prove that if X and Y are complete then X x Y is complete. Is the converse true?

Solution.

Suppose ((xn,yn)) is a Cauchy sequence in (X xY,d). Fix ¢ > 0. There exists N € N
such that for all m,n > N we have

dX(xmvxn) < max {dX(xmvxn)7 dY(ymvyn)} < d((xm,ym), (xmyn)) <ég,

so (x,) is Cauchy in X. Similarly, (y,) is Cauchy in Y.
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Conversely, suppose (z,) is Cauchy in X and (y,) is Cauchy in Y. Fix ¢ > 0. Let
N, € N be such that for all m,n > N, we have dx(z,,z,) <¢/2. Let N, € N be such
that for all m,n > N, we have dy (Ym,yn) < /2. Let N = max{N,, N, }, then for all
m,n > N we have

d((xmaym)a (:Um yn)) < dx(l'm,$n) + dY(yma yn) <§g,
50 ((2n,yn)) is Cauchy in X x Y.

(b) Let ((xn,yn)) be a Cauchy sequence in X xY. By part (a), (z,) is Cauchy in X
and (y,) is Cauchy in Y. Since X and Y are complete, we have (z,) — z € X and
(yn) — y €Y. By Exercise 2.22, ((zn,ys)) — (2,y) e X x Y.

The converse also holds: suppose X x Y is complete. Let (x,) be a Cauchy sequence
in X, and fix some y € Y. Then by (a) we have that ((acn,y)) is Cauchy in X xY| so

((mn,y)) — (x,y) € X x Y, which by Exercise 2.22 implies that (x,) — x € X. The
same proof gives us that Y is complete. ]

Exercise 2.42 (tut04). Any distance-preserving function is uniformly continuous.

Solution. This is immediate from the definitions (can take ¢ = ¢). O

Exercise 2.43 (tut04). Check (directly from the definition of uniform continuity) that
f: Ryo —> Ry given by f(z) =1 is not uniformly continuous.

Solution. First make sure that you negate the condition in the definition correctly: there
exists € > 0 such that for all § > 0 there exist x, z’ such that =’ € Bs(x) and f(2') ¢ ]B%E(f(x))

And now, to work: let e = 1. Take an arbitrary § > 0. Set = min{d,1}. I claim that
x':= x/2 satisfies the desired condition. Let’s check:

|IL‘—ZL"|=£<—<5,
2 2
so indeed z' € Bs(x).
Also 11 1 o2 1
£@) - F@I= |- |5 -2 =22 1=e
r 2| |z =z =x
so indeed f(z') ¢ B.(f(z)). O

Exercise 2.44 (tut04). Let f: X — Y be a uniformly continuous function between
two metric spaces and suppose (x,) ~ (z!) are equivalent sequences in X. Prove that

(f(z2)) ~ (f(x4,)) as sequences in Y.
Does the conclusion hold if f is only assumed to be continuous?

Solution. Let € > 0. As f is uniformly continuous, there exists d > 0 such that for all
xz,x' e X, if dx(z,x") < then dy (f(x), f(z")) <e. As (x,) ~ (x1,), there exists N € N such
that dx(x,,z!) < for all n > N. Hence for all n > N we have dy (f(x,), f(z])) <e.

The result does not hold in general for continuous functions; for instance one can take
f: Rog — Rog given by f(x) = 3, and (1/n) ~ (1/n?) but (f(1/n)) = (n), (f(1/n?)) = (n?)
and (n) ¢ (n?). O
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Exercise 2.45 (tut04,2010,2013). Let (X, dx) and (Y, dy ) be metric spaces and f: X — Y
a surjective continuous function. Suppose that X is complete and for all x1, 25 € X we have

dX(CCl,ZUQ) < dy(f(lﬁl),f(xz))-

(a) Prove that Y is complete.
In particular, distance-preserving maps preserve completeness.
(b) Do you feel strongly that uniformly continuous functions ought to preserve completeness?

(After all, they preserve Cauchy sequences, and completeness is defined in terms of
Cauchy sequences.)

Prove that f: R — (-7/2,7/2) given by f(z) = arctan(x) is uniformly continuous,
but. . .

Solution.

(a) Let (y,) be a Cauchy sequence in Y. For each n € N, let z,, € f~1(y,). I claim that
(z,,) is a Cauchy sequence in X. Fix € >0. Let N € N be such that for all m,n > N we
have dy (Ym, yn) < €. Then for all m,n > N we have

dx (T, Tp) < dY(f(xm)7f($n)) = dy (Ym, Yn) <&,

so (z,,) is indeed Cauchy in X.
Since X is complete, we have (z,) — = € X, so that by the continuity of f we conclude

that (y,) = (f(2a)) — f(x) €Y.

(b) Given z; < x5, apply the Mean Value Theorem to f(x) = arctan(x) on [z1,x2] to get
some & € (x1,x2) such that

| (22) = f(@)] =[] (Ol [w2 = 21| =

1
1+—§2 |ZL’2 —Ll'1| < |£C2 —.T1|.

So for any € > 0 we can take ¢ = £ and conclude that f is uniformly continuous.

It is also surjective onto (-7/2,7/2), but the latter is of course not complete. O

Exercise 2.46 (tut04). Any Cauchy sequence (z,) is bounded, that is there exists C' > 0
such that d(z,,z,,) < C for all n,m eN.

Solution. Let N € N be such that for all m,n > N we have d(x,,,x,) < 1.
Let B = max{d(x,,zn): 1<m< N}. Let C'=2B + 1, then we have

1<C ifmn>N
d(Tm, xn) S Sd(xpm,xn) +d(zN,2,) <B+1<C ifm<Nn2N
d(zpy,zy) +d(zN,x,) <2B<C if m,n < N. O
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Exercise 2.47 (tut04). Suppose A and B are abelian groups. A function f: A — B is
called additive if f(a+b) = f(a)+ f(b).

(a) Prove that every additive function f: A — B satisfies

f(0)=0  and  f(-a)=-f(a).

(b) Let V be a Q-vector space. Prove that every additive function f: Q — V is Q-linear.
(¢) What can you say (and prove) about continuous additive functions R — R?

(d) Suppose that f: R — R is additive and continuous at 0. Prove that f is continuous
on R, and conclude that f is R-linear.

(e) Let B be a basis for R as a Q-vector space. (Recall from Exercise 1.4 that B is
uncountable.) Use two distinct irrational elements of B to construct a Q-linear
transformation f: R — R that is not R-linear.

If you would (and why wouldn’t you?), follow the rabbit:
https://en.wikipedia.org/wiki/Cauchy’%27s_functional_equation

Solution.

(a) f(0)=f(0+0)=f(0)+f(0)so f(0)=0.
f(=a) + f(a) = f(~a+a) = f(0)=0.

(b) Let v=f(1)eV.
For n € N we have

fn)=fA+1+---+1)=f(1)+---+ f(1) = nv.

For m € N we have )

-
so f(1/m)=(1/m)wv.

Therefore, for any n,m € N we have

n 1 n
()= () =
Combining this with f(-a) = —f(a) and f(0) =0, we conclude that f(z) =xzv=1xf(1)

for all x € Q.

(c¢) Let f: R — R be additive. Let g: Q — R be the restriction of f to Q ¢ R. Let
a=g(1)=f(1).
By part (b), g(¢) = qg(1) = ga for all g € Q. Let z ¢ R. As Q is dense in R, there is
some sequence (q,) — = with ¢, € Q; since f is continuous we have

Fe)=7( Jim ) = Jim f() = lim o(q.) = Jim (g.0) = va=2f(1).

Hence f is R-linear.
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(d) Let x eR. Fix € >0. Let 0 >0 be such that if |t| < 0, then |f(¢)] <e.
Suppose z’ € R is such that |z — 2’| < §, then

[f (@) = )] =[f(z-a")] <e.
So f is continuous at every x € R, so by part (¢) f is R-linear.

(e) Let B be a Q-basis for R. Exactly one element of B is a nonzero rational, and without
loss of generality we may assume it is 1. Since B is uncountable, it also contains
uncountably many irrationals. Let b,ce Bn (]R N Q) Consider the bijective function
0: B— B given by

o(b) =c, o(c) =0, o(z) =x for all z € B~ {b,c}.

Since B is a Q-basis of R, ¢ extends by Q-linearity to a Q-linear transformation
f: R— R. In particular, f is additive.

Suppose that f is R-linear, then:

c=f(b)=bf(1)=b1=b,

contradicting the fact that b+ c. 0]

Exercise 2.48 (tut05,2013). Let A and C' be connected subsets of a metric space (X,d).
Prove that if AnC # @, then Au (' is connected.

Solution. Suppose A u C' is disconnected, so that AuC = U uV with U,V nonempty,
disjoint, and open in Au C.

Then A = (An U) u (Am V)7 with AnU, AnV disjoint and open in A. As A is connected,
AnU or AnV must be empty. Without loss of generality, say AnU = &, so that AcV.

We can apply the same argument to C' and get that C'nU or CnV is empty. Since
AnC # @, it must be that CnU =g and CcV.

But then UuV = AuC ¢V, implying that U ¢ V, contradicting the fact that UnV =&
and U + @. [

We can generalise this in two different ways:

Exercise 2.49 (tut05). Let (X, d) be a metric space. Suppose A € X is a connected subset
and {C;: i € I'} is an arbitrary collection of connected subsets of X such that AnC; + @
for all ¢ € I. Then
Au U C,L
iel
is a connected subset of X.
[Hint: Use the argument from Exercise 2.48.]

Solution. Suppose
Au U CZ =Uu VV,

iel
with U,V nonempty disjoint open sets. Then A = (A N U) U (A N V), but A is connected so
one of these intersections must be empty, say AnU = @.
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But U € Au U C;, so there must be some ¢ € I such that U n C; # @ (otherwise U = @,
contradiction). Since C; = (C’i N U) u (C’Z- N V) and C; is connected, we must have C;nV = @&,
therefore C; c U.

But this forces AnC; € AnU =@, contradicting AnC; # @ for all i € I. O

Exercise 2.50 (tut05). Let (X, d) be a metric space. Suppose {C,,: n € N} is a countable
collection of connected subsets of X such that C,, nC,,; # @ for all n € N. Then

U Cn

neN

is a connected subset of X.
[Hint: Build the union inductively, and use Exercises 2.48 and 2.49.]

Solution. For any N € N/ let
N
Ay = C,.
n=1

We use induction to prove that Ay is connected for all N € N.

The base case N =1 is clear as A; = C}.

For the induction step, fix IV € N and suppose Ay is connected. Then Ay,1 = Ay UCyi1
is connected by Exercise 2.48.

So {Ax: N € N} is a collection of connected sets, and A; is a connected set such that
A;nAyx £ @ for all N e N. By Exercise 2.49,

A1UUAN: UAN:UCn

NeN NeN neN

is connected. ]

Exercise 2.51 (tut05). Let (X,d) be a metric space and define x ~ 2’ if there exists a
connected subset C' ¢ X such that z, 2" € C.

Prove that this is an equivalence relation on the set X, thereby partitioning X into a
disjoint union of maximal connected subsets (these are called the connected components of
X).

[Hint: Recall that an equivalence relation has three defining axioms: (a) z ~ z for all
x e X; (b)if x ~ a2’ then 2’ ~ z; (¢) if x ~ 2" and 2’ ~ 2" then = ~ 2"

Solution.
(a) x ~x: for any x € X, the set C' = {x} is connected and contains z, so = ~ x.
(b) if & ~ 2’ then 2’ ~ x: clear from the definition, which does not distinguish = and z’.

(c) if x ~ 2’ and ' ~ x’ then x ~ x": since x ~ 2’ there exists a connected set C such
that x,2’ € Cy; since x’ ~ x'" there exists a connected set C5 such that x/,x" € Cy;
by Exercise 2.48, since C; and C5 are connected and z’' € C; n C5y, the union C; u Cs is
connected, and it contains both x and z”, so that x ~ x”. O
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Exercise 2.52 (tut05). Give explicit continuous surjective functions f: R — I, where [
is:

(&) R (b) (0,00) (c) (=00,0) (d) (=00,0] (e) [-1,1]
(f) (0,1 () [0,1)  (b) (=m/2,7/2) (i) {0}.

[Hint: Draw some functions you know from calculus and see what their ranges are.]

Solution. These are of course not the only possible answers (well, except for the last one).

Exercise 2.53 (tut05). Let (X,d) be a metric space.
If A and B are bounded sets with An B # &, then

diam(Au B) < diam(A) + diam(B).
Solution. 1t suffices to show that for any x,y € Au B we have
d(z,y) < diam(A) + diam(B).

If z,y € A, this is obvious as d(z,y) < diam(A). Similarly if z,y € B.
It remains to see what happens if r € A and y € B. Let t ¢ An B. We have

d(z,y) <d(z,t) +d(t,y) < diam(A) + diam(B),

as desired. n

Exercise 2.54 (tut05). Let C be a closed subset of a compact subset K of a metric space
(X,d). Prove that C' is compact.
[Hint: K< X =Cu(X\C)]

Solution. Consider an arbitrary open cover of C"

CcJU..
iel
Then we have

K§X=CU(X\C)E(UUZ-)U(X\C),

iel
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which is an open cover of K. As K is compact, there is a finite subcover, so that

N
KE(UU,-H)U(X\C), in €1,
n=1

hence

N
ccyu,. O
n=1

Exercise 2.55 (tut05). Let K and L be compact subsets of a metric space (X, d). Prove
that K u L is compact.

Solution. Consider an arbitrary open cover of K u L:

iel

This is also an open cover of K, so there is a finite subcover that still covers K:

N
Kc U Uin, ip € I.
n=1
Similarly, we get a finite subcover that covers L:
M
Lc U Ujm> ]m el.
m=1

Letting S = {i1,...,in} U{J1,...,Jm}, Wwe get a finite subcover that covers K u L:

KuLc|JU.. O
seS

Exercise 2.56 (tut06). Let (X,dx) and (Y,dy) be metric spaces, and let d be any
conserving metric on X x Y.

(a) Prove that if X and Y are compact, then X xY is compact.

[Hint: If you're not sure where to start, try sequential compactness.|

(b) Does the converse hold?

Solution.

(a) Suppose (z,,¥y,) is a sequence in X x Y. Then (z,) is a sequence in X, and since
X is compact, it follows that (x,) has some converging subsequence (:L‘nk) —xeX.

Now consider the sequence (ynk) in Y. Since Y is compact, it follows that (ynk)
has some converging subsequence (ynkj) —> y €Y. Then (xnk]) is a subsequence
of the converging sequence (a:nk) —> x € X, so that it is itself converging to z € X.

We conclude that (xnkj : ynkj) — (z,y) € X xY and is a subsequence of the original
sequence (T, Yn)-

(b) The converse does hold, since the projection maps m: X xY — X, m(z,y) =z, and
me: X xY — Y, mo(x,y) =y, are continuous and surjective. O
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Exercise 2.57 (tut06,2010,2013). Let C' be a nonempty compact subset of a metric space
(X,d). Prove that there exist points a,b € C' such that

d(a,b) = sup {d(x,y) DX,y € C}.
In other words, the diameter of C' is realised as the distance between two points of C'.

Solution. As you know from Assignment 1 Question 5 (Exercise 2.37), the distance function
d: X x X — R is continuous. By Exercise 2.56, C' x C' is compact, so by Example 2.73
there exists (Gmax, bmax) € C' x C such that

d(a,b) < d(@max, bmax) for all (a,b) e C'x C.

Therefore Gmay, bmax € C' realise the diameter of C. O

Exercise 2.58. Consider the equation
(2.2) P -2-1=0.
(a) Show that the equation must have at least one solution in the interval [1,2].
(b) Show that the function f: [1,2] — [1,2] given by
f(z) = (1+2)'8
is a contraction.

(c) Show that Equation (2.2) has a unique solution ¢ in the interval [1,2] and describe
a sequence of real numbers that converges to &.

Solution. (a) We can use the Intermediate Value Theorem: at x =1, 23 -2 -1=-1<0,
while at © =2, 3 -2 -1 =15 >0, so there must be at least one point x in [1,2] such
that 22 -2 —-1=0.

(b) The derivative of f is

1

Py =g ey -

As x €[1,2], we have f/'(z) >0 and

1<=22<1+2 > 1 <1$ 1 < 1 <1
IT X T - X 4 X X 1,
T+x 2 (1+x)23 228
so that 1
!
< =
J'() <5

Now let x,y be such that 1 <z <y <2 and apply the Mean Value Theorem to f on
[x,y] to deduce that there exists ¢ € (x,y) such that

f(y) _f(x) =f’(C)

' 1
- = 1f () - fF@) = 1f (lly -2l < ly-al.

We conclude that f is a contraction.
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(c) Observe that 23 — 2 —1=0 is equivalent to f(x) =z, so the solutions of Equation (2.2)
are precisely the fixed points of f. As f is a contraction and [1,2] is complete, the
Banach Fixed Point Theorem says that there is a unique fixed point £ in [1,2]. Tt also
tells us that we can start with any x; € [1,2], for instance x; = 1, and iteratively apply
f to get a sequence (x,) converging to &:

ZL'1:1, $2=f($1):21/3, $3:f($2):(1+21/3)1/37...

Exercise 2.59 (2011). Let f: R — R be a contraction, in other words there exists a
constant ¢ € [0, 1) such that

@) - F)l<cle-yl  forall z,yeR.

Let F': R — R be given by
F(z)=z+ f(x).

(a) Use the Banach Fixed Point Theorem to show that the equation x + f(z) = a has a
unique solution for any a € R.

(b) Deduce that F'is a bijection.
(¢) Show that F'is continuous.
(d) Show that F'-! is continuous (so it’s a homeomorphism).
Solution.
(a) Given a€R, let f,: R — R be given by
fa(x) = a= f().
Note that f, is a contraction:
fal@) = fulw)| = [a= S @) —a+ F)] = [F() - F@)| <clo—y|  forall zyeR

Next note that F'(x) = a if and only if a = x + f(x) if and only if z = f,(x) if and only
if x is a fixed point of f,.
By the Banach Fixed Point Theorem, f, has a unique fixed point; therefore F'(z) = a
has a unique solution.

(b) F(z) = a having a unique solution for every a € R is saying precisely that F': R — R
is bijective.

(¢) If ¢=0 then f is a constant function f(x)=bso F(x) =x +b, clearly continuous with
continuous inverse F~1(z) =z - b.
So we may assume ¢ > 0 (also in part (d)).

Given € > 0, let § = ¢/c, then if |z —y| < 0 we have

1f(x) - f(y)] <ccs=c§

We conclude that f is (uniformly) continuous, so F' is continuous, being the sum of the
continuous functions r — x and z — f(x).
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(d) The Banach Fixed Point Theorem tells us that the unique fixed point of f, is the limit
of the iterates of f, evaluated at any starting point in R, for instance at 0:

F(a) = lim (f(0)).
Let a,b e R. I claim that for any n € N we have

(2.3)

JO) = Fr O < (1r et e a-b).

We prove this by induction on n. The base case is n = 1, where we have
[£a(0) = fu(0)] = |a = F(0) = b+ F(0)] = a1,

Fix n e N and assume that the inequality (2.3) holds for n. We have

£ ) = ;)] = [a = F(£27(0) = b+ £(£5(0))]

<la=b|+c(1+c++c")|a-0)

:(1+c+---+c”)|a—b

Y

where in the second to last step we used the contractive property of f and the
inequality (2.3) for n.

Finally, we have

. 1
[P @) - )| = Jim |27(0) - £;(0)] < a1,

So for any € > 0 we can take § < (1 —c¢)e and deduce that F~! is continuous. O

Exercise 2.60 (2013). Let X be the interval (0,1/3) in R with the Euclidean metric. Show
that f: X — X defined by f(x) = 2?2 is a contraction, but does not have a fixed point in
X. Why does this not contradict the Banach Fixed Point Theorem?

Solution. First we check that f does take values in X: if z € (0,1/3) then 0 <z < 1/3 so
0<z2<1/9<1/3.

Next we note that f(z) = 22 is differentiable with continuous derivative on (0,1/3) so
the Mean Value Theorem applies on any subinterval (z,y) ¢ (0,1/3):

[f(@) = FWI =11 (Ollx -y for some € € (x,y) € (0,1/3).

Of course f/(£) =2 so if £ € (0,1/3) then f/(¢) € (0,2/3), proving that f is a contraction
with constant (at most) 2/3.

What are the fixed points of f? They satisfy z = f(z) = 22, so x =0 or = = 1, but neither
of these is in X = (0,1/3).

The Banach Fixed Point Theorem is not contradicted: one of the assumptions is that X
is complete, but (0,1/3) € R is not complete since it is not closed in the complete metric
space R. O

Exercise 2.61. Let A be an infinite subset of a metric space (X,d). Let B = A~ {a} for
some a € A. Does it follow that B = A?
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2. Metric spaces

Solution. Alas, no. _ o
Take A=ZcR, then A= A=7. Take B=7~ {0}, then B=B =7~ {0}. O

Exercise 2.62 (2013). Prove that no two of the following spaces are homeomorphic:
(a) the interval X =[-1,1] in R;

(b) the open unit disc Y in R?;

(c) the closed unit disc Z in R2.

Solution. Y is not compact since it is not closed in R2, for instance (0, 1) is in the closure
of Y but not in Y. On the other hand, Z is compact since it is closed and bounded in R2.
Similarly, X is compact.

So Y and Z are not homeomorphic, and X and Y are not homeomorphic.

Suppose f: X — Z is a homeomorphism. Let x € X° then f(x) e Z°. The restriction
of fto X ~{x} — Z~{f(x)} is then also a homeomorphism, but this is impossible since
X ~A{z} =[-1,z) u(z,1] is disconnected, while Z ~ {f(x)} is connected. O

Exercise 2.63 (2010). Are the following pairs of spaces homeomorphic or not?
(a) the unit circle in R? and the unit interval [0,1] in R;

(b) the intervals [0,1] and (0,1) in R;

(c) the intervals [0,1] and [0,2] in R.

Solution.

(a) No: removing an interior point of [0, 1] gives a disconnected set, but removing any
point from the unit circle gives a set that is connected.

(b) No: [0,1] is compact, being closed and bounded in R, while (0, 1) is not compact, since
it is not closed in R.

(c) Yes: the function f: [0,1] — [0,2] given by f(x) = 2z is clearly a homeomorphism. [J

Exercise 2.64 (2011). Which of the following metric spaces are compact?

(a) The unit circle in R2.

(b) The unit open disk in R2.

(¢) The closed unit ball in the space ¢ of bounded real sequences (al7 as, . .. )
Solution. (a) Compact: closed and bounded in R2.

(b) Not compact: not closed, since (1,0) is in the closure of the open disk but not in the
open disk itself.

(¢) Not compact: the sequence (e, ) of standard vectors has no convergent subsequence,
since d(ey, €,,) = 1 whenever n # m. O
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Exercise 2.65 (2018). Let (X,d) be a metric space and let d be any conserving metric on
X x X. Define
A:{(:z:,x)eXxX: xeX}.

Prove that A is closed in (X x X, CZ)

Solution. First note that it is enough to prove that A is closed with respect to the Manhattan
metric, since any two conserving metrics are equivalent.

Now use the fact (Exercise 2.22) that (z,,y,) — (x,y) if and only if (x,) — x and
(Yn) — v

More precisely, let ((2y, xn)) denote a sequence in A such that ((2,,2,)) — (2,y) € X.
By the above, this means that (x,) — x by looking at the first coordinate, and (x,) — vy
by looking at the second coordinate, but then x =y so (z,y) € A. ]

Exercise 2.66 (2018). Let f,g: X — Y be two continuous functions between metric
spaces and let A € X be a dense subset. Prove that f = g if and only if f(a) = g(a) for all
acA.

Solution. If f =g then f(x)=g(z) for all z € X so certainly f(a) = g(a) for all a € A.

Conversely, suppose f(a) = g(a) for all a € A. Let x € X. Since A is dense in X, there
exists a sequence (a,) in A such that (a,) — . But then the continuity of f and g tells
us that

f(x) = f(lima,) =lim f(a,) =limg(a,) = g (lima,) = g(x). O

Exercise 2.67 (2013). Let (X,d) be a complete metric space and f: X — X be a
function. Let g = fo f, that is, g(x) = f(f(x)) Suppose that g: X — X is a contraction.
Prove that f has a unique fixed point.

Solution. By the Banach Fixed Point Theorem, g has a unique fixed point zy € X. I claim
that xy is also the unique fixed point of f. For uniqueness, note that if f(z) = = then
g(x) = f(f(x)) = f(x) =z so x is a fixed point of g, hence = = xg. To show that f(xg) = zo,

note that f(zg) = f(g(a:o)) = g(f(a:o)), so f(xg) is a fixed point of g, hence f(zg) = xo.
[
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3. Normed vector spaces

After a long detour into the world of sets with a distance function (that is, metric spaces), we
return to the setting of vector spaces and investigate some consequences of endowing these
with a notion of distance. This can done in many ways, but we will be interested in pursuing
distance functions that are compatible with the vector space structure (just as we tend to
study functions between vector spaces that are compatible with the vector space structure, in
other words, linear transformations). Such considerations (and a look back at the properties
of Euclidean distance in R”, which we are hoping to emulate and generalise) lead us to the
notion of norm defined below, and the associated distance function.

Notation

In this chapter, F will denote one of the fields R, C, each endowed with its Euclidean metric.
The function o — |a| is the real or complex absolute value, as appropriate. The function
a — « is the complex conjugation, which restricts to the identity function if F = R.

Given subsets S, T of a vector space V over F and « € F, we write

S+T={s+t:seSteT},
aS={as: seS}.

Example 3.1. If S and T are subspaces of V', then so are S+ 7 and «a.S.

Solution. Straightforward. ]

3.1. Norms

Let V' be a vector space over [F.
A norm on V is a function
|-V — R

such that

(&) Jv+w] <o +|w] for all v,w e V;
(b) Jav| =lal|v| for all ve V| a € F;
(¢) |v| =0 if and only if v =0.
(

If we replace (c) by the weaker “|v| >0 for all v e V7, we get what is called a semi-norm.)
The pair (V.| -]) is called a normed space.

Example 3.2. Let (V,]-|) be a normed space. Define d: V x V — R by

d(v,w) = v -w].

Then d is a metric on V', and satisfies the following additional properties:
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3. Normed vector spaces

(d) d(v+u,w+u)=d(v,w) for all u,v,weV;
(e) d(av,aw) = |a|d(v,w) for all v,w eV, aelF.
So every normed space is a metric space.

Solution.
w,v) = |lw-v| = [(-1)(v-w)| =| - 1] Jv - w| = d(v, w);

v,u) +d(u,w) = o -ul +u-w|>|v-ut+u-w]=]v-w]|=dvw);

) d(
) d(
(¢) d(v,w) =0iff Jv-w]=0iff v-w=0iff v=w
(d) d(v+u,wru) = |v+u-w-ul=v-w]|=dw),
) d(

av, aw) = ||av — awl|| = |al||v - w]| = |a|d(v,w). O

Suppose | - |1 and | - [|2 are norms on a vector space V. We say that they are equivalent if

there exist m, M > 0 such that

mllv|1 < |v]2 < M|v|y for all ve V.

Example 3.3. If ||- |; and |- |2 are equivalent norms on V', then the corresponding metrics
d; and dy (see Example 3.2) are equivalent.

Solution. By Proposition 2.27 we know that d; is finer than ds if and only if for every
v eV, every sequence that converges to v in (V,d;) also converges to v in (V,d>).

So let (v,) be a sequence that converges to v in (V,dy), that is (dl(vn,v)) — 0, so
(v = v]1) — 0, hence (m|v, —v[;) — 0 and (M |v, - v];) — 0. Since by assumption

mfvn = vly < fon = vl2 < Mo, = 0],
this implies by the Sandwich Theorem that (an —U||2) — 0, in other words that (v,) — v

in (‘/, dg)
The fact that dy is finer than d; follows because

1 1
— vz < v € —|v for all v eV,
a7 1ol <ol < — o]z :
so we can interchange the roles of d; and ds in the previous argument. ]

If W is a subspace of a normed space (V| - |), we always endow W with the restriction of

-|| to W, which is a norm on W.

Example 3.4. Let (V, |- [y) and (W, ] |w) be normed vector spaces over F. We endow
the vector space V x W with the function

-l VW —R, (v, w)] = vy + [w]w-.

Then || - | is a norm on V x .
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Solution. We have

| (v, wr) + (va, wo)| = vy + v v + [wr +wa|w
<oty + [oe]v + lwiw + [we]w
= [[(vr, wi) | + || (v2, wa) |-
Next
(v, w)|| = [av]v + [aw|w = ol [v]v +|af [w]w = |a | (v, w)].
Finally
l(v,w)[ =0 <= [ov]y + |w]|w =0

<~ |lv|]y =0 and ||w|w =0

— v=0w=0 < (v,w)=0. O

Proposition 3.5 (2018). If (V,|-|) is a normed space, then

(a) the vector addition V xV — V (v,w) —> v +w, is a continuous function;
(b) the scalar multiplication F xV — V| («a,v) —> aw, is a continuous function;
(c) the norm V — R, v +—> ||v|, is a uniformly continuous function.

Proof.

(a) For (vy,wy), (v, we) € V x V we have

dv(v1 + Wi, V2 +w2) = ||(’Ul +w1) - (UQ +w2)||

= [[(v1 = v2) + (w1 — ws)|

< Jlor = o + lwr = we

= [[ (v, wi) = (v2,w2) |

= dVXV((Ula wl)a (2727 w?))?
from which the continuity of the addition follows easily.

(Note also that we actually get uniform continuity, at least with respect to the particular
norm we are using on V x V)

(b) This is slightly delicate.

For v,w eV and a, € F we have

dv(av, fu) = [ov ~ fu]
< law— o] + | 8v - pu]|
= o~ Bl o] +18] [v - ]

<la=Blvl+lad o = w] +a = Bl v = w].

€ € ¢
d=min{ ——, -, —, 1.
{%MI33M|}
Then if we are told that

ey ((00,0), (B.w)) = | = Bl + [0 - w] <5,

So given ¢ > 0, let
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3. Normed vector spaces

we can follow the inequalities above and conclude that

[av - Bw| < e.

(c) Given >0, let § =e. I claim that if dy (v, w) <& then dg(|v], [w]) = |||v|| - Hw||‘ <e. To
prove this, note that

[vl = v -—w+w] <Jv-w]+]|w]=|v]-]uw] <]v-uw]
Jwl] = v+ w=v| <[v]+]w-v]=-|v-w]<]|o] - ]w],
so that
ol = ] < o = w],
and the rest follows. ]

Example 3.6. If (V, |- H) is a normed space, (v,), (w,) are sequences converging in V,
and « € [F is a scalar, then

(a) lim (v, +w,)= lim v, + lim wpy;
n—s00 n—->00 n—-> 00

(b) Jim (avn)=o lim wn;
() Jim_ o] = | lim v,
Solution. Direct consequences of the continuity proved in Proposition 3.5. ]

Example 3.7. Let {v1,...,v,} be a linearly independent subset of a normed space (V, [ -|).
Then there exists m > 0 such that

larvr + -+ apva| > m(joa| + - +|aw)) for all ay,...,a, €F.

Solution. Let A =|aq|+ -+ |ayl.

If A =0, then the inequality is trivially true.

So suppose A > 0. Then, dividing by A, we have reduced to proving that there exists
m > 0 such that

|B1v1 + -+ + Bpuy | 2 m for all 5y,..., 5, € F such that |B;] +---+|B,| = 1.
To do this, consider the set
K ={(B1,- ) € B |Bi] +--+ 8] = 1}.

It is closed and bounded in F" (which is C" or R"), so K is compact.
Now look at the function F': K — R given by

F(B1,...,06,) = |Biv1 + -+ Bnon|-

This is a composition of continuous functions, hence is itself continuous. Since K is compact,
F attains its minimum m on K. A priori we know that m > 0. But if m = 0, then for some

b1, .., 0, € K we have

"51U1+"'+6nvnw :O:>B1,01+'“+ﬁnvn:07

contradicting the linear independence of the vectors.
Hence m > 0 and we are done. ]
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We are now in a good position to prove that
Proposition 3.8. Any two norms on a finite-dimensional vector space V' are equivalent.

Proof. Let vy,...,v, be a basis of V. Consider the norm on V' defined by
[arvr + -+ auuplr = g |+ + |l

We want to prove that any norm |- | on V' is equivalent to | - |;.
Let M = max{|v1],...,|va]|}. Then

lewvr + -+ v <Jaul o] + -+ o] oa]l € M(Jaa] + -+ Joua]).
From Example 3.7 we also have m > 0 such that
m(|a1| +---+ |an|) < Halvl +oee OénvnHv

We conclude that the norms | - || and || - ||; are equivalent. O

Example 3.9 (Spaces of sequences). The set of all sequences FN = {(a,,): n €N, a, € F} is
of course a vector space over F with the usual addition and scalar multiplication.
Various subsets of this are normed spaces:

(a) €= given by the bounded sequences

¢ ={(a,) e F¥: sup(|a,|) < oo}
={(a,) e F: there exists M such that |a,|< M for all n e N},

with norm given by
| (an)]e~ = sup(lanl).

This is clearly a vector subspace of FN.
(b) for any p > 1, the subset 7 of all p-summable sequences

P = {(an) e FN: i |a,|P < oo}7

n=1

with norm given by

00 1/p
| (an)er = (lean\p) .

The triangle inequality takes a bit of work to establish, see Proposition 3.10 below.

Proposition 3.10 (Minkowski’s Inequality). Let 1 < p < oo and let u = (uy,),v = (v,) € (7.
Then

[u+vler < e +[v]e-
In particular, (P is closed under vector addition (and hence a vector subspace of FN), and
Il is a norm.

Proof. Fix p and write | - | instead of | | to simplify notation.
To start with, let z = (z,),y = (y,) € ¢?, and let a,b > 0 be such that a +b=1. Then

o0 o0 p o0 (o]
Z lazx, + by, [P < Z (a|xn| + b|yn|) <a Z |z,|P + 0 Z lynlP,
n=1 n=1 n=1 n=1
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3. Normed vector spaces

where we applied first the triangle inequality for the absolute value, and second the inequality
from Exercise 3.4, part (b). Therefore

laz +by|” < alx]” +bly|”.

In other words, | - | is a convex function.
Now we go back to the context of the statement of the proposition. Given u,v € P, define

S PR L IO C
Juf lv] lul + o]’ Tl + o]
then we have
p
Nuxo] = |laz + by|? <a+b=1. =
|l + ]

3.2. Metric properties of normed spaces

Example 3.11. Let (V, | |) be a normed space and let W ¢ V be a subspace. Then its
closure W is also a subspace.

Solution. Suppose u,v € W, then there exist sequences (u,) and (v,) in W such that
(u,) — w and (v,) —> v. Therefore u, + v, € W for all n, and by Proposition 3.5 we have

w+v = lim(u,) +lim(v,) = lim(u, +v,) € W.

Similarly for scalar multiplication. ]

If a normed space (V, |- H) is complete as a metric space, we say that it is a Banach space.

Example 3.12. Any finite-dimensional normed space (V, |- |) is Banach.

Solution. We need to show that V is complete. Let vq,...,v, be a basis of V.
By Proposition 3.8 we know that without loss of generality we can take the norm to be
given by
loqvy + -+ apvn| = o]+ + || for all ay,...,cp €.

Consider a Cauchy sequence in V', and express each term as a linear combination of the
chosen basis:

(u(m)) = ( Yn)vl +ee af{”)vn).

The Cauchyness means that for any € > 0 there exists M € N such that for all m, k> M we
have |u(™ —u®)|| < ¢, in other words

e> [ulm —u®| = |al™ = a®|+ .. 4]l - o).
This means that for each j =1,... n, (a§m)) is a Cauchy sequence in F. As F is complete,

(&\™) — B € F.

We now let u = Byv1 +++++ S3,v, and show that (u(™) — ueV. Lete >0. Forj=1,...,n,
there exists M; € N such that |a§.m) - B;] < ¢/n for all m > M;. Let M = max{M;: j =
1,...,n}, then for all m > M we have

Ju =l =[af™ = fal +-+- 4ol - o] <. .
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Example 3.13. Consider
V= {(an) € (> there exists N € N such that a, =0 for all n > N}

consisting of all finite sequences with terms in F.
This is clearly a vector subspace of £, and of course inherits the /> norm from it.
Is it complete with respect to this norm?

Solution. Consider the sequence (v,) in V' given by

( 11 1
Up = 17_7_7"'7_
2°3 n

It is Cauchy: given € > 0, let N € N be such that 1/N <&, then for all n>m > N we have

,0,0,0,...).

” ” {0 1 1 1} 1 < 1 <
Up = Uppllpee =sUP{0, ——, ———, ..., — ¢ = —<e.
¢ p m+1 m+2 n m+1 N
As a sequence in £*, it converges to the following element of £°°:
11 1
u=\1,=,=,...,—, ... ],
( 23 n )
which is easy to see since
1
it = v e = —— —> 0.
n+1
But w is not in V', so V' is not complete. O]

Let (V. -]) be a normed space over F. A completion of (V,]-|) is a Banach space (V,H)
over [F together with an F-linear distance-preserving map

V-V
such that (V) is a dense normed subspace of V.

Proposition 3.14. Any normed space (V.| -|) has a completion (V,H)

Proof. We know from Theorem 2.36 that V' has a completion that is a metric space. We
have to show that the particular complete metric space (V,c’l\ ) constructed in the proof
of Theorem 2.36 is actually a normed space such that +(V') is a normed subspace.

This is essentially straightforward, just has a lot of tiny little parts.

Let u=[(un)],v = [(va)] € V. We define

u+v=[(uy+v,)]

To see why this works, first take a Cauchy sequence (u,) representing the equivalence class u
and a Cauchy sequence (v,,) representing the equivalence class v. The sequence (u,, + v,) is
Cauchy in V| as
| (tn +vn) = (i +v) | < [t = ]| + V5 = vm,
and (u,) and (v,) are Cauchy in V.
Had we chosen other representatives (u/,) ~ (u,) and (v}) ~ (v,), we would have ended

up with (u! + /), which is easily seen to be equivalent to (u, + v, ), so the equivalence class
[(un) + (v,)] is indeed well-defined.
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3. Normed vector spaces

Scalar multiplication and the norm are defined on V as:
au=[(au,)],  [u] =lim (|u.])

and their well-definedness is argued similarly.

Checking the vector space axioms for V is done by using the vector space axioms for V'
and the continuity of the operations.

Note also that the metric d on V constructed in Theorem 2.36 is the metric associated with
the norm || - |:

—_

d(u,v) =limd(u,,v,) =lim |u, — v, | = |u-v|. O

3.3. Continuous linear transformations

Let V and W be normed spaces.
A linear transformation f: V — W is said to be bounded if there exists ¢ > 0 such that

If()|w <c|v|v for all v e V.

Proposition 3.15. A linear transformation f: V — W between normed spaces is continuous
iof and only if it is bounded if and only if it is uniformly continuous.

Proof. Suppose f is bounded. Given € > 0, let § = ¢/c. If vy, vy € V are such that |v; —vs |y <0,
then

If(v1) = f(v2)|w = | f(v1 =v2)|w <]y = vy < cd = €.

Therefore f is uniformly continuous, hence continuous.
Suppose f is not bounded. Let n € N. There exists v, € V' such that

If (o)l

loalv =

Let a,, = 1/| f(vn)|w and w,, = a0, then

L= |f (un) | 2 nfun].

We have therefore a sequence (u,) with |lu,|| =1/n — 0, so (u,) — 0. But || f(u,)| =1 for
all n € N, hence does not converge to 0, so f is not continuous. O]

We will write B(V, W) for the set of bounded (aka continuous, aka uniformly continuous)
linear transformations between the normed spaces V' and W.
Consider the following function |- |: B(V,W) — Ry:

HfH = sup Hf(U)HW

v#0 HUHV

As fe B(V,WW), there exists ¢ > 0 such that
nonrs

<c for all v # 0,
Jvllv

so that there is a finite supremum || f|.
We also note the obvious fact that

[f@I <Al forallveV,

and that the linearity of f allows us to rewrite.

[ £ = sup [f (v)]w-

lvll=1
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Theorem 3.16. Let V and W be normed spaces.

(a) The set B(V,W) is a normed space with norm given by

p @l o [£ () w

wo H v lo]=1

171 =

(b) If W is a Banach space then B(V,W) is also Banach.
Proof.

(a) As B(V,W) is a subset of Hom(V, W) and the latter is a vector space (Example A.2),

we check that B(V, W) is a subspace.
We have

[£+gl = sup [[f(v) +g(v)] < (Hf(v)||+||g(v)|\) sup [|f(v)]+ sup ()] = [ £]+ 19l

lvll=1 lvll=1 lvf=1

so that if both f and g are in B(V, W), sois f+g.

Similarly:
laf] = sup [af(v)] = sup e 1f ()] = lal [ 1,

lvl=1 lvl=1
so that if f is in B(V,W) and «a € F, then af is in B(V,W).
In addition to showing that B(V,W) is a vector space, these identities also give two of
the three norm axioms, leaving to check that | f|| = 0 if and only if | f(v)| =0 for all v e V'
if and only if f =0.
Let (f,) be a Cauchy sequence in B(V,W).

We define f: V — W as follows. Set f(0)=0. FixveV,v+0. Given e >0, let N eN
be such that

| fr - fm||< H H for all n,m > N.

Then for all n,m > N we have

| fu(0) = fn ()| <[ = fnl 0]l <&,
so the sequence (fn(v)) is Cauchy in W, which is complete. Let f(v) = lim (fn(v)) eW.

Because of the continuity of addition and scalar multiplication in normed spaces, f is
linear:

flu+w) = lim(fn(u+v)) = hm(fn(u) + fn(v)) = lim (fn(u)) + lim (fn(v)) = f(u) + f(v)
flav) = lim(fn(ow)) =lim (afn(v)) = alim (fn(v)) =af(v).

Let € >0 and let v € V. Since (fm('u)) —> f(v), there exists M; = M;(e,v) € N such that

it m > My then | f,(v)—f(v)| <e|v|/2. Since (fn) is Cauchy, there exists My = Ms(e) € N
such that if n,m > M, then || f,, - fu| < &/2.

So if n > My, we can take any m > max{Mj, Ms} and get

[(fa = D)@ = [(fo = fin) (@) + (fru(v) = f())]
[(fo = ) ()] + 1 fin(0) = F(0)]
[ = Fnll 0] + 1 fin(0) = F(0)]

<elvl.

IN

IN
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Therefore
I(fo= H@)]| <e|v]  forallveV,n> M,.

The first thing we can deduce from this is that f,, — f is continuous, hence f is continuous,
so that f e B(V,W).

The second thing we can deduce is that

w«e for all ve V,n > M,
v
hence | f, — f| < e for all n > My, so that (f,) — f. O

Let’s record an important consequence of Theorem 3.16:

Corollary 3.17. For any normed space V', the dual space V¥V = B(V,F) is a Banach space

with norm
il = sup 24,
v#0 ||U||v

We’ll come back to the topic of dual spaces.

To prove that B(V,W) is a normed space, we had to consider the interplay between the
addition of functions and the norms on V' and W, and similarly for the operation of multiplying
a function by a scalar. There is another operation on functions that has been conspicuously
missing from this discussion: composition. We look at this now.

Recall (?7) that given a field K, a K-algebra is a vector space A over K together with a
multiplication map A x A — A, (u,v) — wv, satisfying

o (u+v)w=uw+ovw for all u,v,w e A;

o u(v+w)=uv+uw for all u,v,w e A;

° (au)(ﬁv) = (ozﬁ)(uv) for all o, f € K and all u,v € A.
The algebra A is associative if

(uv)w = u(vw) for all u,v,w € A.
The algebra A is unital if there exists an element 1 € A with the property that
lv=vl=v for all v e A.

For example, given a vector space V over K, the set of all K-linear transformations V — V'
is an associative unital K-algebra, where multiplication is given by composition and the unit
is 1 =idy.

Proposition 3.18. If f: U — V and g: V — W are continuous linear transformations
between normed spaces, then go f: U — W 1is continuous and linear, and

lge FI<lgl 171

In particular, for any normed space V', the normed space B(V, V') is closed under composition,
hence is an associative unital F-algebra.
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Proof. We know already that the composition of linear maps is linear, and that the composition
of continuous maps is continuous.
As for the norms, for any u € U we have

[Cgo ()= lgCf Nl < gl 17| < gl 171wl

so that for all u # 0 we have

[(go (W]

Jul

<lgll A1,

and we can conclude by taking supremum.
If U=W =V we get the F-algebra B(V,V') with multiplication given by composition, and
with unit element 1 =idy, clearly both linear and continuous. ]

Proposition 3.19. Let V and W be normed spaces and let f € B(V,W). Then f has a
unique extension f € B(V,W) and

171 =171

Proof. We know from Proposition 3.15 that f is uniformly continuous, hence by Exercise 2.40
it extends uniquely to a uniformly continuous function f: V — W.
For u = [(u,)],v =[(v,)] € V, we have from the proof of Proposition 3.14 that

flu+v) = f( lim (u,, + Un))
= lim (f (un + v5))
=lim (f(un)) +1lim (f(vn))
= flu) + J(v),

and similarly for scalar multiplication.
Insofar as the norm is concerned, we have

[7Co) ] = tim | f (o) | < 11 (L foa]) = 1] ol

which implies that | f] < | f].
But there is another relation between these norms, which we obtain by considering the
following diagram:

v L;/ , ( v ) inclusion ‘7

|, bk

W I;V , ( W) inclusion ___

Since 1y and ty are isometries, we have || f] = | f]. Now | f] and |f] are defined by the
same formula, but the first is the supremum over the subset ¢(V') of V', whereas the second is
the supremum over all of V. Therefore

—_ ~

1£1 = 151 = 171 0
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3.4. Series

A sequence (a,) in a normed space (V, | -|) defines a series in V/
Y. an,
n=1
which is a shorthand notation for the sequence of partial sums (x,,), where
m
T =1+ + A = ) .
n=1

The series converges if there exists x € V' such that (x,,) — =, that is

m
-3,
n=1

— 0 as m —> oo.
1%

The limit x is called the sum of the series.
The series converges absolutely if the series of real numbers

oo
> lanlv
n=1

converges.

Proposition 3.20. Let (V,|-|) be a normed space. V is a Banach space if and only if every
absolutely convergent series in V is convergent.

Proof. In one direction, suppose V is Banach and

[e o)
Y an]v =7 € Rso.
n=1

Write .
T = Y .
n=1
Let € > 0, then there exists M € N such that

m

D lanly =7

n=1

<§ for all m > M.

Then for all m > k > M we have

m

5 a

n=k+1

[ = k] =

< 3 tont = (St =) (r- S o) <

n=k+1

So (z,,) is a Cauchy sequence in V| therefore it converges in V', meaning that the series
2, an
n=1

converges in V.
In the other direction, suppose that every series that converges absolutely also converges in
V', and let (a,) be a Cauchy sequence in V.
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There exist
1
ny > 1 such that Han - amH < 3 for all n > ngq,

n9 > ny such that Han - anzH < % for all n > ns,
ny > ng_1 such that Han - ankH < 2_114 for all n > ny,

In particular, for all k€ N we have

1

Hanlm B aWH < ok’
so that - o 1
Z Hanm ~ Ay, H D Z ok ~ L
k=1 k=1
which implies that the series
> (an,Hl - ank) absolutely converges,
k=1
which by our assumption implies that the series

o0
> (ank+1 - ank) converges.
k=1

Therefore the sequence of partial sums (ank —anl) (observe the telescoping behaviour) converges
as k — oo, so the subsequence (ank) of (a,) converges, which by Example 2.70 means that

(a,) converges. O
A sequence eq,es,... of unit vectors of V' is a Schauder basis of V if for every v € V' there
exists a unique sequence of coefficients a, s, -+ € F such that
[ee]
v = Z €,
n=1

which should be read as meaning that the series on the right hand side converges in V' and its
sum is v.

If V has a Schauder basis, then

V' = Span{ey,eq,... }.

In particular, V' is separable (we say that a metric space is separable if it has a countable
dense subset; for example R” is separable). Note that not every separable normed space has
a Schauder basis.

Example 3.21. For any p > 1, the sequence space (P has Schauder basis {ey, e, ...}, where

en=1(0,...,0,1,0,...) with the 1 in the n-th spot.

In particular, /7 is separable.
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3. Normed vector spaces

Solution. This is an essentially trivial exercise in checking the definition.
Take an arbitrary element v = (v,) € ¢P, then

(o)
Z |Un|p
n=1

converges with sum |v|?.
I claim that the series

oo
Z Un€n
n=1

converges to v with respect to the ¢P-norm:

m p » oo
V=Y vpe|| = H(O>'-'>Ovvm+17vm+2vvm+3v"-)ng: > vl
n=1 op n=m+1

and the latter converges to 0 as m — oo.
The uniqueness of the sequence of coefficients follows from the fact that

o0 o0
(v1,v9,...) = Zvnenzvz Zunenz (uq,uz,...)
n=1 n=1

implies v,, = u,, for all n e N. O

(You may want to have a look at Appendix A.2.1 and read the definition and discussion of
bilinear maps first.)
For n € N, there is a bilinear map §: F* x F* — | given by

B(u,v) = i Up Uk
k=1

As described in Appendix A.2.1, this defines a linear map F* — (IF”)V, u —> uY, given by

u”(v) = B(u,v).
We'd like to do the same with (subspaces of) FN: define a bilinear map : FN x FN — F
by the formula

B(u,v) = i Up V.
n=1

Of course this would feel more comfortable if we knew that the series Y. u, v, actually converges!
And of course that does not happen for arbitrary u,v € FY, but we can establish some situations
where it does work, as follows.
If p > 1, we say that the real number ¢ satisfying

1 1

—+-=1

P 9
is the Holder conjugate of p. 1t is easy to see that ¢ > 1. Note that this includes the degenerate
pair p=1, g = oo.

Proposition 3.22 (Holder’s Inequality). Suppose p and q are Holder conjugate and let
u=(up)€lP,v=_(v,)eld. Then

[ee]
> Nunva < Jufer 0] ea-
n=1
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Proof. We prove the non-degenerate case p,q € R.; and leave the (simpler) degenerate one
to Exercise 3.15.
Let x = (z,) €7, y = (y,) € 4. For each n € N we have

1 1
gl = (lal?) " (J9al?) " < L

by an application of Exercise 3.4 part (c), namely s’ < as + bt where a +b = 1.
Therefore

o < 1 1 1 1
gl € 3 (5 ol + < lynl?) = el + = Lyl
; nzl p q p g
Now start with u € /7, v € /9 and set
1 1
x = —u7 y = —U7
v V]| ¢a

so that we obtain
E UnU

- @ -+ — =
[ullerlolen = p " q

Proposition 3.23. If p,q are Holder conjugates, then [3: (P x {4 — T given by

1. ]

B(u,v) = i Up Uy
n=1

1$ a continuous bilinear map.
Moreover, if p,q > 1, the resulting continuous linear map

ur—u’: P — (fq)v
is bijective and distance-preserving, hence an isometry (P = (Eq)v.

Proof. By Hélder’s Inequality, the series defining (u,v) converges absolutely. It is then
straightforward to check that § is bilinear.

We now show that § is continuous at any (u’,v’') € P x ¢4. Let € > 0 and suppose that
(u,v) € P x (4 satisfies

£ g g
_ ! ! = —u + - < i \/j .
“('LL,U) (u U )” ”u u ”U’ HU v ”fq mln{ 3’ 3||UIHZP ’ 3|’U’||gq}

Note that
Blu—u',v=-v") = (B(u,v) - B(u,v")) = (B(u,v") = B, 0)) = (B, 0) = B(u',0"))
= (B(u,v) = B(u,0")) = Blu—u/,v") = B(u!,v =),
so that

|ﬁ(u,v)—ﬁ(u’,v’)‘S|ﬁ(u—u’,v—v’)‘+‘ﬁ(u—u’,v’)‘+‘ﬁ(u’,v—v’)|
=i1(un—u;><vn—v;> il(un—umv; ilu;(vn—v;)

+ +

o0 o0 o0
< 3 o =y o = v+ 3 = e+ 3 i o, v
n=1 n=1 n=1

<u=wlolo =0+ [u=ue]v'a+ [u]e]v= 0"

<eg,
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3. Normed vector spaces

where we first used the trianglve inequality a few times and then Hoélder’s Inequality.
Now we know that u" € (Eq) , but we can (and will) say something more precise.
Let v # 0. By Holder’s Inequality

0/ (v)]

ol <1417

so taking supremum we get |u"| < ||u|e.
I claim that this upper bound is actually attained, that is there exists v € ¢ such that

[ (V)]

[0]ea

{'?;i if 1w, # 0
Up = "

= [ufer-

Let v = (v,), where

0 if u,, = 0.
Then
u'(v) = Z UnVn = ) [unl” = Jully,
n=1
lolz = Z [on = Z [ P07 = Z [tn|” = ]
lu¥(v)| || %, ..
= [lulle,
[oles Julp
We conclude that |u"| = |u]e. This means that u — u" is a distance-preserving map from

P to (Eq)v, hence injective.
It remains to prove surjectivity. Let ¢ € (6‘1)\/ and let v € £9. Let {e1, e, ..} be the Schauder
basis for ¢4 discussed in Example 3.21. We have

p(v) = (Z Unen) = > vnp(en) and |ep[e =1 for all n e N.
n=1 n=1

Define u,, = p(e,) and u = (u,). If we show that u € P then we have ¢(v) = u¥(v) and we're
done.
For any m € N, consider (ignore all the w,’s that are zero, as they do not contribute to the

sums):
m p D
n=1 Uq Um,
so that
m 1/q m 1/q
—~1\49
el - (z (juab™) ) . (zwnv) |
n=1 n=1
With this in mind, we have
o - |un|p - |un|p
T w| =Y o ()
m 1/q
:w@nswummzwm(zhmﬂ |
n=1
Therefore
(Enmm) =(zhmﬂ <lel.
n=1 n=1
As this holds for all m € N, we conclude that the series converges, so u € ¢P. O
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Corollary 3.24. If p>1 then (P is a Banach space.

Proof. Follows as (P (Eq)v and all dual normed spaces are Banach.
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3. Normed vector spaces

3.5. Exercises

Exercise 3.1 (tut06). A subset S of a vector space V over F is said to be convez if for all
v,we S and all a,b € R,y such that a+b =1, we have

av+bwelS.

(In other words, for any two points in S, the line segment joining the two points is entirely
contained in S.)
Show that:

(a) Any subspace W of V' is convex.

(b) The intersection of an arbitrary collection of convex sets is convex.
(¢) Any interval I ¢ R is convex.

Solution.

(a) Suppose v,w e W, a,be Ry such that a+b=1. In particular, a,b €F so av + bw is an
F-linear combination of elements of W. Since W is a subspace, av + bw € W.

(b) Suppose [ is an arbitrary set and S; is a convex subset of V' for all i € I. Let

S=NS:

iel

and let v,w € S, a,b € Ry such that a+b=1. Then for all i € I we have v,w € .S;, so
that av + bw € S; since S; is convex. Therefore av +bw € S.

(c) Let I <R be an interval and let v,w € I, a,b € Ry such that a +b=1.
Without loss of generality, v < w. Then
av+bw-v=(a-1)v+bw=blw-v)>20=v<av+bw

and
av+bw-w=av+ (b-1w=a(v-w)<0=av+bw < w.

Therefore v < av + bw < w, hence av + bw € I by the definition of an interval. ]

Exercise 3.2 (tut06). If V' is a vector space over F and S €V is a convex set, we say that
a function f: S — R is convex if for all v,w € S and all a,b € R,y such that a+b=1, we
have

flav+bw) <af(v)+bf(w).

Prove that, if (V,]-|) is a normed space, then f: V — R given by f(v) = |v| is a
convex function.

Solution. Suppose v,w € S and a,b € R,y such that a+b=1. Then

flav +bw) = [av + bw| < fav] + [bw] = fal [v] + b |[w] = allv] + b]w] = af(v) + bf (w). O
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Exercise 3.3 (tut06). Let I € R be an interval and let f: I — R be a twice-differentiable
function.

The aim of this Exercise is to check the familiar calculus fact: f is convex if and only if
f"(x) >0 for all z €.
It was heavily inspired by Alexander Nagel’s Wisconsin notes [6]:

https://people.math.wisc.edu/~ajnagel/convexity.pdf

(a) For any s,t e with s <t, define the linear function Lg;: [s,t] — R by

r—S
t—s

La@) = f)+ (772) (40 - £9).

Convince yourself that this is the equation of the secant line joining (s, f(s)) to
(t.f(1)).

Prove that f is convex on [ if any only if

f(x) < Lg () for all s,t € I such that s <t and all s <x <t.

(b) Check that for all s,t € I such that s <t we have

r—S
t—s

Loa(@) = () = =2 (F(0) = 1)) = = (1) - (5)).

(c) Use the Mean Value Theorem for f twice to prove that there exist ,( with x <£ <t
and s < ( < x such that

(t—z)(x-s)

t—s

Loy(z) - f(z) = (F'(©) - f'(0)).

(d) Use the Mean Value Theorem once more to conclude that if f”(x) > 0 for all z € I,
then f is convex on I.

(e) Now we prove the converse. From this point on, assume that f: I — R is twice-
differentiable and convex, and let s, € I°.

1. Show that if s < <t then
f(év)—f(S)sf(t)—f(év).

Tr—Ss t—x

2. Conclude that if s < 1 < x5 <t then

fla) = f(s) SO = fw)

Tr1— 8 t— o

3. Conclude that if s <t then f’(s) < f'(t), and finally that f”(xz) >0 on I.

Solution. Parts (b)—(d) are pretty thoroughly discussed in the above reference if you need
more guidance, so I'll just do parts (a) and (e).
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(a) In the definition of convex function, take v = s, w=t, a = (t-x)/(t-5s), b= (x—3s)/(t-5),
so that av + bw = . Then we know that

f@) < 2 )+

1) = f(s) + 2 (F(t) - f(s)) = Lou(a).

t—s

T —S
t—s

The other direction is straightforward.

(e) 1. From part (a) we have
J@) = J(s) S0 = f(s)

Tr—S t—s

Cross-multiplying, we end up with

w(f(t) = f(s)) = s(f(t) = f(2)) - t(f(2) - f(5)) >0,
which is also equivalent to the inequality we are trying to prove.
2. Apply the previous part twice, first with s < x; < 9 and then with x; < x5 < t, to get

fe) = J(s) J(w2) = flan) J() = fla)

r1— S T9 — 11 t—x9

3. Following from the previous part, we have

lim f(x1) = f(s) < lim f(t) = f(x2)

T1N\S xr1—S8 T2 /'t t—l'Q

f(s) = = f(1).

This implies that f’ is an increasing function on I°, therefore f”(x) >0 on I°. [

Exercise 3.4 (tut06). (a) Prove that the functions

(i) f:(0,00) — R, f(x)=2aP, p>1 fixed,
(ii) exp: R— R, exp(x) = e”,

are convex.

[Hint: Use Exercise 3.3.]

(b) Conclude that for any p > 1, any x,y > 0 and any a,b > 0 such that a +b =1, we have

(ax + by)? < ax? + byP.

(¢) Conclude that for any z,y > 0 and any a,b > 0 such that a + b =1, we have
2%y < ax + by.
[Hint: Set x =€, y=e']
(d) Show that for any p > 1 and any z,y > 0, we have
2P +yP < (x +y)P.
[Hint: Let t = x/y and compare derivatives to show that t? + 1 < (¢t + 1)P.]

Solution.
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(a) (i) We have f"(z) =p(p—1)zP=220for all >0, as p> 1.
(ii) We have exp”(z) =€® >0 for all z € R.

(b) This is exactly the definition of x — 2P being a convex function.

(¢) If x =0 or y =0, the inequality is trivial, so we may assume z,y > 0. Setting z = e?,
y = e, we are trying to prove that

t t
e < ae® + be,
which is the same as e being a convex function.

(d) If y = 0, the inequality is obvious, so we may assume y > 0. Setting ¢ = x/y, we are
trying to show that
P+1<(t+1)P for all ¢ > 0.

Let f: Ryg — R be given by f(¢t) = tP+1, and g(t): Ryg — R be given by g(t) = (t+1)P.
We have f(0) =¢(0) =1. Also
f'@)=ptrt <p(t+1)P 1 = ¢'(t) for all ¢ >0,

therefore f(t) < g(t) for all ¢ >0, as desired. (There’s an appeal to the Mean Value
Theorem hiding in here, if you want to write out all the details.) O

Exercise 3.5 (tut06). Let p>1, ¢>0, 2,y >0, and a,b > 0 such that a +b = 1.
Prove that

min{z, y} < (az™ + by‘q)_l/q
<%
< (axl/p + byl/p)p
<azr+by
< (aa:p + by”)l/p

<max{z,y}.

Solution. Without loss of generality x <y so min{x,y} = z and max{x,y} = y.
(a) x<ysox 2y tsor 92y 9s0br92by?soaxr ?+br=9>ax~?+by? so

min{z,y} =z = (az™? + bx‘q)’l/q < (az™+ by—q)*l/q .

(b) Let X =279, Y =y, then by Exercise 3.4 part (c) we have

XY <aX +bY = 27y ™% Cax™9 + by ¢

= 2%y" > (az™ + by 1)

)71/q < xayb‘

= (ax ™+ by™?
(c) Similar to (b), use Exercise 3.4 part (c) with X = z!/P| Y = yl/p,
(d) Use Exercise 3.4 part (b) with X =x'/P| Y = yl/p,
(e) Precisely Exercise 3.4 part (b).
(f) Similar to (a). O
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Exercise 3.6 (tut07). Let (V, |- ||) be a normed space and let S €V be a subset. Then
Span(S) is the smallest closed subspace of V' that contains S.

Solution. We know that Span(S) is a subspace of V| and by Example 3.11 that Span(.S)
is a closed subspace of V.

Let W ¢V be some closed subspace of V' that contains S. Then Span(S) ¢ W, and so
Span(S) € W = W, whence the minimality property. ]

Exercise 3.7 (tut07). Let (V.| -|) be a normed space and take r,s >0, u,v eV, a € F*.
Show that

(a) B,(u+v)=B,(u)+{v};
(b) aBy(0) = Byoy (0);

(c) B.(v) =rB1(0) + {v};

(d) rB1(0) + sBy(0) = (r + s)B,(0);
(¢) Br(u) + Ba(v) = Bros(u+v);

(f) B1(0) is a convex subset of V:;
(g) any open ball in V is convex.
Solution.

(a)

weB. (u+v) = |(u+v)-w|<r
— |u-(w-v)|<r
— w-veB,(u)

«— weB,(u)+{v}.

1
weaB(0) < —weB(0)
«

<1

E
< —w
a
= |w] <lof
> w e B, (0).
(¢) From (a) and (b):
B,(v) =B,.(0) + {v} =rBy(0) + {v}.
(d) If |u| <7 and ||v| < s then ||u+v| <7 +s, so rB;(0) + sB;1(0) € (r + s)B;(0).
Conversely, if |w| <7+ s, then
r s

w = w +
r+s r+s

w € rB1(0) + sBy(0).
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(e)

(f)

(2)

(a)
(b)
()

(a)

(b)

From (c) and (d):

B, (u) +Bs(v) =rB1(0) + sB1(0) + {u} + {v} = (r+5)B1(0) + {u+v} =B, s(u+v).

If u,v eB1(0) and 0 <a <1, then by (d)

au+ (1-a)veaBi(0)+(1-a)By(0) =(a+1-a)B;(0) =B,(0).

B, (u) =rB;(0) + {u} is the translate of a convex set, hence is itself convex. O

Exercise 3.8 (tut07). Let (V.| -[) be a normed space and let S,T be subsets of V and
a € F. Prove that

If S and T are bounded, so are S+7T and o S.
If S and T are totally bounded, so are S+ T and « S.

If S and T are compact, so are S+71 and « S.

Solution.

A subset S of V' is bounded if and only if S ¢ B,(0) = sB1(0) for some s > 0. So
S csBy(0) and T ¢ tB1(0), hence S+ T ¢ sB1(0) +tB1(0) = (s +t)B1(0).

Similarly o S € saBy(0) = sBj,(0) = (s|a])B1(0).

Let £ > 0. Since S and T are totally bounded, they can each be covered by finitely
many open balls of radius &/2:

N
S c U BE/Q(Sn)
n=1
M
Tc U Ba/g(tm),
m=1
but then
N M N M N M
S+TcUBp(sn)+ UBepltn) = U U (Beja(sn) +Bejoltm)) = U U B.(sp + tm)-
n=1 m=1 n=1m=1 n=1m=1

For S, note that S can be covered by finitely many open balls of radius ¢/|a/|:

5€ UBupu(sn).

so that
N N
asS ¢ L_Jla]Bg/|a|(Sn) = L_JlIBE(Sn)'

Consider the addition map a: V xV — V, a(v,w) = v+ w. We know that it is
continuous, so its restriction

alsxr: SxT —V, a(s,t)=s+t

is also continuous, and its image is S + 7. Since S and T are compact, so is S x T, and

sois S+T =a(SxT).

The same argument with scalar multiplication gives compactness of a.S. ]
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Exercise 3.9 (tut07). Let f e B(V.W).
(a) If U is a subspace of V, then its image f(U) is a subspace of W.

(b) If U is a closed subspace of W, then its preimage f~'(U) is a closed subspace of V.
(c) If S is a convex subset of V| then its image f(.5) is a convex subset of W.

(d) If S is a convex subset of W, then its preimage f~1(.S) is a convex subset of V.
Solution.

(a) Clear since f is linear so it takes vector subspaces to vector subspaces.

(b) Clear since f is linear so the inverse image of a subspace is a subspace; and f is
continuous so the inverse image of a closed set is a closed set.

(c) Let f(s),f(t)e f(S) and let a,b > 0 such that a +b=1. We have

af(s)+bf(t) = fas+bt) e f(S5),
where we used the convexity of S to conclude that as + bt € S.

(d) Let u,ve f~1(S) and let a,b > 0 such that a +b=1. Then

flau+bv) =af(u) +bf(v) €S,

where we used the convexity of S. We conclude that au +bv e f~1(5). O

Exercise 3.10 (tut07). Prove that the following subset is a closed subspace of ¢!:

S:{(an)e€1: ian=0}.

Solution. Consider the function f: ¢! — T given by

f((an)) = i::lan.

First note that this is a reasonable definition, because the infinite series on the right hand
side converges in F:

N N
Y an| <Y lanl,
n=1 n=1

and the latter converges as N — oo since (a,,) € ¢*.
The function f is linear. It is also bounded, because as we have just seen:

oo
2, an
n=1

Hence f e B(¢1,F) = (¢')V and its kernel is S, so S is a closed subspace of 1. O

(@)= [ S| € Zlenl = @)l
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Exercise 3.11 (tut07). Suppose 1 < p < q. Prove that
Pcy.
Show that if p < ¢ then the inclusion is strict: P ¢ (9.

Solution. We prove that
|z ea < ||z er for all = € (7.

If |z]e =0 then x =0 so |z]e = 0 and the inequality obviously holds. So suppose z # 0,
then by dividing through by |z[» we can reduce to proving that

|xllea <1 for all z such that ||x||e = 1.

But if |z]e =1 then
Z |xn|p = 17
n=1

which means that for all n € N we have |z,|P <1, so |z,| < 1. However, p < ¢ and |z,| < 1
implies that |z,|? < |z, [P for all n € N, so that

o0 (o]
[2]Gs = 3 lal® < D Jaf? = 1.
n=1 n=1

If p<q then a:=q/p>1. For each n € N, let

1
Tn = m7
so that )
|[2nfP = —, 2|7 = —.
n n«
We have - | o 1
[(@n)]er = D = = oo, [(@n)]ea =D — < oo,
n=1 n n=1 n
so (x,,) € 4~ (p. O

Exercise 3.12 (tut08). If a series in a normed space (V| - )

oo
D, an
n=1

converges, and converges absolutely, then

o0 o0
Z an|| € Z |-
n=1 n=1

Solution. This follows from the usual triangle inequality.
For any m € N, we have

lax + -+ am| < Jlar] +---+ [lam].
Taking limits as m — oo we get

[ore] m
Z an, lim Z an
n=1 n=1

m——0oo

m
= lim Zan
m—>00
n=1

m (e}
Smlgnwgllanﬂ =n;||an|\- 0
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Exercise 3.13 (tut08). Give an example of a series that converges but does not converge
absolutely.

Solution. In R, consider

i o O

n

Exercise 3.14 (tut08). If f e B(V,W) with V, W normed spaces, and the series
Zanvn, a, €F,v, eV,
n=1

converges in V', then the series
Z n f(vn)
n=1

converges in W to the limit

Solution. Let
m [ele]}
Ty = Z U, T = Z Oy Uy,
n=1 n=1

We know that (z,,) — 2z in V.
Since f e B(V,W) is continuous, we have that (f(z,,)) — f(z) in W.

But f is also linear, so
f(xm) = Z anf(vn)'
n=1
Hence

(32 auton) = sto)

so that the series -
> a,f(v,) converges to f(z). O
n=1

Exercise 3.15 (tut08). Prove that if u = (u,) € (= and v = (v,) € ¢!, then

[ee]
2. [l < e 0] .
n=1

Solution. Very straightforward.
By the definition of £* and the ¢~-norm, we have |u,| < ||ul¢~ for all n € N. Therefore
for any m € N we have

m m
> Nunva| <l oo 3 fonl,
n=1 n=1

but the latter series converges because v € (1 to |v[|n and we get

[ee]
> [l < e 0] 2. O
n=1
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Exercise 3.16 (tut08). Consider the subset ¢y € FN of all sequences with limit 0:
co = {(an) e FV: (a,) — 0}.

Prove that ¢ is a closed subspace of £*.
Conclude that ¢j is a Banach space.

Solution. It’s pretty clear that ¢y is a subspace of FN, and hence of £~. To show that ¢ is
closed in £*° let (x,) — x € £>° with z,, € ¢y for all n e N. We want to prove that x € ¢.

Write z,, = (anm) = (anl,ang,ang, . ) and x = (a,,) = (a1,a9,0as,...). Let € >0. There
exists N € N such that for all n > N we have

€
SUp |@m = G| = | = 20 |4 < =.
m 2
Consider the sequence xx = (aym) € ¢o. It converges to 0, so that there exists M € N such

that for any m > M we have
€
|CLNm| < 5

Therefore, for m > M, we get
|lam| = |am = anm + anm| < |am — anm| + lanm| < e.

Hence z = (a,,) — 0.
Since ¢ is closed and ¢*° is Banach, ¢, is Banach. O

Exercise 3.17 (tut08). Prove that the space ¢y of sequences with limit 0 is separable, by
finding a Schauder basis for cj.
[Hint: You needn’t look too hard.]

Solution. I claim that ¢y has the same Schauder basis at the one given in Example 3.21 for
(p: {ey,es,...} where e, =(0,...,0,1,0...) with the 1 in the n-th spot.
Take v = (vy,) € ¢g, then (v,) — 0. I claim that the series

oo
Z Un€n
n=1

converges to v with respect to the norm on ¢, which is the ¢*°-norm:

m
v - Zvnen = [(0,...,0, Vps1, Ums2, Uma3s - - )| oo = SUDP |04],
n=1

goo nzm+

and the latter converges to 0 as m — oo, since (v,) — 0. The uniqueness of the coefficients
follows in precisely the same way as for Example 3.21. [

Exercise 3.18 (tut08). Consider the space (> of bounded sequences.

(a) Let S c > be the subset of sequences (a,) such that a, € {0,1} for all n € N. Prove
that S is an uncountable set.

[Hint: Mimic Cantor’s diagonal argument. |
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(b) Use S to construct an uncountable set T of disjoint open balls in £°°.
(c¢) Conclude that £* is not separable.
Solution.

(a) Suppose S is countable and enumerate its elements:

a1 = (a11,G12,a137-~)
Qg = (a21,a22,a23,...)

as = (a31,a32,a33,...)

Go down the diagonal of this infinite grid of 0’s and 1’s, and define b,, = 1 — a,,, for all
neN. Then b= (b,) €S, but b # a,, for any m € N, contradiction.

(b) If a = (a,),b=(b,) € S with a # b then

|a=b] =supla, = ba| =1,

SO BUQ(G) n Bl/g(b) = .

Therefore we can take
T = {Bl/Q(S)l S € S}

(¢) Any dense subset D of £ must contain at least one point (in fact, must be dense) in
each open ball in the set T'. Since T' is uncountable, D must also be uncountable, so
£> is not separable. O

Exercise 3.19 (tut09). Consider the map 7 : FN — F given by

m((an)) = ai.
(a) Show that 7y is linear.
(b) Prove that the restriction of 7m; to £* or to ¢ for p > 1 is continuous and surjective.
Solution.
(a) Straightforward.

(b) We have for a € (>:
[m1(a)] = lar| < sup{lan|} = [ale,

n>1

so m is bounded.

Similarly for a € ¢¢:

1/p
1/p
71 (a)| =la1| = (Jas[) <(Z|an|p) = |l

n>1

For the surjectivity we note that for any a € F we have wl((a,0,0, . )) = a and
(a,0,0...) et c(r for all p> 1 and for p = co. O
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Exercise 3.20 (tut09). Consider the left shift map L: FN — FY given by L((a,)) = (ans1),
that is

L((Il,ag,ag, c. ) = (CLQ,ag, R )
(a) Prove that L is a surjective linear map. What is the kernel of L?

(b) Prove that for all p > 1 and for p = oo, the restriction of L to ¢? is a surjective continuous
map onto £P.

(¢) Define the right shift map R: FN — FN and prove that it is an injective linear map,
the restriction of which is distance-preserving for any ¢? with p > 1 and p = .

(d) Check that Lo R =idg # Ro L.
Solution.

(a) It is clear that L is surjective. Linearity is pretty straightforward, and it’s also clear
that ker(L) = Span{e; }.

(b) We have

oo 1/p o0 1/p
||L(a1,CL2,G,3,...)ng = (Z:Q|an|p) < (Z:l|an|p) = H(aba?a"‘)pr’

so L is bounded, and L((an)) el if (a,) € lr.
For the surjectivity note that if b = (by,bs,...) € (P, then

b=L(a) for a = (0,b1,bs,...)

and |afe = |b]e, so a € P

The case of £* is done in a similar way.

(c) To get a linear map we need to set
R(ay,as,a3,...)=(0,a1,as,as,...).
Both injectivity and linearity are straightforward.
We have, for p>1 or p = oco:
|R(ai,ag,...)|e = [(0,a1,as,...)|e = (a1, as,...)|e,
so R is distance-preserving and R(a) € (P if a € (P.

(d) Clear. For any a = (a,) € FN we have

L(R(a)) = L(R(ay,az,...)) = L(0,ay,az,...) = (a1,aq,...) = a,

R(L(a)) = R(L(ay,as,...)) = R(ag,as,...) =(0,as,as,...) #a unless a; =0. [

Exercise 3.21 (tut09). Consider the subset ¢ of FN consisting of all convergent sequences
(with any limit).
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(a)
(b)

()

(d)

Convince yourself that ¢ is a vector subspace of £*°.
Prove that lim: ¢ — [ given by

(an) — nh_r)noo(an)
is a continuous surjective linear map.

Prove that the formula

J((an)) = R((an)) - ( lim_a,) (1,1,...)
defines a linear homeomorphism J: ¢ — ¢;. (Here R denotes the right shift map.)

Show that c is separable and find a Schauder basis for c.

Solution. (a) We know that convergent sequences are bounded, so ¢ € £*. We also know

that the sum of two convergent sequences is convergent, and that a scalar multiple
of a convergent sequence is convergent, and that the constant sequence (0,0,...) is
convergent.

We know that lim is linear, as a consequence of the continuity of addition and of scalar
multiplication.

It is certainly surjective, as given any a € F the constant sequence (a,a,...) converges
to a.

Finally, if a = (a,) € ¢ then (a,) is a bounded sequence and

<sup fag| = [afe,

lim a,
e neN

n
so lim is a bounded linear map.

It is clear that .J is linear and continuous, as R and lim are linear and continuous.

We exhibit an explicit inverse of J: let K: ¢y —> ¢ be given by

K((b) = L((5)) - (L L),

Note that K is linear and continuous, as L and (b,) — by are linear and continuous.

We check that K and J and inverses. If b € ¢y and a € ¢ then:

J(K (b)) =J(L(Ob))-bJ(1,1,...)
= R(L(b))-0(1,1,...) - by (R(1,1,...) - (1,1,...))
= (0,bo,b3,...) - b1(-1,0,0,...)
=D,
K(J(a)) = K(R(a)) - (lima,)K(1,1,...)
= L(R(a)) - (lima,)(L(1,1,...) - (1,1,...))

=a.
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(d) We know that {eq,es,€3,...} is a Schauder basis for ¢y, so we apply K : ¢ — ¢ to this
to get:

K(ey)=L(er)-(1,1,...)==(1,1,...)
K(eg) =L(ea)-0(1,1,...) =¢
K(es3)=L(e3)-0(1,1,...) = e

K(e,)=L(e,)-0(1,1,...) =€, for n>2

We suspect then that {(1,1,...),e1,eq,€3,...} is a Schauder basis for c.

This is of course true whenever we have a linear homeomorphism f: V' — W between
normed spaces: If {by,bs,...} is a Schauder basis for V| then {f(b1), f(b2),...} is a
Schauder basis for W.

Let we W and let v = f~1(w) € V. Write

v=) by,

jeN
then
w=f(v) =3 a;f(b;).
jeN
Uniqueness follows from the uniqueness of the expansion for v. ]

Exercise 3.22 (tut09). For any n € N, give a linear distance-preserving map F" — (2.
(Take the Euclidean norm on F7.)

Solution. Consider f: F? — (2 given by

fla) = f(ay,as,...,a,) = (a1,a9,...,a,,0,0,...).
We have
N 1/2
H(al,ag,...,an,O,O,...)HZ2 = (Z |ak|2) =||(ay,ag, ..., an)|gn,

k=1
so f(a) € f?, and f is distance-preserving.
Linearity is straightforward. ]

Exercise 3.23. Let U, V, W be normed spaces over [ and let §: U xV — W be a bilinear
map.
We say that 3 is bounded if there exists ¢ > 0 such that

|6Cu, v)[w < clulv vy foralluelU,veV.

Prove that (5 is continuous at (0,0) if and only if 8 is bounded if and only if § is continuous
on U xV.

Solution. Suppose [ is continuous at (0,0) but not bounded. Then for every n € N there
exist vectors u,, € U and v,, € V such that

18, va) lw > 0 Jun v [0y
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This forces u,,, v, to be nonzero. Let

1 1
r= u, and v), =
n o

Up,-
n vy

We now prove (u/,,v!,) — (0,0) but (ul,v!,) - 0=£(0,0) as n — oo, which contradicts
the continuity of 5.
Since ||u!, |y = |vL|v = 1/n, it follows that

[Cun, ) lowy = Junllo + lonlv = 5.

Therefore, | (ul,v),)| — 0 and thus (u},v),) — (0,0) as n — oo.
On the other hand, we have

_ 1B (tn; va) [ w

w1 v Joalv

> 1.

8ot = Hﬁ( 1 L, )

un7 n
nlunlo " nfealv

Hence G(u!,v!) —> 0 as n — oo.
Now suppose 3 is bounded; we prove that it is continuous at any (u,v) € U x V. Given
>0, let

§—min{1 - - }
2c(flullo + 1) 2e(v]lv +1) |
If (u/,v") € Bs(u,v), then
Ju' v+ 0" = o]y = [ (v = w, 0" =v) uxy <[ (@, 0") = (w,0) [er <6
and it follows that |u'—u| < and |v' —v|| < §. Now we have
|8, v") = B(u, v)|w = [ B(u',0") = B, v) + B(u, v) = B(u, v) |w
= |8 0" = v) + B(u" —u,v)|w

[6Cu, 0" = 0)[w + [B(u" = w,v) [w

clu'lo v =vlv +elu’ - ulo o]y

ININ

IN

c(lullo +lu" = ulv) v’ = vly +clu’ ~ulv Jvlv

<c(ulp+1)0 +cd|v|v
€ €

<cllullyy +1) ———m8 — + ¢|v|y ———
e (T PES YR (s

£

+_

g
< —
2 2

Therefore, Bs(u,v) € 571 (B.(5(u,v))) and thus § is continuous.
Obviously, if £ is continuous on U x V' then it is continuous at (0,0), closing the cycle of
equivalences. O

Exercise 3.24. Let U, V,W be nonzero normed spaces over F and let 3: U xV — W be
a nonzero bilinear map. Then S is not uniformly continuous.

Solution. Since U,V,W are nonzero and [ is nonzero, there exist vectors ue U and v e V'
such that 5(u,v) # 0. This forces u and v to be nonzero.
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Take ¢ = 1. Given 6 > 0, put

S Bl
2l 58w, ) w

It follows that

H(O, bv) - (au, bv)‘

)
=alu|y = 5 <0,

- (-a,0)

UxV UxV

but
|60, b0) = Bau, bo)], = |BC-a, o), = ab] 3,0}, =5 > 1 =<

Therefore, § is not uniformly continuous.

(In fact, the proof shows that § is not even uniformly continuous on the subspace
FuxFocUxV.) O

Exercise 3.25 (ps02). Let U, V,W be normed spaces over F.
Suppose [: U xV — W is a continuous bilinear map.
Consider the linear function fy: U — Hom(V, W) given by Sy (u) = f., where

fu: V—W is defined by f,(v) = B(u,v).
(a) Prove that for any we U, f, € B(V,W), in other words f, is continuous.

(b) By part (a) we can think of Sy as a function U — B(V,W).
Prove that gy : U — B(V,W) is continuous.

Solution.

(a) First approach (direct): Let v € V. We prove that f,: V — W is continuous at v.
(Note that, crucially, u remains fixed.)

Let € > 0; as 8 is continuous at (u,v), there exists ¢ > 0 such that

if |(u,v1) = (u,v)|uxv <0, then |B(u,vr) - B(u,v)|w < e.

Therefore, if v —v|v < J, then

[ (u,v1) = (u,0) [uxy = oL = vy <4,
so that
| fuCv1) = fu(0)[w = [B(u,v1) = B(u,v) [w <e.
Second approach (using boundedness): Let € > 0; as ( is continuous, it is bounded,
so there exists ¢ > 0 such that
18(u,v)|w < c|uly||v]y  forallueU,veV.
It follows that
| fu()lw = 8w, v)[w < clulu o]y

Since c|ufy is a constant independent of v, the linear transformation f, is bounded
and thus continuous.

107



3. Normed vector spaces

(b) Let € >0; as /8 is continuous, it is bounded, so there exists ¢ > 0 such that
18w, v)|w < c|ulu |v]v for all ue U,ve V.

It follows that

1Bu (W) | Bevwy = | full Bviwy = ”SHUP1 18w, v)|w < clulv.
v|y=

Therefore, (B is bounded and thus continuous. O

Exercise 3.26 (ps02). In Proposition 3.23 we saw that the function
(' x(* —TF  defined by (u,v) — > u,v,
n=1

is a continuous bilinear map.

(a) Show that there is a continuous linear function ¢! — ()" that is an isometry.
(Recall that ¢y € ¢> consists of all convergent sequences with limit 0.)

Hint: Tt may be useful to prove sur'ectivity ﬁI‘St, and then the distance—preservin
J g
property.]

(b) Conclude that ¢! is a Banach space.

(¢) Where in your proof for (a) did you make use of the fact that you are working with cq
rather than ¢°°7

Solution.

(a) If we restrict the bilinear map from the statement to ¢! x ¢y, we get a continuous bilinear
map
B: 0t xcy—TF.

By Exercise 3.25, By is linear and continuous. In our notation, this is the function
\%
ur—uV: M — (co) , where

u’(v) = B(u,v) = Y UpUn.
n=1
We have the Holder Inequality

oo
Y v < Juuf o[ 0] e,
n=1

valid for all v € /' and all v € £*°, so certainly for all v € .

Hence for v # 0:
u” (v)]

HUHZ‘” < ”uHEla

so taking supremum we get |u¥| < |u]q.
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(a)

(b)

For surjectivity, we need to show that each ¢ € (co)v is of the form ¢ = u" for some u € ¢1.
Take such ¢. Recall that ¢q has Schauder basis {ey,ea, ...}, so for any v = (v,) € ¢y we
have

o(v) = i onp(en).

Let u, = ¢(e,) and u = (u,). We need to show that u € 1. For this, fix m € N and let
(ignoring the n’s for which w,, = 0)

m
el (bl )

n=1 Up, Uy Um
so that
|z]e= =1
Then
$ ual = |3 [1un]
n=1 " n=1 U "

ol )
2 (e

= le(@) < el lz]e= = [l

Taking the limit as m — oo we conclude that u € ' and that |ulls < [l
So u > " is surjective.

If we go through the previous construction with ¢ = u", we have u¥(e,) = B(u, e,) = Uy,
so we land back on u and |ufn < [|¢| = |u¥]|. As we have already established the
opposite inequality, we conclude that |u"| = |u]n, so u— u¥ is distance-preserving.

Putting it all together, we have a linear isometry ¢! — (co)v.

We know that duals of normed spaces are complete, so (co)v is complete, so 1, being
isometric to it, also is complete.

We used the Schauder basis {ej,es,...} for ¢y to prove surjectivity as well as the
distance-preserving property. O

Exercise 3.27 (ps02). Consider the maps Heven, Hoqqa: FY —> FY defined by

Heven((an)) = (a2n)7 Hodd((an)) = (a2n—1)

and construct f: FN — FN x FN ag

f(a) = (Heven(a)7Hodd(a))'

Prove that the restriction of Heyen and Hyqq to P gives bounded linear functions
Heven, Hoqq: P — (P for all p € R, and for p = co.

Prove that f is an invertible linear map.

(c) Take p =1 and show that the restriction f: ¢* — ¢! x (! is a linear isometry.
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(Recall that we are working with the norm on ¢! x ¢! given by

[z, )] = zle + Jyle
as described in Example 3.4.)

(d) Show that the statement from part (c¢) does not hold for the space ¢*; prove the
strongest statement that you can for £°.

(Same comment as in part (c) applies for the norm we consider on £* x )

Solution. (a) Linearity is straightforward, even on all of FN:

Heven()\a + ,Ub) = Heven(()\an + ,ubn))
= ()\a2n + /LbZn)
= )\(a2n) + ,u(b2n)
= )\Heven(a) + ,UHeven(b)

and similarly for Hgqq.

If a = (a,) € P then

p [ee] oo
| Heven(@) [, = 3 lazal? < 3 lanl? = a[f,,
n=1 n=1
80 Heyen(a) € P and Heyen: (P —> (P is bounded. The same argument works for H,qq.
Similarly, if a = (a,) € £~ then

HHevenH . Sup|a’2n| < SUP|CLn| = ”CLHE‘”
¢ neN neN

and the same for H,qq.
(b) The map f is linear because its two components are linear.

We construct an explicit inverse g: FN x FN — FN: given b, c € FY, define

b .f .
g(b,c):=a:=(a,) e FY by a, - /2 1 n %s even
Cn+1y/2  if m is odd.

It is clear that g is the inverse of f.

(c) We have

|£(@)] = [ (Hewen(@). Hoa(a)|
= [ Hoven ()] + [ Hoaa ()]

[ee] oo
Z |agn| + Z [
n=1 n=1

[
B}
3

so that f is a distance-preserving map.
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(a)
(b)

To prove surjectivity of f, we show that the restriction of the function g from part (b)
maps to ¢': for b,c € ¢', we have a := g(b, ).

The fact that a € ¢! follows from

2m m m m m
> lanl = Y lasl + Y lagka] = D7 bl + D fexl-
n=1 k=1 k=1 k=1 k=1

As b,c e (1) the limit of the RHS as m — oo exists and equals ||b] s + |¢[p, so a € £,
f(a) = (b,c), and (of course) |a|n = [(b,c)].

We try to use the same approach as in (b):

1£(a)] = [(Heven(@), Hoaa(a))||
= [Heven (@) | oo + [ Hoaa(a) .

=sup |a2n’ +sup ’a2n—1|
neN neN

< sup|ay,| + sup |a,|
neN neN

= 2[alle=,

which shows that f is bounded.
It also indicates that f is not distance-preserving: take (a) = (1,1,...) then

[f(a)=2#1=]a]e.

So far we know that f is linear and bounded. It is also injective because it is the
restriction of the injective map from part (b).

To prove surjectivity, we show that the restriction of the function g from part (b) maps
to £°°: for b,c € (=, we have a := g(b,c). But

sup a| = sup {51z, s lazo-1| | =sup {10l el = .
€

neN neN n

which is finite because it is the maximum of two finite quantities.

Finally, the last equation tells us that

lg(®, )l = llal = sup {[Ble=, lcle=} < [blle= + llcle= = (b, )]

so g is also a bounded function, hence continuous.

We conclude that f is a linear homeomorphism. ]

Exercise 3.28 (ps02). Consider the map f: ¢ — FN given by

(@)= (%)

n
Prove that f maps to ¢! and f: ¢' — ¢! is linear, continuous, and injective.

Prove that the image W of f is not closed in ¢!.
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3. Normed vector spaces

Solution. (a) For all n e N we have
a’n

n

<lanl,

so that for m e N:
m

a m
< Z [
n=1

As (a,) € €', the RHS has a finite limit as m — oo, hence so does the LHS, so
f((an)) € n.

Linearity is clear:

f()‘(an) + M(bn)) = f(()‘an + an))
_ ()\an + ubn)

n

() en()
=M ((an)) + pf((ba))-

We've seen already that Hf((an))Hg1 < H(an)Hﬂ,
Suppose f((an)) = f((bn)), then for all n € N we have a,/n = b,/n, therefore a, = b,.

So f is injective.

so f is bounded, hence continuous.

(b) For each n €N let v, = (1, 1/2,...,1/n,0,0,.. ) € FN. Since v,, has only finitely many
nonzero terms, it is in ¢!. Letting w, = f(v,), we have w,, € W.

Set
1 1
w = 1,;,@,... .

> 1
Po:

Since

converges, we have w € /1.
However, w ¢ W: if we W then w = f(v) where v =(1,1,...), but v ¢ (1.
Finally

1 1 S
— Wy |l = 0,0,...,O, ) rrte - L2’
Hw w. HE H( (n + 1)2 (n + 2)2 2 k‘:%;'l k?

which is the tail of a convergent series, hence converges to 0. Therefore (w,) — w,
but w ¢ W, so W is not closed in /1. O

Exercise 3.29 (ps02). Let V' = R? viewed as a normed space with the Euclidean norm.
Compute the norm of each of the following elements M e B(V,V) directly from the
description of the operator norm:

| M| = ”Stnl_p1 | M (v)].
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w =[5}

a

(c) C:(O 2) for a,beR.

Solution. In all cases we will denote v = (xl) € R? with #7 + 23 = 1.

()

Maximising this under the constraint z? + 2 = 1 gives ||A| = 1.

(a) We have
| Avl =

= ’l’2|

(b) We have

T
ol = (%) - veEr -

ary
=/ a?z? + b2al,
bl‘g

so we are looking to maximise, under the constraint z? + 23 = 1, the quantity

so |B| =1.
(c) We have
|Cvl =

S = a*a} +b%a3 = a*af + V(1 - 2}) = b7 + (a® - b?)at.
If |a| > |b] then a? - b? > 0 so to maximise S we must maximise 22, which happens when
z? =1, so that S = a?.

Otherwise we have |a| < |b] so a? — b% < 0 so to maximise S we must minimise 2%, which
happens when z; = 0, so that S = 02

Hence the maximum value of S is S = max {a2,%} and so |C| = V/S = max {|al,[b|}. O
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4. Hilbert spaces

We discussed distance functions on sets in the context of metric spaces, then we specialised
to the case where the set is a vector space V over F =R or C and the distance comes from
a norm on V. In this chapter we specialise further to the case where the norm (and hence
the distance) comes from an inner product on V. In addition to the norm of a vector, this
provides us with a notion of angle between vectors.

4.1. Inner products and norms

We continue to take IF to be either R or C, and we denote by = the complex conjugation (which
is just the identity if F = R).

Let V' be a vector space over F. Recall from linear algebra (see Appendix A.2.2 for a
summary) that an inner product on V' is a function

(,): VxV—F
that is linear in the first variable, conjugate-linear in the second variable, and positive-definite.

Proposition 4.1. If (V,{(-,-)) is an inner product space, then the function | -|: V — Ry
defined by
[vll = V/{v, v)

18 a norm on V.

Proof. For any v eV, a €F we have

law] = {av, av) = /aa(v,v) = |a] Jv].

Note also that
o] =0 <= V{v,0)=0 <= (v,0)=0 <= v=0.

Finally, by the Cauchy—-Schwarz Inequality we have

Re(v, w) < [{v, w)| < [Jo] Juw].

Therefore
v+ w|? = (v+w,v+w)
= (v,0) + (v, w) + (w, v) + (w, w)
= [v]* + 2Re(v, w) + |w|?
<Jol? + 20 ] fw] + fw]?
2
= (vl + wl)”,
which means that the triangle inequality holds for || - |. O

Obviously then:
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4. Hilbert spaces

Corollary 4.2. Any inner product space is a normed space, and a metric space.

Let’s get to the eponymous definition of this chapter: A Hilbert space is a complete inner
product space.
Example 4.3. For any n € N, F” is a Hilbert space.

Solution. We know that F" is an inner product space, see Example A.11. We also know
that finite-dimensional normed spaces are complete, by Example 3.12, so F” is a Hilbert
space. O

Example 4.4. The sequence space ¢? of square-summable sequences is a Hilbert space.

Solution. Consider the function (-,-): ¢2 x {2 — ¥ given by
(a,b) = Z anby.
n=1

We use the Cauchy—Schwarz Inequality (Proposition A.12) to see that this converges. For
any meN, (ay,...,a,),(b1,...,by) € F™ so by Cauchy—Schwarz we have

m m 2 0 1/2 m Y2 /o 1/2
zanbn<(zanan) (zbnzn) =(z|an|2) (zwnP) |
n=1 n=1 n=1 n=1 n=1

Taking limits as m —> oo, the right hand side becomes ||as|b||2, which is finite since
a,be (2.

The inner product properties are clear. So is the fact that the norm defined by this inner
product is exactly the £2-norm, so we get a Hilbert space by Corollary 3.24. [

An inner product gives rise to a norm. Given a norm, how can we determine whether it
comes from an inner product? It turns out that there’s a fun criterion for this:

Proposition 4.5 (Parallelogram Law). If (V, (,)) is an inner product space, then its norm
satisfies
lv+w|?+ |v-w|?= 2(||v||2 + ||w||2) for all v,w e V.

Proof. Recall from the proof of Proposition 4.1 that
[v+w|? = v+ 2Re(v, w) + |w]*.

Then
Jv—w]? = [v]* - 2Re{v, w) + |w]?,

and adding the two equalities gives the identity in the statement. O

Example 4.6. Prove that the sequence spaces /> and (P for p # 2 are not Hilbert spaces.

Solution. Consider

a=(1,1,0,0,0,...)

b=(-1,1,0,0,0,...)
a+b=(0,2,0,0,0,...)
a-b=(2,0,0,0,0,...).
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Then

lalle = 18] e = 217
la+bler = lla =0 =2
lafle= = [[bfe= =1
la+ble= = fa-bfe =2,

which shows that ¢ does not satisfy the Parallelogram Law, and ¢P satisfies it if and only
if p=2. [

In the proof of the Parallelogram Law (Proposition 4.5) we added the two equalities

[o+w]* = [o]* + 2Refv, w) + [w]?

[v—wl? = [v]* - 2Re(v, w) + Jw]*.
Subtracting them instead also gives an interesting fact:
4Re{v,w) = |v+w|? - |jv - w|?>

When F = C, can we recover all of the inner product (v, w) (as opposed to just the real part)?
Yes, because
Im(v, w) = Re(v, iw),

which leads us to conclude
Proposition 4.7 (Polarisation Identity). If (V, (-, )) is an inner product space then

Ao.0) :{||v+w|2— o -wl? ifF=R

|v+w|?=lv-w|?+i|v+iw|? —iv-iw|* ifF=C.
Corollary 4.8 (Converse to the Parallelogram Law). If (V, |- ||) s a normed space such that
[o+w[?+ v -w]*=2(Jo|* + Jw|?)  for allv,weV,
then the function (-,-) defined by
2 _ gy — a2 if I =
LR I S
is an inner product on V' with associated norm | - |.

Proof. In terms of
Afv,w] = v +w]? - v -w]?,

we have

(0.10) - {[v,w] ifF=R
T v, w] +i[v,iw] i F=C.

We describe in detail the case F = C, as it is slightly more complicated than F = R.
The conditions for (-,-) to be an inner product are equivalent to the following properties of
the auxiliary function [-,-]:

(a) [w,v]=[v,w] and [w,iv] = —[v,iw] for all v,w e V.
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4. Hilbert spaces

(b) [u+v,w]=[u,w]+ [v,w] for all u,v,weV.

(¢) [av,w] =afv,w] for all v,w eV, aeR.

(d) [v,v] 20 for all veV and [v,v] =0 iff v =0.

The first part of (a) is obvious from the definition. For the second part of (a), we have

4w, iv] = |w +wv|* - |w - iv|?
= [i(v —iw) | = | (=) (v + iw) |?
=|i[*|v - iw|® - | - il*|v + dw|?
= —4[v,iw].

The key to parts (b) and (c) is the following calculation for all w,v,w € V:

4[2u, w] +4[2v,w] = |2u + w|* - |2u - w|* + [2v + w]? - ||2v — w]|?
= (H(u+v+w)+(u—v)H2+H(u+v+w)—(u—v)H2)

—(H(u+v—w)+(u—v)H2+ H(u+v—w)—(u—v)”2)

= 2(Hu +v+w|?+|u- ’UHQ) - 2(Hu +v-—w|?+||u- sz)
= 8[u +v,w].

We conclude that

(4.1) [2u, w] + [20,w] = 2[u + v, w] for all u,v,weV.

In particular, setting u = 0 we have [2u,w] =0 (from the definition of [-,-]) so that
[2v,w] = 2[v, w] for all v,weV.
Using this on the LHS of Equation (4.1) we get part (b):
[u,w] + [v,w] =[u+v,w] for all u,v,w e V.

We already have part (c) for a =0, 1,2. Clearly repeated application of part (b) gives us

[nv,w] = nlv,w] for all n e N.
For (-1) we have
A-v,w]=-v+wl’ - [ -v-w]’=[v-w]® - o+ w|* = -4[v,w],
hence
[nv,w] = nfv,w] for all n € Z.

For any ¢ € Q, write ¢ = m/n with ged(m,n) = 1:
n[qu,w] = [nqu,w] = [mv,w] = m[v,w],

therefore
[qu,w] = q[v,w] for all g € Q.
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Finally, for any a € R choose a rational sequence (g,) — a:
[av,w] = [(nh_r)noo qn) v, w]
= [n@w(qnv),w]
= lim [gnv, w]
= lim (gu[v,w])

n

= (nh_r>noo Qn) [v,w]

= afv,w].

Somewhere in the middle we used the fact that [-,-] is continuous in the first variable (which
follows easily from the definition of [-,-] and th fact that the norm is continuous).
Part (d) is straightforward, as
4[v,v] = 4|v|>. O

4.2. Orthogonality

Given a subset S of an inner product space V', we define
St={veV: (v,s)=0forall seS}.
Proposition 4.9. For any subset S ¢V, St is a closed subspace of V.

Proof. That S* is a vector subspace of V' follows easily from the linearity of (-,-) in the first
variable.
That S* is closed in V follows from the continuity of (-,-) in the first variable. O

Given a normed space V', a projection is a continuous linear map ¢ € B(V,V) such that
©* = .
Proposition 4.10. Let ¢ € B(V, V) be a projection.

(a) The map idy —p is also a projection.

(b) im(p) = ker(idy —p) and im(idy —p) = ker(y). In particular, the image of a projection is
a closed subspace.

(c) We have
V =im(p) @ ker(p).

Solution. (a) Since both idy and ¢ are continuous and linear, so is idy —¢. Also, we have
(idv —¢) o (idy —¢) =idy —p - o + Yo =idy —¢.
(b) If v e im(¢) then v = p(w) so that
(idv ) (v) =v = p(v) = p(w) = p*(w) = p(w) - p(w) = 0,
so v € ker ( idy —<p).
Conversely, if v € ker (idy —¢) then v —(v) = 0 s0 v = p(v) € im(¢p).

The other identity follows by applying the first identity to the projection idy —¢.

Since the image of ¢ is the kernel of idy —y, it is a closed subspace, as the kernel of any
linear continuous map is a closed subspace.
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4. Hilbert spaces

(c) We need to prove that V =1im(¢) + ker(y) and that im(p) nker(y) = {0}.

Given v € V, we have

v=p(v)+(idy —gp)(v) eim(p) + ker(¢p).

If
w €im(p) nker(y) = ker ( idy —go) nker(y),

then
w = p(w) + (idy —¢)(w) =0+0=0. O

Example 4.11. Take V = R? with the Euclidean norm. The matrix

10
satisfies A% = A, so it defines a projection. It is easy to see that im(A) is the diagonal y = x

in R?, and ker(A) is the y-axis.
The complementary projection is given by the matrix

0 0
]_‘4:(—1 1)’

where im(/ — A) is the y-axis and ker(I — A) is the diagonal y = x.

If Vis an inn(ir product space, an orthogonal projection is a projection ¢ such that
ker(p) = (Hn(gp)) )

If (X , d) is a metric space, and Y € X is an arbitrary subset, we can define a function
dy : X — R, that gives the distance to the set Y:

dy(z) = inf d(=,y)-

Theorem 4.12 (Hilbert Projection Theorem). Let H be a Hilbert space.

(a) Let'Y be a convex closed subset of H. For any x € H, there ezists a unique Yy, € Y that
realises the distance between x and Y :

dy () = d(2, Ymin) = |2 = Yumin-
In other words, Y 1S the unique point of Y that is as close as possible to x.

(b) Suppose now that W is a closed vector subspace of H. For any x € H and any y € W,
we have

Y = Ymin if and only iof  x—-yeWH.

The map ¢: H— H given by ©(x) = Ymin 1S an orthogonal projection with image W. In
particular, we have a decomposition

H=WeW".

Proof.
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(a)

Let
D =dy(x) = infd(z,y).
yeY

Take a sequence (y,) in Y such that

(lz = yal) = (d(z,y.)) — D.

I claim that the sequence (y,) is Cauchy.

Let € > 0. Note that
(lz = ynl?) — D2,

so there exists IV € N such that
|||x—yn|\2—D2|<§l for all n.> N.
Let m,n > N. By the Parallelogram Law:
[ =) + G = D)+ [ = 2) = @ = D) = 2l = ] + 2 - 22,
so that

2
190 = Yl = 2y — 2 + 2] ym — 2] * = | (Yo + yim) — 22
Yn +Ym |7
2

=2y~ o + 2gin - 3l - 1]

At this point we notice that since y,,,y, € Y and Y is convex, (1/2)y, + (1/2)y,, € Y; we
can then continue with

2
<2y -zl + 2|ym - =] - 4D

2I|yn—x||2+2||ym—a:|2—4‘ .

Yn + Ym
2

= 2(lyn - 2 = D) + 2(|lym - =[* - D?)

<E.

So (y,) is Cauchy in Y, which is complete (because a closed subset of the Hilbert space
H). Therefore (y,) converges in Y to some point that we will call y,i,. Since the distance
function is continuous, we have

(T, Ymin) = lim d(x,y,) = D = dy(x).

It remains to prove the uniqueness of yyi,. Suppose y’ € Y satisfies d(z,y’) = D. By the
Parallelogram Law

| Wi = ) + (= )]+ | Ghain = ) = & = )] = 2l i — 2 + 20"~ ],
so that
[9min = ¥'1* = 2] Ymin = 21 + 2]y = 2] = [ (Yonin +y) = 22[* < 2D* + 2D* - 4D? = 0,
which implies ¢ = Ymin-

A subspace of H is convex, so the conclusion of part (a) applies to .

First we prove that = — ymi, € W+.
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Let w € W be a unit vector, so |w| = 1. Define
@ = (T = Yuin, W) and V=2 — (ymin+aw).
Then

(v, W) = (T = Ymin — QW, W)
T = Ymin, W) — a{w, w)

=
=a—-a=0,

so v L w. Therefore

2
& = yin]|” = v + aaw]® = Jo]* + |af? w]? = [o]* + |af® > v,

in other words
HQQ‘ - ymin‘ 2 H$ - (ymin + CMU)H

By the minimality property of ymin, this inequality must actually be an equality, therefore
a=0.

S0 (& = Ymin, w) = 0 for all unit vectors w € W, which implies that (z — ymin, w) = 0 for all
weW, sox— Ymin € WH.

Next we show that if y ¢ W and x -y e W+ then y = ymin-.

We have
r—yeWt=(x-y,w)=0 for all we W
= (xr-y,w-y)=0 for all we W
= |z -w|?= |z -y|*+ |w-y|? for all we W
= |z -w|?> |z -y|? for all w e W,

implying that y € W is closest to x; by the uniqueness statement of part (a), we conclude
that ¥y = Ymin-

We now move on to the function ¢. By its definition, for each x € H, ¢(x) is the
unique element of W with the property that = — o(x) € Wt.

We check that ¢ is linear.
If 1,29 € H, we have (1) + ¢(x2) € W and

(21 +22) = (@(21) + 9(2)) = (w1 = p(21)) + (w2 = p(2) ) € W,

s0 p(21) + p(2) = p(21 + 22).
Similarly, if z € H and «a € F we have ap(z) € W and

az - ap(z) = a(z - p(z)) e W,

so ap(x) = p(ax).
We check that ¢ is continuous.

For any z € H, we have p(z) e W and = — ¢(x) e W*, so (z - ¢(z)) L ¢(z) and

212 = |(z - (@) + (@) = |2 = (@) + | (@)[* > [ o()]?,

so ()] < [l

122



MAST30026 MHS

We check that ¢ is a projection with image W.

Certainly imp ¢ W. If y € W then ¢(y) = y (closest point to y is y itself), so in fact
im¢ = W. Hence for all z € H we get ¢?(x) = go(gp(x)) = p(x), so ¢? = .

Finally, we check that ¢ is an orthogonal projection.

We want to show that W+t = kerp. But x € W+t if and only if z —0 € W+ if and only if
@(z) =0 if and only if z € ker ¢. O

Corollary 4.13. If H is a Hilbert space and S is a subset of H, then
(5%)" =Span(S)
Proof. We've seen in Exercise 4.3 that for any inner product space V' and subset S we have
Sc(s4)  and S+ =Span(9) .

Let W = Span(S), then what we are trying to prove is that (VVL)l =W when H is a Hilbert
space.
Let x € (Wl)l. By the Hilbert Projection Theorem, we can decompose

H=WeoW".
So we have x =y + z with y € W and z € W*'. Then
0=(x,2)=(y+22)=(y,2) +{2,2) =0+ | z]?,

implying that z =0 and x =y e W. ]

4.3. Duality and adjoints in Hilbert spaces

Let (V, (- )) be an inner product space. Similarly to the case of a bilinear form, for any w e V'
the inner product gives rise to a function

w': V—TF  defined by w"(v) = (v, w)
that is linear:

wv(alvl + oz21)2) = (1v1 + avg, W)
= aq (v, w) + ag(vy, w)

= aqw”(v1) + asw" (vy) for all vy,v0 € V, 1,0 € F,
and bounded (i.e. continuous):
w0 )] = ol < ol fw|  forall veV;

where we used the Cauchy—Schwarz Inequality (and noted that w is fixed hence ||w] is
constant).

We conclude that w¥ € VV = B(V,F). Varying w now, we obtain a function ®: V. — V'V
given by w — w".

Proposition 4.14. The map ® is conjugate-linear and distance-preserving (hence injective).
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Proof. Let wy,wy €V, then for any v e V we have
(@(wl + wg))(v) = (wy + we)" (V)
= (v, wy + we)
= (v, w1) + (v, w2)
= wy(v) + w3 (v)
= (@(wl) + CI>(wg))(v).
If weV and a € F, then for any v € V we have
(@(aw))(v) = (aw)*(v)
- (v, )
=a(v,w)
=aw"'(v)
= (6@(11}))(1}).
It remains to check that ® is norm-preserving (and hence distance-preserving):

wY (v VW
”q)(w)HVV = HUJVHVV = Sup| ( )| — |< 9 >|
o0 ol w0 ol

<Jwlv,

where we used the Cauchy—Schwarz Inequality. If w = 0, then we certainly have equality
|®(0)] =0=0]. Otherwise, note that in Cauchy—Schwarz we can take v = w and obtain an
equality, so that for all w e V' we have |®(w)]| = |Jw]|. O

In the case of a Hilbert space, we can say something very precise about the map ®:

Theorem 4.15 (Riesz Representation Theorem). If H is a Hilbert space, then the map
&: H — HY s surjective, hence a conjugate-linear isometry.

In other words, for any @ € HY there exists a unique z € H such that p(x) = 2V(z) = (x, 2)
for all x € H.

Proof. Let ¢ e HY. The uniqueness of z follows from the injectivity of ®, proved in Proposi-
tion 4.14. So we just need to prove the existence of z. If ¢ =0, then we can take z =0 and be
done.

So suppose ¢ # 0. Therefore ker p # H; since H is a Hilbert space and ker ¢ is a closed
subspace of H, we have by the Hilbert Projection Theorem (Theorem 4.12) that

H = (kerp) & (ker ¢)*,

so ker o # H implies that (ker¢)* # 0.
Take a unit vector u € (ker¢)* and let z = ¢(u) u. For all z € H we have

(o(@)u—p(u)z,u) = p(z) - p(u){z,u)
= QO(JI) - (ﬁ@“)

= () = (2, 2)
= ¢(x) - 2"(2).

However, for any x,u € H we have
gp(gp(x)u - go(u)x) =0 hence o(x)u—@(u)x € kerp,

so in the previous calculation, having chosen u € (ker p)t, we have ((p(x)u - gp(u)x,u) =0.
Therefore ¢(z) - 2V (z) = 0. O
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We often encounter expressions of the kind (f(x),y), where f is a continuous linear map.
A very useful trick consists of moving f from the first to the second variable in the inner
product, at the cost of perhaps altering f in some way, as we are about to see.

Let X, Y be Hilbert spaces and let &x: X — XV, &y : Y — YV be the corresponding
conjugate-linear isometries. Suppose f: X — Y is a continuous linear map. This induces a
linear map fV: YV — XV by setting fV(¢) = o f for all ¢ € YV, see Example A.7 (whose
statement asks for finite-dimensionality, but whose proof does not require it).

We can illustrate the situation via a diagram:

\%
YV ———— XV

‘I’Y1 1@){
f*

Y > X

We complete this by defining the bottom arrow f*: Y — X in the unique way that makes
the diagram commute:

fr=03t o fVody, in other words ~ ®x o f* = f' o dy.

Proposition 4.16. For any continuous linear map f: X — Y, the function f*: Y — X
satisfies

(f@),y)y = (=, f (), foralzeX yeY.
It 1s called the adjoint of f.
It also has the following properties:

(a) f* is continuous and linear;
(b) (f+9)" =f"+g;
(c) (af) =af*
(d) (fog) =g*of*
(e) idy =idx;
(1) (f) =1
() I f<o fl=1fI%
(h) ker (f*) = (imf)l and im(f*) = (kerf)l;
(i) if f: X — X and W is a closed subspace of X then W is f-invariant if and only if Wt
I8 ( f*)—invariant.
Proof. For all x € X, y €Y we have
(f(2),9), =Dy () (f(2))
= (v (y) o f)(x)
= fV(CDY(y))(x)
= (fY o ®y)(y)(2)
= (@x o f*)(y)(x)
O (f*(y))(x)
= (2, [* (1))

We prove the various properties:
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(a) From the definition f* = &3 o f¥ o @y we see that f* is continuous and additive. Its
linearity is a consequence of the conjugate-linearity of ®x and ®y cancelling each other

out:

F(oy) = 2 (£ (2y (ay)))
= d (f (anY(y)))
=D (Oéfv(q)Y(y)))
= a3 (' (2v(y))
=af*(y)

(b) We have
(z,(F+9) () = {(f +9)(2),v)

((

(f(z)+g(x).y)
(f(x),y) +{9(x),y)
(

(a

z, [ (y)) + (2, 9" (v))
(T +90) W)

(c) See Exercise 4.11.
(d) See Exercise 4.12.
(e) See Exercise 4.13.
(f) See Exercise 4.14.

(g) By Exercise 4.10 we know that for any g € B(X, X):

lgl = sup |{g(z),y)|-

lzl=1=[yl

Therefore

Frefl= s |[{f(f(2)).y)

lzl=1=[y]

= sup [(f(2). f(v))|

lzl=1=[y]

< sup Hf(ﬂf)“Hf(y)H

lzl=1=[y]

(flll}a | f(x) H) (STP Hf(y)H)

= I£1%.

The inequality in the above calculation comes from Cauchy—Schwarz. We note that taking
y = x gives an equality, so that equality of suprema actually holds, and we conclude that

= |f1%.

(h) See Exercise 4.15.
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(i) Suppose W is f-invariant. Let y € Wt. For any x € W we have f(z) € W so that

<l',f*(y)) = (f(x)ay> =0.
As this holds for all x € W, we conclude that f*(y) € Wt so W+ is f*-invariant.

Conversely, suppose W+t is f*-invariant, then by the above

W= (I/VL)l is (f*)* = f-invariant. O

Example 4.17. If H = C" for some n € N with the standard Hermitian inner product and
f+ H— H is a (bounded, automatically) linear map with standard matrix representation
A€ M,(C), then the adjoint f*: H — H has standard matrix representation A, the
conjugate transpose of A.

To see this, let A* denote the standard matrix representation of f* and recall that the
standard Hermitian inner product can be written

(z,y) =7'x,

so that L
ylAx = (Ax,y) = (z, A*y) =y  A*'x for all z,y € C",

SO o B
At=A = A*=A%

For this reason, it is customary to write A* := At

The notion of adjoint leads to certain special types of maps on Hilbert spaces. Let H be a
Hilbert space and let f e B(H,H). We say that

(a) fis self-adjoint if f* = f;
(b) f is normal if fo f*=f*of.

Obviously every self-adjoint map is normal.

Example 4.18. If H =C" for n € N, then a linear map f: H — H is self-adjoint if and
only if its standard matrix representation A is a Hermitian matrix, that is A* = A.

For another example of a self-adjoint map, see Exercise 4.5.

Proposition 4.19. Let f € B(H,H) with H a Hilbert space over C. There exist unique
self-adjoint maps a,b e B(H,H) such that

f=a+1b and fr=a-1b.

Proof. Let

1 * 1 *

a=§(f+f) and b=2—i(f—f),
then

a+ib=f and a—1ib=f*
and
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4.4. Orthonormal bases

Let V be an inner product space. An orthonormal system is a subset S €V consisting of unit
vectors that are pairwise orthogonal, in other words for all x,y € .S we have

0 ifx+y

<l’,y> = 5z,y = {

1 ifx=y.

An orthonormal basis of V' is an orthonormal system B ¢ V' such that Span(B) =V

(Note that if V' is infinite-dimensional, an orthonormal basis of V" is not actually a basis of
V' in the sense of finite-dimensional linear algebra.)

Every Hilbert space has an orthonormal basis, see Exercise 4.6.

Example 4.20. Recall that B = {ejy,ey,...} is a Schauder basis for the sequence space ¢,
that is ¢2 = Span(B). But B is also an orthonormal system:

<6k:7 en) = 5k,n-

So B is an orthonormal basis of ¢2.

Proposition 4.21 (Parseval’s Identity). Let {e,: n € N} be a countable orthonormal system
in an inner product space V. If

[ee) [ee)
T = Z ApCn and Yy= Z ﬁnena
n=1 n=1

then

<~T,y> = Z angn = Z(l’, en) (ya €n>-
n=1 n=1
In particular

[ee]
2] = lawl*.
n=1

Proof. This is straightforward: using the continuity of the inner product, we have

n=1
= Z an(ena y)
n=1
= i Q, (en, i ﬁmem>
n=1 m=1
= Z:lan Zlﬁm<enaem>
= Z angn
n=1

A simplified version of this calculation gives
(r,en) =, and (y,e,)=0, forallneN,

and the statement about the norm of x follows immediately from the above. ]
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Proposition 4.22. Let {e,: n € N} be a countable orthonormal system in a Hilbert space H.
Then

Z Qnen  converges in H if and only if (au,) € 2.

n=1

Proof. The orthonormality of {ey,es, ...} means that for all m <n we have
HOéme +oeet oznenH2 = | + - + oA

Therefore the partial sums (Zﬁle anen) form a Cauchy sequence in H if and only if the partial

sums (Yh [ov,[?) form a Cauchy sequence in F.
The statement now follows from the fact that both H and F are complete. ]

Theorem 4.23 (Bessel’s Inequality). (a) Let V be an inner product space and let {e,: n e N}
be a countable orthonormal system. Then for all x € V we have

2
[, en)|” < ],
n=1

(b) Let H be a Hilbert space and let {e,: n € N} be a countable orthonormal basis. Then for
all x € H we have

(oo}
T = Z(m,en)en.
n=1

In other words, a countable orthonormal basis of a Hilbert space is a Schauder basis.

Proof. (a) Let x € V. Let a,, = (z,e,) for all n e N.

For m e N let
m
Sy = Z Oy,
n=1
Then
m m m m
(x, $m) = Z(x,anen) = Zan(x,en) = Z&n Q= Z |, [2
n=1 n=1 n=1 n=1
and
m m m m m m
”Sm”2 = Z Z(anen?akek> = Z Z anak<ena ek’) = Z anan = Z |04n|27
n=1k=1 n=1k=1 n=1 n=1
so that

= |2[* =z, $m) = (s, 2) + 5

m m m
=[x = 3 lanl? = 3 laal + 3 o
n=1 n=1 n=1
m
=[] = 3 laal?,
n=1

which implies that

m

D lom* < =]

n=1

This holds for all m € N, so the left hand side forms an increasing sequence in m that is
bounded above, hence it has a limit and the limit satisfies the same inequality.
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(b) Given x € H, let o, = (,e,,) and consider the series

(o]
Z Qp€np.
n=1

By part (a) the sequence (ay,) is in ¢2, so by Proposition 4.22 we know that the series
written above converges to some element y € H.

For any k € N we have

(y - x>€k> = Z<$7 €n><€n,€k> - <x7€k> = <$7€k> - <x>€k> =0.
n=1
Therefore
1
y—IE{€1,€2,...} =0
since {eq, ey,...} is an orthonormal basis of H. [

Proposition 4.24 (Gram-Schmidt Orthogonalisation). Let V' be an inner product space and
A =A{v,: neN} a countable subset of V.. Then there exists an orthonormal system S such
that

Span(S) = Span(A).

Proof. Without loss of generality v; # 0 (otherwise we can remove it from A without changing

Span(A4)).
Let
1
Uy = v, €1 =—FU1.
Jua |
Proceed iteratively as follows: given n > 2, if v, € Span{vy,...,v, 1} then remove v, from A

(this does not change Span(A)) and move on to the next element of A. Otherwise let

n-1 1
Up = Up — Z(vn7€k>€ka En =7 Un-
k=1 |

At each step we have
Span({el,...,en}) = Span({vl,...,vn}).
So letting S = {ey,e,...} we have

Span(S) = Span(A).
It is easy to see that S is an orthonormal system. ]

Proposition 4.25. If H is a separable Hilbert space, then H is linearly isometric to £? or to
F" for some n € N.

Proof. Let A ={vy,vs,...} be a dense countable subset of H. Apply Gram—Schmidt to A to
produce an orthonormal basis S for H. Since A is countable, S is either finite or countable.
In the finite case, write S = {s1,...,$,} and define a function f: H — F" by setting

f(sj) =¢; forj=1,...,n

and extending by linearity. Here {ey,...,¢e,} denotes the standard basis of F".
It is clear that f is a bijection, and an isometry since we are mapping an orthonormal basis
to an orthonormal basis.
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In the countable case, write S = {s1, s9,...} and define a function f: H — ¢2? by setting

f(@) = ({z, 50))-

(Note that f(s,) = e,, where {e1,ea,...} denotes the standard Schauder basis of ¢2.)
The fact that f(x) € 2 as claimed follows from Bessel’s Inequality.
Parseval’s Identity

Ja] = f:lux,snnz = @)

implies that f is norm-preserving, hence also injective.
Finally, f is surjective: given (ay,) € 2, we know from Proposition 4.22 that there is some
x € H such that -
x = Z Sy,
n=1

and

() - ({; ozmsm,sn)) = (). 0

4.5. A glimpse of function spaces

We spent some time in the previous chapter studying the set of sequences FY and various
norms that can be put on (subsets of) it:

= {(an) eFN: | (an) e < oo}, “(an)“IZp = Z |a, P for p e Ry,
n=1
0= = {(an) € F": || (an) e < o0}, [(an)lle= = Slip|@n|‘

We have seen that:

o (PG (i for p<q;

all are Banach spaces, that is complete normed spaces;

¢? for p > 1 has Schauder basis {e,: n € N};

(> is not separable;

(ﬁp)vgﬁq if%+§:1andp,qeR>1;

(1) = 0 but 1= (cp) # (¢);

only 2 is a Hilbert space, with inner product

o0
(u,v) = Z Up, U, -
n=1

Of course, a sequence is just a function N — F. We could be bold and replace N with an
arbitrary set X, and consider the set of functions X — [F. This set is an F-vector space, but
for a general X and arbitrary functions, putting a norm (let alone an inner product) on this
vector space seems hopeless.

However, if we restrict our attention to bounded functions:

Bd(X,TF) = {f: X — F: there exists ¢ such that |f(z)| < c for all x € X},

we have
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Proposition 4.26. The set BA(X,F) is a Banach space with respect to the uniform norm
given by
| fllze= =sup|f(z)].
reX

Proof. That Bd(X,F) is a vector subspace of the space of all functions X — F, and that
|- | = is a norm, is straightforward.

It remains to prove that Bd(X,F) is complete.

Let (f,.) be a Cauchy sequence in Bd(X,F). Then for each x € X, (fn(x)) is a Cauchy
sequence in F. As the latter is complete, we can let

f(x) = nh_{noo (fn(x))a

thus defining a function f: X — .
We need to show that the sequence (f,) converges to f with respect to the uniform norm,
that is that
[ fo—=floe —0 as n — 0.

Let € >0. As (f,) is Cauchy, there exists N () € N such that for all n,m > N(g) we have

€
Ifo = Fnlim < =

However, as

[ fo = fml e = sup|fa(2) = fm ()],

this implies that for all n,m > N(¢) and for all x € X we have
5
) = Fu)] <

Now for a given x € X, (fn(x)) — f(x), so there exists M (x,e) € N such that for all
m > M(x,e) we have

(@) = F@)] < .
So for any n > N(g) we can take m = max{N(e), M(x,¢)} and check that
Fal@) = F@) < fal) = f(@)]+ | f(@) = F(@)] < 5.

As this holds for all x € X, we conclude that (f,) — f.
We should also check that f is a bounded function. If z,y € X then

[f (@) = fW)I<1f (@) = fve (@) + [ ne (@) = v W+ ve () = F W)

€ . _ €
< 3 +d1am(1mfN(€)) + 3

which is finite since fy(.) is bounded, and the bound is independent of z and y. O
If X is a metric space then it is natural to consider the subset
Ctspa(X,F) ¢ Bd(X,F)
consisting of the continuous bounded functions.

Proposition 4.27. The subset Ctsyg( X, F) is a closed subspace of BA(X,F), hence a Banach
space with respect to the uniform norm.
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Proof. Suppose (f,) is a sequence in Ctspq(X,F) that converges with respect to the uniform
norm to some f € Bd(X,F). We want to prove that f is continuous.

For this we can reuse the proof that f is bounded in Proposition 4.26, more precisely the
inequality

£@) - F)] < = + o (@) - o )

Since fn(e is a continuous function, there exists § > 0 such that if |v - y| < § we have

|fN(s)(x) - fN(a)(y)| < %7

and finally
[f(z) = f(y)l <e. O

If X is a compact metric space then we can drop the “bd” qualifier from the notation and
simply write Cts(X,F), as all continuous functions X — F are bounded.

Convergence (f,) — fin BA(X,F) (and its closed subspaces) is called uniform convergence.
It is strictly stronger than the notion of pointwise convergence given by

(fn($)) — f(z) inF for all z € X.

Example 4.28. Take f,(z) =2"¢ Cts([O, 1],R). We have pointwise convergence:

0 ifzel0,1)
1 ifz=1.

(fa(2)) — f(x) = {

But we clearly do not have uniform convergence (f,) — f, as (Cts([O, 1],R), | - HLw) is
Banach so f would have to be continuous on [0, 1], which it is not.

There are a lot of continuous functions X — [ even for relatively simple X, e.g. closed
intervals in R. But:

Theorem 4.29 (Weierstral Approximation Theorem). If a <b then

Cts([a,b],R) = Spang ({x” ne 220}),
where x™ stands for the function x — z™ for x € [a,b].

This is often referred to as “polynomials are dense in the space of continuous functions” or
“any continuous function can be approximated arbitrarily closely by polynomials”. There is a
version over C, and there are very wide generalisations.

Proof. There are many proofs of this result. The one we give is constructive, adapted from a
probabilistic argument due to Bernstein.

First note that one can reduce to the case [a,b] = [0,1], see Exercise 4.21.

So let f e Cts([0,1],R). Define for n e N:

fa(2) = éf(k/n) (Z) 2k (1 - z)nk,

Note that, as a function of z, f, is a polynomial of degree at most n. The f,, are sometimes
called Bernstein polynomials. We prove that they converge uniformly to f as n — oo.
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By Exercise 4.22 part (a), in the case where f is the constant function 1, we have

é(g) oF (1-z)" k=1,

so that we can write
Fule) = 1) = 3 (£(kfn) - £ @) (1) (=)
k=0

Let € >0. As f is continuous on [0,1] (hence uniformly continuous), there exists § > 0 such
that for all x,y € [0,1], if [y — x| < 0 then |f(y) - f(x)| < 5. Now break off the above sum for

fu(z) = f(zx) into:
Fule) = @)= S+ 8= X (f(kn) - 5@) (1) o* -0y
ke |k/n—z|<6

2 (f(k/n)-f(@) (Z):z:’“ (1-xz)"*,

k:|k/n-z|>0
For S_s, the continuity of f gives us
E&(n €
Sl < 2 ()kl— k= —
Sal< 5 3 (1) -y =

For S.s, observe that

[F(k/n) = F@)| <[ F(kfn)] < 1F @< 1AL+ 1A =201,

so that

sl 3 ()era-an

k:|k/n—z|>6 k

Combining this with Exercise 4.22 part (d), we have

1£1
S5l < ;
1559 2nd?
so for all n > % we get
|S>5| < %7
and altogether
|fu(z) = f(2)| <€ for alln>% and all z € [0,1]. O
€

We can consider other norms on Cts(X,F) for suitable X. To keep things simple, let’s
restrict to X = [a,b] € R.
For p> 1 and f € Cts([a,b],F), let

1= ([ a) R

The proof that this is a norm is similar to the one for /¢, with the appropriate version of
Holder’s Inequality substituted in.
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Example 4.30. Let f: [-7,7] — R be given by f(z) =sin(z). Then

8
[fle =1, Ifler =4, [fl72=m [fl7: = 3

Just for fun: show that for all n ¢ N

2n-1 _ o2n ((n— 1)!)2

[ £ 15 =2 e
(2n)!

22n—1(n!)2 T

|12 =

One issue is that the space of continuous functions is not complete with respect to the
LP-norms.

Example 4.31. Consider V = Cts([-1,1],R) and define for all n e N:

0 if —1<x2<0
fa(z)=qnz fO0<z<

1 ifl<zgl

It is clear that f, € V for all n. Moreover (f,,) is a Cauchy sequence in V' with respect to
the L'-norm: given ¢ >0 take N € N such that % < ¢, then for all n,m > N we have

a= il = [ @) = @)= 3| <220 L) e L

2nm25m

Suppose V' is complete, so (f,) — f in the L'-norm with f continuous, then

[@ldes [ @) - f@ldes [ - @l
= [ Ufule) - F@)dr — 0 asn— oo

so that each of the three nonnegative summands must converge to 0 as n — oo. This
implies that (given the fact that f is continuous):

]:10|f(x)|dx:0 = f(z)=0for —1<x<0
and )
fo 1-f(x)|de=0 = f(x)=1for0<x<]1.

Here is the contradiction, since f is manifestly not continuous at 0.
So (Cts([-1,1],R), | - [ 1) is not complete.

This state of affairs leaves us no choice but to take the completion of the normed space
(Cts([a,b],F), | - |zr), which results in a Banach space denoted L?([a,b],F). An element of
LP([a,b],F) is therefore an equivalence class of Cauchy sequences of continuous functions
[a,b] — F with respect to the LP-norm.
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There is another way of constructing the space LP([a,b],TF), but it requires the notion of
Lebesgue measure on R and of the Lebesgue integral of real functions:

b
LP([a,b],F) = {f: [a,b] — F: f measurable and | f|z» < oo}, 1f15, = fa |f ()P de.

This is not a normed space because || f|» = 0 for any function that is zero almost everywhere
on [a,b]. We can define an equivalence relation on £P([a,b],F) by setting f ~ g if f—g is
zero a.e. on [a,b], and we let

Lp([a7 b]vF) = ‘Cp([a7 b],ﬂ‘?)/ ~

be the set of equivalence classes.
It is hard not to notice the similarity between the definition of £P and that of /7, so we
may as well also define

L>([a,b],F) = {f [a,b] — F: f measurable and | f|p~ < oo}, | £ Lo =esssup|f(x)]

z€[a,b]

and
Loo([a7 b]vF) = ‘Coo([a’ b]7]F)/ ~

with the same equivalence relation as above.
We have

e as sets, we have inclusions

Cts([a,b],F) € L=([a,b],F) € --- L([a,b],F) € --- € L*([a, ], F);

all are Banach spaces, that is complete normed spaces;

polynomials are dense in LP([a,b],TF) for all p > 1;

LP([a,b],F) for p> 1 and Cts([a,b],F) have Schauder bases, hence are separable;

e L>~([a,b],F) is not separable;
o (L7([a,b].F))" = L9([a,b],F) if L+ 1 =1 and p,q e Ry
o (Ll([a,b],]F‘))v = L>([a,b],F) but L'([a,b],F) is not the dual of a normed space;

only L?([a,b],TF) is a Hilbert space, with inner product

(F.a)= [ 1@)sydr
Let’s take F = C. There is a linear map F: Cts([0,1],C) — CZ given by
F(f)=F= (ﬁl)) where f, = [0162”i"”3f(x) dr for neZ.

The complex numbers f, are called the Fourier coefficients of f. Here CZ = {Z — C} is the
vector space of doubly-infinite sequences

(an)=...,a9,a.1,00,01,0z,...

We can define corresponding sequence spaces (P(Z) and £*(Z) in the obvious way.
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Note that

1 , 1
[ e p@yda < [1f@)de = £,

H}_(f)Hzoo(Z) - Hﬂ‘zw(z) = Snlglg|ﬁz| = S}nglg

so that f e (=(Z) and we can view F as a function Cts([0,1],C) — ¢=(Z). As such, the
inequality |F(f)| <[ f]| we checked above shows that F is bounded, hence continuous. With
some more work, one can show that im(F) < ¢g(Z) (this result is called the Riemann-Lebesgue
Lemma).

The continuous linear map F extends uniquely to a continuous linear map between comple-
tions

F: LY([0,1],C) — co(Z).

One can show that F is injective and

1 1
im (f|Lp([071]7C)) c((Z) where — + — = 1.
p q

In particular, when p = 2 we have
F: L*([0,1],C) — *(Z).

The set {62’”'””6: ne Z} is an orthonormal basis for L2([0,1],C); given f € L?([0,1],C), the
resulting unique expression

f(l’)z i ﬁle%rinx

is called the Fourier expansion of f. Note that the equality is misleading: it means convergence
with respect to the L? norm; it is true that there is pointwise convergence a.e. but this is a
hard result (proved by Carleson in 1966).

For a different example of an orthonormal basis in a separable Hilbert space, consider
H =L%([-1,1],R). We saw above that polynomials are dense in this Hilbert space, so certainly
1,2z,22%, ... is a countable set whose span is dense in H. But it is not an orthonormal basis:

2
(1,1’2) = g +0.

However, we can apply Gram—Schmidt to {1,z,22,...} with respect to the L? norm and get

L\/§$§\/§($2_1)
V2’V 2772V 2 3)7

The elements of this orthonormal basis are called normalised Legendre polynomials.

4.6. Spectral theory for compact self-adjoint maps

In this section we let H be a Hilbert space over C. Since we will deal exclusively with maps
H — H, we simplify the notation to B(H) = B(H, H).
The following result is proved in Group Theory and Linear Algebra:

Theorem 4.32. Let f: V — V be a self-adjoint linear map on a finite-dimensional complex
inner product space V. There exists an orthonormal basis of V made of eigenvectors for f.

We aim to generalise this to the infinite-dimensional setting:
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Theorem 4.33 (Spectral Theorem). Let f: H — H be a self-adjoint compact linear map on
a separable complex Hilbert space H. Then there exists an orthonormal basis of H of the form

{un: 1<ng rank(f)} U {zm: I<mg IIUllitY(f)},

where each u, is an eigenvector of f with nonzero eigenvalue and each z,, is an eigenvector
of f with eigenvalue zero, and

0 <rank(f) :=dimim(f) < oo, 0<nullity(f) := dimker(f) < co.

Moreover, if we order the (finite or countable) set of nonzero eigenvalues of f in such a way
that |\,| is non-increasing, then (\,) — 0 as n —> oo,

But what is a compact linear map? A natural starting point is to consider maps f € B(H)

that have finite-dimensional image in H. We say that such f is a finite rank map.

Example 4.34. Fix m € N and consider f,,: £2 — 2 given by

fm((an))z(%,%,...,%,0,0,...).

Then rank( f,,) = m, as im(f,,) = Span{ey, ..., e, }.

Proposition 4.35. Let f € B(H) for a complex Hilbert space H. The map f is of finite rank
if and only if there exist a finite orthonormal system {u,: 1 <n<m} and a complex matriz
C = (cij) € M, (C) such that

m

f(x) =) eyl uy)u for all x € H.

i.j=1

Proof. The reverse implication is clear: if a finite orthonormal system with the given property
exists, then im(f) € Span{uy,...,u,} is finite-dimensional.

Conversely, let {uy,...,ux} be an orthonormal basis of the (finite-dimensional) image W of
f. Forany x € H, f(x) € W so we have

f(a) - §<f<x>,ui>ui _ iu,f*(umui.

1

Now apply Gram-Schmidt to the set {uq,...,ug, f*(u1),..., f*(ur)} and obtain a finite
orthonormal system {uy,...,u,} for some m > k. In particular, for any i = 1,... k we have

[H(ui) =Y dijuy,
i

so that .
f([E) = Z Cij<x7uj>ui7
ij=1
where

Cij

Cdiy; i<k
o ifisk.
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In Example 4.34 the orthonormal system is {ey,..., e, } and the matrix is
1
1
2
C- 1
L

We let R(H) denote the set of all finite rank maps. It has some interesting properties:
e R(H) is a subspace of B(H), see Exercise 4.28;

o if fe R(H) and ¢g1,92 € B(H) then gy0 fog, € R(H), see Exercise 4.29;
e if fe R(H) then f* e R(H), see Exercise 4.30.
However, in general R(H) is not a closed subspace of B(H):

Example 4.36. Continuing with the setup of Example 4.34, note that the sequence of
finite rank maps (f,,) converges to f: 2 — (? given by

o) (2.

But f certainly does not have finite rank, so R(¢?) is not closed.

We let K(H) = R(H), a closed subspace of B(H). Elements of K(H) are called compact
maps.

Proposition 4.37. A map f € B(H) is compact if and only if f(]D)l(())) is compact.

Example 4.38. The identity map ids, is not compact, since

ide (Dl(o)) =D1(0) =D1(0),

which contains the standard vector e,, for all n € N, thus giving a sequence (e, ) that does
not have any convergent subsequences (because the distance between e,, and e,, is 5nm\/§)

Given f e B(H), we define the spectrum of f to be the set
o(f)= {/\ €eC: f-\idy € B(H) is not invertible}.
The complement of the spectrum is called the resolvent set of f:
p(f)={reC: f-\idy € B(H) is invertible}.
Some things are similar to what we know from the finite-dimensional case:
Proposition 4.39. If X is an eigenvalue of f then A€ o(f).
Proof. There exists a nonzero element x € H such that
f@)=Xx = (f-Xidg)(z)=0
= ker(f-Aidy)#0

= f-\idg is not invertible. O
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If H is finite-dimensional, then all the arrows in the proof are equivalences, so o(f) is
precisely the set of eigenvalues of f.

Other things are very different in the infinite-dimensional case, for instance there are
operators on H that have no complex eigenvalues, like the right shift operator on 2, see Ex-
ercise 4.31.

There is a nice relation between the spectra of adjoint maps:

Proposition 4.40. If f € B(H) for a complex Hilbert space H, then

o(f)={X: xea(f)}.

Proof. Recall from Exercise 4.19 that g € B(H) is invertible if andy only if g* is invertible.
So Aeo(f) iff ()\idH —f) is not invertible iff ()\idH —f)* is not invertible iff (XidH —f*) is
not invertible iff X € o(f*). O

The following result is a useful generalisation of the geometric series identity:
(1-z)(1+z+a?+...)=1 if|z|<l
Proposition 4.41. If f € B(H) satisfies | f| <1 then idy —f is invertible.
Proof. Consider the series in B(H):
> "
n=0

We have | | < | f||* for all n € N, and the series of real numbers Y>>, | f||* converges since
If] <1, so the series Yoo f™ is absolutely convergent in B(H), which is a Banach space,
hence converges in B(H) to some element g. We have

fog=fo§0f”= 2f"=g—idH7

so that go(idy —f) =idy. A similar calculation gives (idy —f)og =idy, so idy - f is invertible
with inverse g. O

Corollary 4.42. For any f € B(H) we have o(f) €Dz (0).

Proof. Suppose A € C satisfies A ¢ D7(0), so [A| > | f||. Then H)\‘lfH <1,s0idy-A"1f is

invertible; let g be its inverse, then
(f-Midg )(-A"g) = (idg A" f)g = id,

and similarly for the composition in the opposite order, therefore f — Aidg is invertible so

Aa(f). 0

In fact (see Exercise 4.33), o(f) is a compact set.
Under the additional assumption that f is self-adjoint, we can say more:

Proposition 4.43. If f € B(H) is a self-adjoint map on a complex Hilbert space H then
o(f) € R, so that

o(f) [ - I£1.1£1]-
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Proof. By Exercise 4.35, for any given A = a +ib € C we have
(4.2) |(f - (a+ib)idy )(x)| > b |2]  forall z € H.

We show that if b+ 0 then f - \idy = f - (a +1ib)idy is invertible.

First of all, Equation (4.2) implies that f — Aidy is injective.

Second, it also implies that im ( f- )\idH) is closed in H, see Exercise 4.34.

Finally, we can apply Equation (4.2) with (f - \idy )* = f—(a—1b)idy and see that this
map is also injective, in other words by Exercise 4.15

im (f - Nidg )" =ker ((f - Aidg)*) = 0.

So im (f - )\idH) is dense in H; since it is also closed in H, it must equal H, so f — Aidy is
invertible. O]

More is true in fact: at least one of the interval endpoints +| f| is an element of o(f).

Example 4.44. Consider the compact map f: ¢> — 2 from Example 4.36:

f(al,aQ,...):(ﬂ a2 )

1727

Then for each n € N, e, is an eigenvector of f with eigenvalue 1/n, therefore 1/n € o(f).
Since o(f) is closed, it must also contain the limit point 0 of these eigenvalues, that is

S::{%: neN}u{O}ga(f).

In fact, we will see now that S = o(f). Suppose A is nonzero and A # 1/n for any n € N.
Then there exists ¢ > 0 such that

‘)\—%>c for all n e N.
Then for any = = (z,,) € £? we have
] oo 1 2 )
[(ide =)@ = X = | el > 2 3 faal? =
n=1 n=1

So
|(Nide2 = f) ()] > ¢ || for all = € (2.

This tells us several things:
e \idyp —f is injective;

e by Exercise 4.15:

im (Aide —f)" = (ker (Aid2 - f))" = H,
SO Im ()\idp —f) = im(/\idgz —f)* is dense in ¢2;

e by Exercise 4.34, im ()\idp -f ) is closed in £?, so with the previous point we conclude
that \idg, —f is surjective.

Hence A ¢ o(f).
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Example 4.45. Fix a bijection ¢: N — [0,1] n Q. Define g: ¢? — (2 by

g(ay,as,...)= (go(l)al,go(Z)ag, . )

For each n € N, e, is an eigenvector of g with eigenvalue ¢(n), therefore

[0,1] = {e(n): ne N} c o(g).

This is actually an equality, which can be proved in a manner similar to Example 4.44.

Example 4.46. If L, R: (> — (? denote the left shift, respectively right shift maps, then
o(L)=0(R)=D;(0).

Solution. First note that L and R are adjoint maps:
(R(2),y) = ) Tl =z, L(y)).
n=1

It suffices to prove that any A € C with |\| < 1 is an eigenvalue of L, which we do below. If
that is the case then certainly

D1(0) = B1(0) € o(L).

As |L| =1, Corollary 4.42 tells us that o(L) =D;(0). From this we conclude by Proposi-
tion 4.40 that o(R) = D;(0).

It remains to prove the claim about eigenvalues of L. As L(e;) =0, we see that A =0 is
an eigenvalue of L.

Now given 0 < [A| < 1, let x,, = \»~! for all n € N. Then x = (x,) # 0 and

o0 o0 1
o = S foal? = S AP =
p= 2l = 2, P =

so z € (2. Finally, L((z,)) = A(2,) so A is an eigenvalue of L. O

There’s much more to be said about spectral theory of operators on Banach and Hilbert
spaces. Some suggestions for continuing to learn about these topics:

e [7, Chapters 6 and 7] give a full treatment of the case of compact operators on Hilbert
spaces;

e the lecture notes [4] and [5, Chapters 14 and 15| give a more sophisticated view, including
results for Banach spaces and for unbounded operators;

e for a more succint discussion of the case of unbounded operators on Hilbert spaces, see
[2, Chapter 4, esp. Section 4.11].
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4.7. Exercises

Exercise 4.1 (tut09). Let (V, (,)) be an inner product space. Prove that the inner
product is a continuous function.

Solution. One way is to use the Polarisation Identity and the fact that the norm is
continuous.

But we can also proceed more directly: suppose (z,,y,) — (x,y), then (z,) — x and
(yn) — y. As (y,) converges, it is bounded, so there exists C' > 0 such that |y, | < C for
all n e N.

Given € > 0, let N € N be such that

£
|y — x| < — and lyn —y| < = for all n.> N.
2C H H
Then
‘(xnayn ‘ ‘ -rmyn x yn> <x7yn> - <$ay)|
‘ -z yn <$ yn_y>‘
<‘ (Tn —x,yn) ‘+‘ (x yn—y)‘
<Nan =2yl + 121 yn -yl
<Ol =] + || lyn -yl
<e.
We conclude that ((zn,yn)) — (z,y). O

Exercise 4.2 (tut09). Let (V,(-,-)) be an inner product space. For any v eV we have

The supremum is in fact achieved by a well-chosen w.

Solution. If v =0 then the equality is obvious.
So assume now that v # 0. By Cauchy-Schwarz we have for all we V:

[(v, w)| < o] fw].

Therefore for all w e V' with |w| =1 we have

[(v, w)| < [lo]]
so that
sup, (v, w)] < Jv]].
To get equality, take w = H 7 v and see that the LHS is indeed [v]. O
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Exercise 4.3 (tut09). Let (V, (-, )) be an inner product space and let R, .S be subsets of
V.

(a) Prove that SnS*=0.
(b) Prove that if R c S then S* c R*.

(c¢) Prove that S ¢ (Sl)i.

(d) Prove that S* = Spa—n(S)l.

Solution.

(a) If x € St NS then (z,s) =0 for all s € .S, in particular (x,x) =0 so x = 0.

(b) Suppose R< S and z € S*. For any r € R we have r € S so (z,r) =0, hence = € R*.

(c) Let se S. For any x € S*, we have

SO S € (Sl)l.
(d) Since S ¢ Span(S) ¢ Spa—n(S), by part (b) we get
Span(S) ¢ S-.
In the other direction, suppose x € S*. For any v € Span(.S) we have
(r,v) = (T, 0181 + -+ + psp) = Ay {x, 81) + -+ Ap T, 5,) = 0.
Now if (v,) —> w € Span(.S) with v,, € Span(.S), we have

(x,w) = (z,limv,) = lim(z,v,) = im0 = 0. O

Exercise 4.4 (tut09). Let (X,d) be a metric space and let S ¢ X. Prove that dgs(z) = 0 if
and only if z € S.

Solution. Suppose 0 = ds(x) = infysd(s, ), then there exists a sequence (s,) with s, € S
and d(s,, ) — ds(z) =0, s0 (s,) —> z,s0 T € S.
Conversely, if x € S then there exists a sequence (s,) — x, S0

ds(x) = insfdg(x) < inlgd(sn,a:) =0. O

Exercise 4.5. Let (a,) be a decreasing sequence of non-negative real numbers. Consider
f: 2 — FN given by
f(x) = (alxl,@mg, e Ap Ty, .. )

(a) Prove that the image of f is contained in ¢2 and that f: {2 — ¢? is linear and bounded.
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(b) Find the norm | f].
(¢) Show that f is self-adjoint.

Solution. (a) We have

o0 o0
[f(@)|% = 3 an|enl® < af Y faal® = af | 2|,
n=1 n=1

so if z € £2 then f(x) € (2.

It is straightforward that f is linear. It is clear that f is bounded from the inequality
above.

(b) We have
[f] = sup [ f(2)] <

|=f=1
from the previous part.

Taking x = e; = (1,0,0,...) we have |le;|| =1 and f(e1) = (a1,0,0,...) so |f(e1)| = a1,
therefore | f| = a;.

(c) We have
(f(x)ay) = Z p Tn Yy = Z Tn (anyn) = <x>f(y)>7
n=1 n=1
where we used the fact that a,, € R for all n € N. O

Exercise 4.6. Every nonzero Hilbert space H has an orthonormal basis.
[Hint: Use Zorn’s Lemma (Lemma 1.3) and mimic the proof of the existence of bases for
arbitrary vector spaces (Theorem 1.2).]

Solution. Let X be the set of all orthonormal systems in H. This is a poset under inclusion
(it is the restriction of the poset structure on the power set of H to subsets of H that are
orthonormal systems). It is nonempty: if y is any nonzero element of H, let u = H_;H y, then
{u} e X.

Let C' be a nonempty chain in X, in other words C = {S;: i € I} where each S; is an
orthonormal system, and for any ¢,j € I we have S; ¢ S; or S; € S;.

Let
S = USz

i€l
If s,t €S, then there exist ¢, j € I such that s € S; and ¢ € S; € S; (without loss of generality).
Since s,t € .5; and S; is orthonormal, we get that

0 ifs+t
<s,t>:{ 7

1 ifs=t.

So S is orthonormal, hence is an upper bound for the chain C.

By Zorn’s Lemma, X has a maximal element B. Let Y = Span(B). If Y = H then B is
an orthonormal basis for H and we are done.

So assume that Y # H. Since H is a Hilbert space and Y is a closed subspace we have

H=YeoY*
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so that Y+ # 0. Let z € Y* be a nonzero element and let u = H71H z. Then Bu {u} is an
orthonormal system (since u is a unit vector and it is in Y'*, hence in B*') that strictly
contains B, contradicting the maximality of B. ]

Exercise 4.7 (tutl0). Let V be a normed space and ¢,1¢ be commuting projections:
po=1op. Prove that p o1 is a projection with image im ¢ Nnim1).

Solution. We know that the composition of continuous linear maps is continuous linear, so
this is true for ¢ o). To conclude that it is a projection, we need to compute its square:

(povp)o(pory)=(pop)o(torp)=por,

where it was crucial that ¢ and 1) commute.
For the statement about the image, note that w € im (gp o w) if and only if there exists
v e V such that

w=p(¥(v)) =(e(v)),

which implies that w € impnimy. So im (gp ° w) Cimenima.
Conversely, suppose w € im¢ Nnim1, then there exists v € V' such that w = ¢ (v). But
w €imy and ¢ is a projection, so that

w=p(w) = p(v(v)) eim (o). O

Exercise 4.8 (tutl0). Let ¢ be a nonzero orthogonal projection (that is, ¢ is not the
constant function 0) on an inner product space V. Prove that |¢| = 1.

Solution. We know that (im go)l = ker . For any x we have

oz -p(2)) = p(x) - Y*(2) = p(z) - p(z) = 0,

so x — p(x) € ker p. Therefore

(z,0(2)) = [o(@)]* = {z - ¢(2), o(2)) =0,

le(@)[* = (2, () < =] |0 (2)]

by the Cauchy—Schwarz Inequality. Hence [¢(z)| < ||z for all z, hence |¢|| < 1. However
for € im ¢ we have p(z) = x so ||p(x)| = |z| and we conclude that |¢| = 1. O

Exercise 4.9 (tutl0). Let S be a subset of a Hilbert space H. Prove that Span(S) is
dense in H if and only if S* =0.

Solution. If St =0 then
Span(S) = (b”)l =0*=H.

Conversely, if S is dense in H then

S* = Span(S) = H* =0. O
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Exercise 4.10 (tutl0). Let V, W be inner product spaces and let f € B(V,W). Prove that

Ifl= sup  [(f(v),w)wl.

[vflv=[wlw=1
[Hint: Use Exercise 4.2 which says that |[v] = supy,,-; (v, w)]]

Solution. Recall from Exercise 4.2 that

|u|w = sup | u w)W‘ for all u e .
lwlw=1

Setting u = f(v) for some v e V', we get

| f()|w = sup | w)w| for all ve V.
[w]w=1
Therefore
1fl= sup [f)lw=sup |(f(v), w)wl. O
lvflv=1 [vv=[wlw=1

Exercise 4.11 (tutl10). Recall that the adjoint f*: Y — X of a continuous linear map
f: X — Y of Hilbert spaces satisfies the property

(f(:v),y)y:<x,f*(y))x forall z e X,yeY.
Prove that for all a € IF we have
(af) =af”.
Solution. We have

(z,(af) (v) = {(af)(2),y)
a(f(x),y)
alz, f*(y))

(z,af*(y)) [

Exercise 4.12 (tutl0). Given continuous linear maps g: X — Y and f: Y — Z of
Hilbert spaces, prove that

(fog) =g"of
Solution. We have

(z,(fo9) () =((fog)(x),y)
f(9(2)),v)

(
(
{g(2), f*(v))
(.9
(

2,9 (f*()))
:c,(g o f)(w)). O
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Exercise 4.13 (tut10). Prove that for any Hilbert space X we have
idy =idx .

Solution. Tautological:
(ldX(x)ay):(xay):(xald){(y)> u

Exercise 4.14 (tut10). Prove that for any continuous linear map f: X — Y of Hilbert
spaces, we have

(/) =f
Solution. We have
(. (£) ) = (£*(2).9)
= (y, /*(2))
= (f(y), )
= (=, f(v)). O

Exercise 4.15 (tutl0). Let f: X — Y be a continuous linear map of Hilbert spaces.
Prove that

ker(j‘"*)z(imf)L and im(f*)z(kerf)%
Solution. We have
e(imf)L — y 1 f(x) for all z € X
<~ (f(2),y)=0 forallzeX
= (z,f*(y)) =0 for all z € X

— ["(y)=0
<= yekerf*.

From this and Exercise 4.14 we have

1

kerf:ker(f*)* = (imf*) ,

so that . N
(kerf) :((imf*)) =im f*,

where the last equality comes from Corollary 4.13. ]

Exercise 4.16 (tut10). Consider the function g: 2 — F given by

g(w) = f:—;‘

(a) Find y € ¢2 such that
g(z) =(z,y) for all x € (2.
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(b) Deduce that g is linear and bounded and find its norm |g|.
. : 1o
[Hint: You may use without proof the fact that ) — = %]
n=1"

Solution. (a) Setting y = (y,) with

1
Yn = ﬁv
we certainly have for all x = (xz,,) € ¢2:
oo _ o0 xn
(SC,y) = anyn = Z ) = g(CC)
n=1 n=1T

We should check that y € £2:

o © 1 7t
Iyl7 = nZlyZ = 1750

n=1

(b) From the previous part we know that g = yV, so certainly g is linear and bounded. We

also have
2

— VI = ) = :
ol =1ly"1 = Iyl = 5=

as we have seen in the previous part.

Exercise 4.17 (tutll). Let f e B(H,H) with H a Hilbert space. Then the maps

p=frof —and  s=f+["
are self-adjoint.

Solution. Since f is continuous, the adjoint f* is continuous, so the composition p= f*o f
and the sum s = f + f* are both continuous.
Then

fro(f) =fof=p
Frr(f) =f+f=f+f=s O

p =(fof)
s =(f+ 1)

Exercise 4.18 (tutll). The composition of two self-adjoint maps f, g on a Hilbert space
is self-adjoint if and only if the maps commute.

Solution. We have

(f(9(2)),y) = {g(x), F(y)) = (x,9(f(¥)))

by the self-adjointness of f and g.
So f o g is self-adjoint if and only if go f = f o g, as claimed. ]
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Exercise 4.19 (tutll). Let f € B(H,H) with H a Hilbert space. Suppose that f is
invertible with continuous inverse. Then the adjoint f* is invertible and

(F) "= ()"
Solution. We want to prove that

*

(f—l)*of*:idH:f*o(f—l) )
We have for all z,y € H:

(z.(F) (W) = (@), ) = (F(f (@) 9) = (x,y)

implying that ( f *1)* o f* =idy, and similarly for the other composition. [

Exercise 4.20 (tutll). Let B be an orthonormal system in a Hilbert space H. Prove that
B is an orthonormal basis if and only if:

for every x € H, if (z,y) =0 for all y € B, then x = 0.

Solution. By definition, B is an orthonormal basis if and only if Span(B) = H. So given
x € H we have

(x,y)=0 forallye B <= =xe¢B*
< ¢ Span(B)l

and
r=0 <= xeH*

hence the required statement. O

Exercise 4.21 (tutll). Suppose that the Weierstra$ Approximation Theorem (see Theo-
rem 4.29) holds for the interval [0, 1].

Prove that the Theorem holds for any closed interval [a,b] with a < b.

[Hint: Find a polynomial function of degree one ¢: [0,1] — [a, b] that is surjective and
use it and its inverse to move between functions on [0, 1] and functions on [a, b].]

Solution. Consider ¢: [0,1] — [a,b] given by
o(x) =(1-x)a+ xb.

It is clearly continuous and has inverse ¢: [a,b] — [0, 1] given by

W(y) =2

—-a
b-a’

also clearly continuous.
Now if f € Cts([a,b],R), then fop e Cts([0,1],R), so there is a sequence of polynomials
(pn) with p,: [0,1] — R that converges to f o ¢ in the uniform norm.

150



MAST30026 MHS

Let g, = p, o ¥; as the composition of polynomials, it is a polynomial ¢, : [a,b] — R.
We have

lgn = £ = Sup 9. () = f(y)]

ye[a,b]

= sup |pa(v(y)) - f(y)|

ye[a,b]

= sup P (V(0(2))) = f(p(x))]

= sup |pn(z) - f(e(x))]

z€[0,1]
=|pn—fop|—0 as n — oo. O

Exercise 4.22 (tutll) We investigate properties of the Bernstein polynomials for the
functions 1, 2,22 on [0, 1]. These are used in the proof of the Weierstral Approximation
Theorem (see Theorem 4.29). Prove that for any x € R and for any n € Zyq we have

B () o
) 2k (p)at 12y =na
i () 28 (1-2)"* =n(n-1)2? + na;

1
n)xk( o)< for all §>0,

(d) 2 .

k:|k/n-z|26 (

1
[Hint: For (b), note that k (k) (Z 1)

For (c), start by showing that Z k(k-1) (kz) o8 (1-2)"* =n(n-1)z%

k=0
For (d), use the fact that 6% < (z - k:/n)2 for all k such that |k/n —z| > J, so that the sum
in question is bounded above by " (z - /’f/n)2 (Z) ok (1-2)" k]

k=0

Solution. (a) This follows from the binomial theorem:

1=(z+(1 —x))n = zn: (Z) ok (1-z)"*.

k=0

(b) As hinted, we have
k(n)_kn-(n—l)!_ (n-1)! :n(n—l)'

BT R0k G- D)D) - (-D) k-1
Therefore
Zz: () (L-a)"* = in(z:i)l’k(l—x)"kznxg(n;l)xj(l—x)"lj:nx,

where we used the substitution j = k-1, and at the end the result of the previous part.
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(c) Tterating the previous part a second time, we have

() n(;7)

after which we evaluate

Stk (1) = =m0 5 (") o (=0 (- )

and finally conclude by combining this with the result of the previous part.

(d) Starting with the hint:

52 Z (Z) oF (1-2)"F < (m - k:/n)2 (Z) oF (1 - x)" "

k:|k/n-z|>6 k=0
n 2 1
= Z(xz——xk+—2k2) (n)mk(l—x)”_k
frard n n k
2 1
. R —(n(n-1)2? + nz)
n n
_x(l-x)
o
1
<—.
4dn

Along the way we used the results of parts (a), (b), and (c), together with the easy
fact that the global maximum of z(1-z) for z € [0,1] is 1/4. O

Exercise 4.23 (tut11,2010). For each n € N define f,: [0,1] — R by

2

fn(x) =

1+nz

Convince yourself that each f,, is continuous.
Find the pointwise limit f of the sequence ( fn) and determine whether the sequence
converges uniformly to f.

Solution. We know that 2?2 is continuous on [0, 1] and 1+ nz is continuous and nonzero on
[0, 1], so their quotient f,, is continuous on [0,1].
At z =0 we have f,(0)=0so f(0)=0.
If 2 € (0,1] then
2 1

x
‘fn(x)’:1+nx< 1+nx_>0 wn e

so f(x) =0 for all z € (0,1].
So the pointwise limit is the constant function 0 on [0,1].
To check whether the convergence is uniform we look at

[fo = £ = 1fnll = sup [fu(2)= sup

z€[0,1] z€[0,1] 1+ TLSL"

)
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As [0,1] is compact, f, attains its supremum as a global maximum on [0, 1]. Since f, is
differentiable on (0,1) we can use its derivative to look for local maxima:

~x(nw +2)
- (1+nz)?’

()

and since nx +2 >0 on [0, 1], the maximum must occur at one of the boundary points:

1
LO0)=0  md (1)
SO .
Ifull = 1
This converges to 0 as n — oo, so (f,) —> f uniformly. ]

Exercise 4.24 (tut11,2011). For each n € N define f,: [0,1] — R by

n

1

i
1+zn

fn(x) =

Convince yourself that each f,, is continuous.
Find the pointwise limit f of the sequence ( fn) and determine whether the sequence
converges uniformly to f.

Solution. Both 1 — 2" and 1+ z™ are continuous, and 1+ 2™ is nonzero on [0,1], so their
quotient f,, is continuous on [0, 1].
Note that at z =1 we have f,(1) =% =0, so f(1) =0.
But if x <1 then (2") — 0 as n — oo, so that
1-an 1

—)—:]_7
1+2zm 1

fa(T) =

and so f(z)=1. In summary:

1 if0g<x<l
f(x)"{o if =1,

As the f,, are all continuous, so if (f,) — f uniformly then f would be continuous. Since
that is not the case, the convergence is not uniform. ]

Exercise 4.25 (2013). For each n € N define f,,: [0,1] — R by

na?

fn(x) =

1+nz

Convince yourself that f,, is continuous.
Find the pointwise limit f of the sequence ( fn) and determine whether the sequence
converges uniformly to f.

Solution. This is very similar to Exercise 4.23 so I'll just summarise the differences.
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The pointwise limit is given by

2 2

f.(2) nx x x
n ) = = e =X as n — OO’
l+nz L4z 0+
so f(z) =z for all z €[0,1].
The uniform norm of f,, — f is given by
R t_ Ly
n=fl =1 = su = — as n — oo,
1+nx xe[oﬁ]lJrnx 1+n
so the convergence is uniform. O]

Exercise 4.26 (tut12). For n € N, consider the function f,: [0,2] — R defined by

n?x ifOs:cé%
fa(x)=3-n?(z-2) iflcag?
0 if 2<x<2

(You might want to graph fi, fa, f3 to get a feel for what the functions look like.)
Find the pointwise limit f(z) of (f,(z)) for all z € [0,2].
Show that (f,,) does not converge to f with respect to the L! norm.

Solution. The pointwise limit is the constant function zero.
We have | f,|z1 =1 for all n € N, so (f,,) does not converge to f with respect to the L!
norm. O]

Exercise 4.27 (tut12). Given a subset S ¢ [0,1], let 15: [0,1] — R denote the charac-
teristic function of S, that is
1 ifzxeS
15(.%) = {

0 ifx¢sS.

Consider the sequence of functions (g, ) defined as follows: write n € N in the form
n=2%+¢, k,leZs,0< <2,

then define g,: [0,1] — R by
In = Ligpar (e+1)2%]-
(You might want to graph g, ..., gs to get a feel for what the functions look like.)

Show that (g,) converges to the constant function zero with respect to the L! norm, but
that (gn(x)) does not converge for any x € [0, 1].

Solution. Note that 2F <n < 2k*1 5o that we have

1 2
||gnHL1:2_k<E_’O as n — oo,
0 (gn) — 0 with respect to the L' norm.
However, for any = € [0,1] there are infinitely many values of n for which g¢,(z) =0
and infinitely many values of n for which g,(x) = 1, which means that (gn(x)) does not
converge. (]
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Exercise 4.28 (tut12). Let R(H) denote the set of all maps f € B(H) of finite rank on a
complex Hilbert space H.
Prove that R(H) is a vector subspace of B(H).

Solution. The constant zero map is certainly of finite rank.
If f,ge R(H) then im(f) and im(g) are finite-dimensional subspaces of H. Therefore
im(f)+im(g) is a finite-dimensional subspace of H, and certainly im(f+g¢) € im(f)+im(g).
If fe R(H) and a € C then im(af) € im(f) is finite-dimensional. O

Exercise 4.29 (tut12). Prove that if f € R(H) and g1, g2 € B(H) then gyo fog; € R(H).

Solution. Clearly im(f o ¢;) €im(f) is finite-dimensional.
On the other hand, ¢, o f has a finite-dimensional domain, hence a finite-dimensional
image. ]

Exercise 4.30 (tut12). Prove that if f € R(H) then f* € R(H).
[Hint: Use Proposition 4.35.]

Solution. By Proposition 4.35 we have, for all z,y € H:

m

(F().y) - (

Cij('ra u’j)“’i) y>

~

,j=1

Cij<xv uj)(“l’? y)
(z, ¢ {y, wi)uy)
cij{y, Ui>uj> ;

from which we conclude that

[ ) =Y @y, wi)u; for all y € H,

2,7=1

so f* has finite rank. ]

Exercise 4.31 (tutl12). Recall the right shift operator R: (2 — (2
R(ay,as,...)=(0,a1,as,...).

(a) Prove that R has no complex eigenvalues.

(b) Prove that 0 € o(R).

(c) Is R a compact map?

Solution. (a) Suppose

(O,CLl,CLQ,...):R(al,ag,...)=)\(CL1,CL2,...),
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then Aa; =0, so either A = 0 implying that a; = ay =---=0; or a; = 0 which implies that
as =0, and so on. In both cases the alleged eigenvector is actually the zero vector.

(b) It is clear that R is not surjective, hence not invertible, so 0 € o(R).

(¢) No, for the same reason that id, is not compact: R(D;(0)) contains {es, €3, €y, ... },
hence a sequence that has no convergent subsequences. O

Exercise 4.32 (tut12). Let H be a complex Hilbert space and let
GL(H) = {f e B(H): fis invertible}.
For f e GL(H), prove that
B,.(f) < GL(H) where 7 = Hf_lH_l.
[Hint: Given g € B,.(f), consider ¢ := —f~to (g — f) and use Proposition 4.41 to show that

idy —i is invertible.]
Conclude that GL(H) is an open subset of B(H ).

Solution. Take g € B,(f), then |g— f| <r. Let i=—f~1o(g— f), then
lil =1f o g= DI <1 g = fl<fr=1,
so by Proposition 4.41 we get that idg —i is invertible. But then
fo(idy-i)=fo(iduy+fTo(g-f))=f+9-f=g

so ¢ is the composition of two invertible maps, hence is itself invertible. ]

Exercise 4.33 (tut12). Prove that the spectrum of any f € B(H) is a compact set.
[Hint: Use Exercise 4.32 to show that the resolvent p(f) is an open subset of C, then
use Corollary 4.42.]

Solution. Consider the map Fy: C — B(H) given by
Ff()\) = f— )\ldH

This is a continuous function (check this!), and p(f) = Ff‘l( GL(H )) is an open subset of C,
hence o(f) is a closed subset of C. But by Corollary 4.42 o(f) is a subset of the compact
disc (sic) Dyz(0), so it is compact. O

Exercise 4.34 (tut12). Let V,W be normed spaces, with V' Banach, and let f e B(V,W).
Suppose that there exists a constant ¢ > 0 such that

1f()|lw = cllv|v for all v e V.

Then im(f) is a closed subspace of W.
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Solution. Let w e W and let (v,) be a sequence in V' such that (f(vn)) — w in W. We
need to prove that w € im(f).
For all n,m € N we have

1f () = f(om) lw = [ f (v = vm) [w 2 ¢ |vn = v v

But the sequence ( f (Un)) converges, hence is Cauchy in W. Therefore the above inequality
says that the sequence (v,) is Cauchy in V. As V' is Banach, we have (v,) — v € V. Since
f is continuous, we have w = lim f(v,) = f(v) and w € im(f). O

Exercise 4.35 (tutl12). Let f € B(H) be a self-adjoint map on a complex Hilbert space H
and let a +1b e C. Prove that

|(f = (a+ib)ide )(@)| > ol 2] for all z e H.

[Hint: Expand |(f - (a+ib)idy)(x)|? using the inner product, take advantage of f* = f,
and manipulate until you get a sum of two squares, one of which is b?|z|?.]

Solution. We follow the hint:

|(f = (@+ibyidy )|* = ((f - (a+ib)idy ) (), (f - (a+ib)idy )(x))
f=(a+ib)idy ) (), (f —(a—@'b)idH)*(x))
f=(a—ib)idy )(f - (a+ib)idy ) (), z)

(
=((
(
((f aldH)2 +b? 1dH)(x) )
(f-
=1(f -

Exercise 4.36 (2013). Let (X, dx) and (Y, dy) be metric spaces and let (fn) be a sequence
of bounded functions f,: X — Y (that is, im(f,,) is a bounded subset of ¥ for all n € N).
Prove that if ( fn) converges uniformly to a function f: X — Y, then f is bounded.

Solution. For any n € N, there exists (), > 0 such that
dy (fn(z), fu(z")) < Cy for all z,2" € X.
Since (f,,) — f uniformly, given € = 1 there exists N € N such that for all n > N we have
dy (fn(x), f(x)) <1 for all z e X.
Therefore, given any x,x’ € X we have

dy (f(x), f(2")) <dy (f (), fn (@) +dy (fn (), fn (@) + dy (fn(27), f(2")) <1+ Cp + 1.

We conclude that f is bounded. O
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Exercise 4.37 (2010). Consider the Hilbert space ¢? of square-summable complex sequences

(&1, asz, ... )
Let ()\n) be a bounded sequence of complex numbers and define T': £2 — (2 by

T(al, ag, ... ) = ()\1&2, /\2@4, ey )\nagn, Ce )
(a) Show that 7" is a bounded linear operator.
(b) Compute the norm |7T°|.

(¢) Find the adjoint operator T*.

Solution. Let A = (\,;). As it is bounded, |A[ g~ < oo.

(a) Linearity of T is straightforward. For the boundedness let a = (a,,) € ¢, then
o0 2 o0
IT(@)IZ = 3 [naza| < |7 3 lazal < XI5 lall%.
n=1 n=1

(b) From part (a) we see that
171 < A e

We claim that this is actually an equality. Note that T'(ea,-1) = 0 and T'(e2,) = \nén,
where {e,: n € N} is the Schauder basis of (2.

Let € > 0. Since ||A[s~ = sup,, |\n|, there exists n € N such that |\,| > ||A|s~ — . Then

IT(ean)]
JZCeadl _ 1y 15 jafm -,
lean]
so we conclude that T
Al = sup LZ@L_ 7y
Tl

(¢) For a=(a,),b=(b,) € {? we have

(T(a),b) = i Aniznb = i a (v b)) = {a, T (1)

where

T*(b): (07X1b1,0,X2b270,...). O]

Exercise 4.38 (2013). Consider the Hilbert space ¢? of square-summable real sequences
(CLl, ag, . .. )

Define 1: /2 — R by

oo

w(al,az,...): Zg—:

n=1
Find a vector v € 2 such that ¢ (x) = (x,v) for all x € (2.
Use this to compute [].

Solution. Consider the sequence v = (1/2"). We have

> 1 1 1

2
5 = _— = —]_:—7
HUHK 7;2271 1_% 3
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so v € (2. Tt is clear that 1 (x) = (z,v) for all z € (2.
We also know from the Riesz Representation Theorem that

[l = lvl =

e

Exercise 4.39 (2011). Prove that the sum of two compact self-adjoint linear operators is
compact and self-adjoint.

Solution. Let f,g be compact, self-adjoint linear operators. Let h = f + g. It is clearly
self-adjoint:

h=(f+g9) =f"+g"=f+g=h
Since f is compact, we have (f,,) — f where each f, has finite rank. Similarly, (g,) — ¢
with each g, of finite rank. For n € N, let h, = f,, + g,. Then im(h,) € im(f,) +im(g,),
which is finite-dimensional since each of im( f,,) and im(g,) is finite-dimensional. So h,,
has finite rank. Finally, by continuity of addition:

lim h, = lim f,+ lim g,=f+g=h,

n—oo

hence h is compact. O

Exercise 4.40 (2013). Let X = Cts([0,1],R) be the Banach space of continuous functions
f:10,1] — R with the supremum norm.

Define ¢: X — R by ¢(f) = f(0) for all fe X.

Prove that ¢ is a bounded linear functional.

Solution. It is clear that ¢ is linear:

o(f+9) =(f+9)(0)=f(0) +g(0) =o(f) + ¢(9)

and
o(af) = (af)(0) = af(0) = ad(f).
It is also clearly bounded:

(NI = 1O <[ 1],
as | f|| is the supremum of |f(z)| for = € [0,1]. O

Exercise 4.41 (ps02). We explore the Hilbert Projection Theorem when V' is a Banach
space but not a Hilbert space.

(a) Let V =R? with the /!-norm, that is
”(l’l,l‘g)H = |ZL'1| + |l‘2|

Let Y =B;(0), the closed unit ball around 0. Find two distinct closest points in Y to
r=(-1,1)eV.

(b) Can you find a similar example for V' = R? with the ¢*°-norm:

H(xl, xg)H = max{|a:1|, |x2|}?
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(c¢) Let V be a normed space and Y a convex subset of V. Fix z € V. Let Z cY be the
set of all closest points in Y to z. Prove that Z is convex.

Solution.

(a) Let y = (y1,92) €Y, then d(y,0) < 1.
Note that d(z,0) = 2. By the triangle inequality

d(z,y) +d(y,0) > d(x,0) = d(x,y) > d(z,0) -d(y,0) >2-1=1.

Since this holds for all y € Y, we have dy (z) > 1.

But there are (uncountably many) points of Y at distance 1 from z: take any point
y = (y1,y2) on the line segment joining (-1,0) to (0,1), then y, = y1 +1 with -1 <y; <0
and
d(z,y) == 1=yl +[pl=1+y -y = 1.
We conclude that dy(x) = 1 and all the points on that line segment are closest points
to x.
(b) We can recreate a similar scenario for the /*-norm on V' =R? by taking Y = B;(0) and
x =(2,0), for instance.
The same argument as in (a) gives us dy (x) = 1 and every point on the line segment
joining (1,-1) to (1,1) is at this distance from z.
(c) (Let’s note that the conclusion definitely holds for parts (a) and (b), as well as in the
Hilbert case covered by the Projection Theorem.)
Let D =dy(x).
If Z is empty it is certainly convex.
Otherwise let 21,29 € Z and let a € [0, 1]. Consider y = az;+(1-a)zy. Since 21,20 € Z CY
and Y is convex, we have that y € Y. We have
d(y,x) =|y-z| = Ha21 +(1-a)z - xH = Ha21 —ar+(l-a)z-(1- a)xH
= Ha(zl —x)+(1-a)(z - ZL‘)H < Ha(zl - :B)H + H(l —a)(z —:B)H
=a|z1—z|+(1-a)|zz—x||=aD+(1-a)D =D.

So d(y,x) < D, but also d(y,xz) > D = dy(x), so we must have d(y,z) = D and
yes. [

Exercise 4.42 (ps02). Let H = ¢? over R and consider the subset
W:{yz(yn)eézz yn 2 0 for allneN}.
(a) Prove that W is a closed, convex subset of H. Is it a vector subspace?

(b) Find the closest point Yy, € W to

e () (14

and compute dyy (z).

1
[Hint: You may use without proof the identity »_ —=—
n=1 T
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Solution.

(a) If y,z € W and a € [0,1] then ay + (1 —a)z = (ayn +(1- a)zn) and it is clear that
ay, + (1 -a)z, >0, so W is convex.
To show that W is closed we note that

W= m,'([0,00)),

neN

where 7,: 2 — R is given by Wn((&n)) =a,. We've seen in Exercise 3.19 that m,, is
continuous, so since [0, 00) is closed in R, W is the intersection of a collection of closed
subsets, hence it is closed.

Not a vector subspace because not closed under multiplication by -1 € R.

(b) Let y = (y,) € W, then

s (D"
x - = —— —Yn
ol = 32|
1 2 1 2
= —— —UYn + — —UYn
n%czld n Y n;/:en n Y
1 2 1 2
= Z —+Yn| T Z — ~Un
nodd!T n even
Note that since ¥, > 0:
1 2.1
if n is odd then ’— +Un| 2 —
n
1 2
if n is even then ‘— Yol 20
n
Putting this together with the previous result, we get
1
d(z,y)’ =z -y|?> ) —.
nodd T
As this holds for all y € W, we get that
1
nodd T

But following the calculations above it is easy to put together an element Y, = (y,) € W
that achieves this lower bound:

~ % if n is even
Yn = 0 if nis odd.

Finally, to compute dy (), note

I IR WL M iR W

hence
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Exercise 4.43 (2011). Consider the Hilbert space ¢? of square-summable complex sequences
(a1, asg,...).

You may assume that the subset S = {ey,es,...} with e; = (1,0,0,...), e2 =(0,1,0,...),
..., 1s a Schauder basis for £2.

Let T': /2 — (2 be a linear operator.

(a) Show that T is a bounded linear operator if and only if the sequence (|T'(e,)]) is
bounded.

(b) If
T(ej) = Z Cjn En,
n=1

give a condition on the coefficients cj,, that is necessary and sufficient for 7' to be
self-adjoint.

Solution. TODO O
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At the moment, this is just a disorganised pile of miscellanea.

A.1. Set theory

Theorem A.1 (Schréoder—Bernstein). If A and B are sets and f: A— B and g: B— A
are injective functions, then A and B have the same cardinality (that is, there exists some
bijective function h: A — B).

Proof. 1f g(B) = A then g is bijective so we can take h = g~
Otherwise, let X; = A\ g(B). Define X, = g(f(Xl)), and more generally

X = 9(f(Xn1)), for n > 2.

Let
X = U X,.

neN
This is a subset of A with the property that

(A.1) g(f(X)) = U g(f(Xn)) = U X

neN neN

If ae AN X, then a ¢ X; = A\ g(B), therefore a € g(B). As g is injective, there is a unique
b e B such that a = g(b), in other words, g~!(a) = {b}.

This means that
fla) ifaeX
h(a)=1{"_, .
gl(a) ifacANX

gives a well-defined function h: A — B.
Let’s check that h is surjective. If be f(X), then b= f(a) = h(a) for some a € X and we
are done. If b ¢ f(X), then as g is injective, g(b) ¢g(f(X)). By Equation (A.1), we have

neN

We also have g(b) € g(B) so g(b) ¢ X1 = A~ g(B). Therefore

g(b) ¢X :XIU U XTL+17

neN

so setting a = g(b) we have

h(a) =h(g(b)) =g '(g(b)) =b.

Finally, we check that h is injective. Suppose h(a;) = h(az). There are three cases to
consider:
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e a; € X and ay € AN X (or vice-versa). This cannot actually occur: if h(a;) = h(ay) then
f(ay1) = g7t(az), so that

az = g(g7"(a2)) = g(f(ar1)) e g(F(X)) € X,
contradiction.
e aj,as € X, then f(ay) = f(az) so a; = as by the injectivity of f.

e aj,a3 € AN X, then g7'(ay) = g7 (az) so a; = ay by applying g. O

A.2. Linear algebra

Unless specified otherwise, we use F to denote an arbitrary field.
For vector spaces V', W over [F, we write

Hom(V, W) ={f: V — W: f is a linear transformation}.

Example A.2. Prove that Hom(V, W) is a vector space over F.

[Hint: You may use without proof the fact that for any set X and any vector space
W over F, the set Fun(X,W):={f: X — W} is a vector space over F with the obvious
vector space operations.]

Solution. We apply the Subspace Theorem.

e The zero vector of Fun(V, W) is the constant function 0: V' — W given by 0(v) =
0e W for all ve V. We check that this is a linear transformation:

O(Ul +1)2) =0=0+0= O(Ul) + 0(’02)
0(Av)=0=X0=X0(v)

e Suppose f1, fo € Hom(V, W), then both are linear transformations. Their sum in
Fun(V, W) is the function (fy + f2): V — W given by (f1 + f2)(v) = fi(v) + fa(v).
We check that this is linear:

(fi+ f2) (v +v2) = fi(vr +v2) + f2(v1 +v2)
= fi(v) + fi(v2) + fo(v1) + fo(v2)
= (fi+ fo)(v) + (f1 + f2)(v2)
(fi+ f2) (W) = fi(Av) + fa(Av)
= Af1(v) + Afa(v)
= A(f1+ f2)(v).

So (f1+ f2) e Hom(V,W).

e Suppose f € Hom(V,W) and A € F. We get the function (A\f): V — W given by
(Af)(v) = Af(v). We check that this is linear:

(Af)(v1 +v2) = Af(v1 +v9) = Af(v1) + Af (v2) = (Af)(v1) + (Af)(v2)
(Af) () = A f(pv) = Apf(v) = p(Af)(v).

So (Af) € Hom(V,W). O
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TODO: define F-algebra.

Example A.3. Let V be a vector space over F. Prove that End(V) := Hom(V, V') is an
associative unital F-algebra.

Solution. TODO O]

Example A.4. Let V and W be vector spaces over F. Fix a basis B of V. For any function
g: B — W there exists a unique linear map f: V — W such that g = f|p, constructed
in the following manner:

Given v € V, there is a unique expression of the form

V=a101 + o+ AUy, neN,a; eF,v; e B.
Therefore the only option is to set

f) =aig(v1) +-- +ang(vy).

It is easy to see that f is linear.
We say that f is obtained from g by extending by linearity.
Check that

(a) f is injective if and only if g(B) is linearly independent in W
(b) f is surjective if and only if g(B) spans W

(c) f is bijective if and only if g(B) is a basis for W.

A.2.1. Dual vector space
Let V be a finite dimensional vector space over [F. Define
VY = Hom(V,F).

By Example A.2 we know that this is a vector space over FF. It is called the dual vector space
to V. Its elements are sometimes called (linear) functionals and denoted with Greek letters
such as ¢.

Example A.5. Suppose B = {vy,...,v,} is a basis for V. Define vy,...,vY € Fun(V,F) by

vy (v + -+ + apvy,) = a4 fori=1,...,n.

Show that vy e V¥ for i =1,...,n and that the set BY = {Ulv, . ,UXL} is a basis for VV. It is
called the dual basis to B.

Solution. We check that v} is a linear transformation.
Given v,w € V, we express them in the basis B:

V=AU + o+ AUy

w=b1vy + -+ + byuy,
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then
v (v+w) = v/ (a1vg + -+ + apv, + bivg + -+ byuy) = a; + b = v (v) + v (w).
Similarly, if X € F' we have
vy (Av) = v (Aagvy + - + Aa,v,) = Aa; = Avy (v).

SowveVVYioranyi=1,...,n.
Next we show that the set BY is linearly independent. Suppose we have

vy + o+ A0, =0,
In particular, we can apply this to the basis vector v; € B for any ¢ =1,...,n and get
A = 0.

So all the coefficients in the above linear relation must be zero, therefore BY is linearly
independent.

Finally, we show that the set BY spans VV. Let ¢ € VV; let v € V and express v in the
basis B:

V=a1v1 + -+ ayUy.

Then, since ¢ is a linear transformation, we have

arp(v1) + -+ + app(vy)
= Aoy (v) + -+ Ay (v),

p(v)

where we let Ay = ¢(v1), ..., A\, = ©(v,). This shows that ¢ is in the span of the set BY. [

If V- and W are vector spaces over IF, then a function S: V xW — [ is said to be a bilinear
map if

(a) B(avy + by, w) = af(v,w) + bf (v, w) for all v1,ve €V, weW, a,beT,;
(b) B(v,aw; +bwsy) = af(v,wy) + b (v,wy) for all ve V, wy,wy e W, a,beF.

It is called a bilinear form it W =V,
Note that  induces linear maps

BW:W_>VV7 w»—>(wv:v»—>/8(v,w))
By:V— WY, v — (vV: w »—>B(v,w)).

For instance, we can take W =VV and consider 5: V x V¥V — F given by

B(v,») =p(v).

The corresponding linear maps are Syv =idyv: VYV — VV and fy: V — (VV)V given by

By (v) (@) = B(v, ) = p(v).
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Example A.6. Prove that if V is finite-dimensional, then gy : V — (VV)v is invertible.

Solution. Let B = {vl, e ,vn} be a basis for V and let BY = {vlv, e 71)%} be the dual basis
for V'V as in Example A.5.
To show that [y is injective, suppose u,v € V are such that fy(u) = Sy (v), in other
words
o(u) = p(v) for all p e VV.

Write

U= @V + -+ apvy,

v=bvy +---+ by,

then, for 7 =1,...,n, we have
a; =v; (u) =vj (v) =b;

Therefore u = v.

We now prove that fy is surjective. (Note that we could get away with simply saying
that Example A.5 tells us that V and V'V, and therefore also (VV)V7 have the same dimension
n; so By, being injective, is also surjective.)

Let T: VV — F be a linear transformation. Define v e V' by

v = T(v}’)vl ot T(v,\{)vn.
I claim that Sy (v) =T. For any ¢ € V¥ we have
Br(v)(¢) = p(v) = T(vY )p(v1) + -+ T (v ) o (vn)

= T(p(v1)vy +---+ p(va)vy)
=T(p),

where we expressed ¢ in terms of the dual basis vY,...,vy from Example A.5. O]

Example A.7. Consider a linear transformation 7: V — W, where W is another
finite-dimensional vector space over F. Define TV: WV — V'V by

TV(p) =poT.
Prove that TV is a linear transformation. It is called the dual linear transformation to T.

Solution. It is clear that ¢ oT: V — F is linear, being the composition of two linear
transformations.
To show that TV: WY — V'V is linear, take (1, s € WV. For any v € V we have

TV (01 +92)(v) = (01 + 02)(T(v)) = o1 (T (v)) + p2(T(v)) =T (1) (v) + T (02) (v).

Similarly, if p €e WY and X € F, then for any v € V' we have

TV (Ap)(v) = M) (T (v)) = Xp(T(v)) = NI () (v)- 0
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Example A.8. In the setup of Example A.7, suppose W =V so that T: V — V and
Vv —VVv.

Let M be the matrix representation of 1" with respect to an ordered basis B of V', and
let MV be the matrix representation of TV with respect to the dual basis BY.

Express MV in terms of M.

Solution. As in Example A.5, we have B = (vl, . ,vn) and BY = (v{, . ,vg). Write (aij)
for the entries of the matrix M. For future reference, the i-th row of M is

[ail ;o ... (Zm] .
By the definition of matrix representations, we have

T(Ul) =Qa11V1 + A21V2 + -+ Qp1Uy

T(’UQ) = A12V1 + Q22U + -+ Ap2Uy

T(v,) = 101 + A2pU2 + + -+ + Ay Uy,

The i-th column of MV is given by the BV-coordinates of the vector TV(vY) = vy o T. To
determine these, we apply v o T to the basis vectors vy,...,v,:

TV (v} )(v;) = (vf 0 T)(v;) = vy (T(v))) = v} (arjv1 + agjvs + -+ + anjvn) = ayy.

This means that
TV(UV) = a;10) + QU3 + -+ + A,

)

and the i-th column of MV is

Qi1
ai2
Qip,
precisely the i-th row of M.
We conclude that MY = M7T, the transpose of the matrix M. [

Example A.9. Let vy,...,v, € V. Define I': VvV — F" by

o(v1)
L(p)=]
@(Un)

(a) Prove that I is a linear transformation.
(b) Prove that I' is injective if and only if {vy,...,v,} spans V.
(¢) Prove that T is surjective if and only if {vy,...,v,} is linearly independent.
Solution.
(a) Given @y, pe € VV, we have
L1+ p2) = (@1 +02)(v1), -, (@1 + 92) (vn))

= (901(1)1), cee 7901('071)) + (902(2}1)7 R 7902(071))
=T(p1) + T'(¢2).
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(b)

Given p e VY and X € F, we have

I'(Ap) = ((Ap)(01),- -, (Ap)(vn))
= (Ap(v1),.-., Ap(vn))
= Al'(p).

Suppose T is injective. Let W = Span{vy,...,v,}. We want to prove that W =V
Suppose W # V. Let C = {wy,...,wg} be a basis of W and extend it to a basis
B=Awq,..., Wk, Wky1,..., Wy} of V.
Let BY be the dual basis to B and consider its last element v, given by

vy (@ wy + -+ AWy = gy,
Then vy, # 0 (since vy, (w,,) = 1, for instance) but vY,(w) = 0 for all w € W. In particular,
vy (v1) = =vY(v,) =0, so I'(vy,) = 0, contradicting the injectivity of I
We conclude that W =V, in other words {v,...,v,} spans V.
Conversely, suppose {v1,...,v,} spans V. If 1, ¢y € VV are such that I'(p1) = ['(p2),

then T'(¢1 — p2) =0, so setting ¢ = p1 — 2, we want to show that ¢ = 0, the constant
zero function.

If ¢ # 0, then there exists v e V - {0} such that ¢(v) # 0. Since {vy,...,v,} spans V,
then we can write v as

v="0bivy +--- 4+ byu,.
But I'(¢) =0, so

0+ @(v)=brp(vy)+-+byp(v,) =0,

which is a contradiction. So we must have ¢ =0, that is ¢; = 5. We conclude that T’
is injective.
Suppose I': VvV — " is surjective. Let

a1vy + -+ apv, =0
be a linear relation.
Let i € {1,...,n}. Since T is surjective, given the standard basis vector e; € F* (1 in

the i-th entry), there exists ¢; € V'V such that I'(¢;) = e;. If we apply ¢; on both sides
of the linear relation, we get

a; = 0.
Since this holds for all 7, the relation is trivial.
Conversely, suppose {vy,...,v,} is linearly independent. This set can be enlarged to
a basis B ={v1,...,V, Uns1,-..,0n} of V, with dual basis vy, ..., v)y,.

Now take an arbitrary vector in [F":

ai
w=| :

an

Let
Y =a1vy + -+ ayv,),

then

ai

I(p)=|:]|=w.

an

We conclude that I' is surjective. ]
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Here’s a concrete example of a naturally-occurring linear functional:

Example A.10. Let V = F[z] be the vector space of polynomials in one variable with
coefficients in F. Given a scalar a € F, consider the function ev,: V — F given by
evaluation at a:

eva(f) = f(@).

Prove that ev, e VV.

Solution. We have to prove that ev,: V — F is linear.
If f17 f2 € ]F[i[f], then

eva(f1+ f2) = (fr + f2)(@) = fi(a) + o) = eva(f1) + eva(f2)-
If feF[z] and A €T, then

eva(Af) = (Af)(a) = Af(@) = Xeva(f). ]

A.2.2. Inner products

We take F to be either R or C, and we denote by = the complex conjugation (which is just the
identity if F = R).

Let V' be a vector space over F.

An inner product on V is a function

(,): VxV —TF
such that
(a) (w,v) = (v,w) for all v,weV;
(b) (u+v,w) = (u,w) + (v, w) for all u,v,weV;
(¢) (aw,w) =a(v,w) for all v,weV, all a eF;
(d) (v,v) >0 for all veV and (v,v) =0 iff v=0.

Properties (a), (b), and (c) say that (-,-) is linear in the first variable, but conjugate-linear in
the second:

(v, 0w) = {aw, v) = a{w,v) =a (v, w).

(Such a function V' x V — F is called a sesquilinear form.)

Property (d) says that (-,-) is positive-definite.

An inner product space is a pair (V, (- )), where V is a vector space over F and (-,-) is an
inner product on V.

Example A.11. The prototypical inner product on C" is
(u,v) = Z UKl = 0,
k=1

which on R™ becomes .

(u,v) = > upvy, = v u.
k=1
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All other inner products on C" are of the form
(u,v) =" Au,
where A is an n x n positive-definite Hermaitian matriz, that is
—T

A=A and all the eigenvalues of A are real and positive.

Over R, A is a positive-definite symmetric matrix.

Define

[vl =V {v,v).

Proposition A.12 (Cauchy—Schwarz Inequality). Let u, v be vectors in an inner product
space V. Then
[{w, )] < u] v,

where equality holds if and only if u and v are parallel.

Proof. If uw =0 or v =0, we have the equality 0 = 0. Otherwise, for any ¢ € F we have
0 < (u—tv,u—tv) = (u,u) - 2Re (E{u, v)) + tt{v, v)
= Jull? - 2Re (F{u, v)) + [t v]*.

In particular, we can take t = (Hl; ’HU2):

0< |u||2—zRe(|<u’U>|2) Mol o)l

= lull®* - =5
[ol? [ol? Jol*

s0 [(u, 0)2 < Jul? o] O

A.3. Optional: A tour of the p-adics

Let p be a prime number.

We have introduced in Example 2.1 the p-adic absolute value |- |, Q — Q5 and the
corresponding p-adic metric d, on Q. We have also seen in Example 2.7 and Exercise 2.7 that
the resulting geometry on (Q, dp) is very strange: every triangle is isosceles, every point in an
open ball is a centre, every open ball is also closed.

The aim of this section is to showcase some more properties of the p-adics. For much more
detail than we can possibly include here, an excellent starting point is Fernando Gouvea’s
book [3].

Let’s start by formalising what we want an absolute value on a field K to be: a function

-]+ K — Ry
that satisfies
(a) (non-degeneracy) |z| =0 if and only if = = 0;
(b) (multiplicativity) |zy| = |z||y| for all z,y € K;

(¢) (triangle inequality) |z + y| < |z| + |y| for all x,y € K.
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We say that an absolute value is non-archimedean if it satisfies the following strengthening of
the triangle inequality:

‘$+y|<max{|x|,|y|} for all z,y € K.

Otherwise, we say that |- | is archimedean.

Example A.13. The real absolute value |-|: R — R and the complex absolute value
|-]: C — Ry are archimedean absolute values.
The p-adic absolue value |-|: Q@ — Ry is a non-archimedean absolute value.

Example A.14. The cheapest way to get an absolute value on any field K is to set

1 ifz+0
|| = .
0 ifz=0.

This is called the trivial absolute value on K. The corresponding metric on K is the discrete
metric. We will typically exclude it from our considerations.

Example A.15. For any field K, there is a unique ring homomorphism j: Z — K
determined by j(1) = 1. An absolute value |-| on K is non-archimedean if and only if j(Z)
is a bounded subset of K with respect to the metric defined by |- |.

We say that two absolute values on K are equivalent if their corresponding metrics on K
are equivalent.

Theorem A.16 (Ostrowski). Let |- |2 be a non-trivial absolute value on Q. Then |-|s is
equivalent to the real absolute value |-| on Q, or to the p-adic absolute value |-|, for some
prime number p.

Example A.17. If p # ¢ are two distinct primes, then |-|, and |-|, on Q are not equivalent.
If p is a prime number, then |- |, and the real absolute value |-| on Q are not equivalent.

Solution. Consider the sequence (x,) in Q given by z,, = p". We have:
1
Ph=2 lple=1 =P,
so that
1 7
|Znlp = ﬁv |Znlq =1, || = p",
hence the sequence (z,,)
e converges to 0 with respect to |- |;
e converges to 1 with respect to |- |;
e diverges with respect to |-|.

We conclude that these absolute values are not equivalent. ]
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There’s a magical way in which all the different absolute values on Q fit together:

Proposition A.18 (Product Formula). For any z € Q, x + 0 we have

ol TT loh=1.

p prime

Proof. Writing x = a/b in lowest terms, we notice that it suffices to prove the product formula
for a positive integer a. If a = 1 the formula is clearly true.
If a > 1 it follows easily from the unique prime factorisation of integers: write

— el e
a—pl ...pn”,

then
], = pjej ifp=p;,7=1,....n
P 1 otherwise.
Hence .
|al H lal, = p7t ... pS" prej =1. O
J
p prime 7=1

Let’s go back to fixing a prime p. Then the p-adic absolute value and the corresponding
metric d, make (Q, dp) into a metric space. As such, there is a completion denoted (Qp, El;,)
and an embedding ¢: Q — Q,, such that ¢(Q) is a dense subset of Q,. A priori, Q, is just a
set, but one can proceed in a manner similar to Proposition 3.14 and make it into a field, in
such a way that ¢: Q — Q, is a field homomorphism. Moreover, we can define an absolute
value on Q, by

|[(Qn)]|p = nh—I>noo (|Q7L|p)'

The elements of Q, are called p-adic numbers. Just as in everyday life we are not working
with real numbers as equivalence classes of Cauchy sequences of rationals, but rather as
decimal expansions, p-adic numbers are more easily manipulated in the form

L= ) bpp™ = bop ™+ boypTt b+ bip + bop® + byp? + O(p?),

nz-m

where m € Z, and the p-adic digits of x satisfy 0 < b, <p-1for alln>-m, b_,, # 0. The
valuation of x is vy(x) = -m, and |z|, = p™.

This looks a bit like a formal Laurent series in the “variable” p. The elements that look
like a formal power series (in other words, with m < 0) are called p-adic integers.

To recover a Cauchy sequence of rationals from one of these formal Laurent series, take
successive truncations of the series. Given

=Y b,

nz-m

let

xy=b_pp™

Ty = by + bopp ™!

T3 = bopyD™™ + b1+ bogop” ™

and so on. It is easy to see that the resulting rational sequence (z,,) is Cauchy with respect

to the p-adic absolute value.
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Example A.19. In Q; we have

444

E:7-2-444=7-2(3+2-72+1-73):3-7-2+2+1-7
~1=6+6-7T+6-7°+6-72+6-T'+6-7°+6-7+6-7"+ O(T®)
V2=3+1-T+2-7?+6-T+1- 7' +2.7°+1-742. 77+ O(7®)

V/3 does not exist.

Here the last line should be taken to assert that the equation x? = 3 has no solutions in
Q7, while the second to last line should be taken to assert that the right hand side of the
equality is a 7-adic integer x with the property that z? = 2. There is another 7-adic integer
with the same property, namely:

4+5-T+4-T*+0-T+5- T +4-7+5-7+4-7"+ O(7%).

This also brings us to the question of performing arithmetic operations on p-adic numbers
in this form, which is done in the same way that one treats formal Laurent series, with the
exception that one has to carry p-adic digits when they overflow the bounds 0 < b, <p-1.

For instance, the two alleged 7-adic square roots of 2 really ought to add up to 0, right?

(3+1-7+2-7+6-7+1-7"+2.7°+ 1.7+ 2. 77+ O(7%))
+(4+5-7+4-7+0-7+5- 7 +4-7°+5- 7+ 4.7+ O(7%)) = O(7%).

And each of them should square to 2:

(3+1-7+2-72+6- P+ 1.7 +2. 7+ 1.7+ 2.7 + O(7))* = 2+ O(7%).

How on Earth does one prove these claims about solving polynomial equations in Q,7 Here
the p-adic world offers an elegant tool that has only imperfect reflections in the reals:

Theorem A.20 (Hensel’s Lemma). Let
f(z) =apa™ +---+ a1z + ag € Zy[z]

be a polynomial with p-adic integer coefficients.
If there exists by € {0,1,...,p—1} such that

f(bo) =0 (mod p) but f'(bp) #0 (mod p),

then there exists a unique y € Z, such that

fly)=0 and y=bo+O(p).

The proof of Hensel’s Lemma is constructive: the solution y € Z,, is built iteratively, one
p-adic digit at a time.
I’ll demonstrate how it works in the example that lead us here:

I Example A.21. Solve 22 =2 in Q.
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Solution. Let f(x)=2%-2, then f'(z) =2x. There are two values of by with the required
property: by = 3,4. Check:
f(3)-2=32-2=9-2=7, f'(3)=6
f(4)-2=4*-2=16-2=14, f'(4)=8.
Let’s pick one of them: by = 3. Setting y; = by = 3, we have
f(y1)=3*-2=7=0 (mod 7).
We have f(y;)=7-1;let x; =1 and
by = ——1 5—15—651 (mod 7).
f'(bo) 6
Let yo=by+b1-7=3+1-7, then
f(y2)=9y5-2=98=2-7"=0 (mod 7%).
We have f(yz) =7%-2; let 25 =2 and
by = _ff(czo) =2 (mod 7).
Let y3=bg+by-7T+by-7T>=3+1-7+2-72, then
f(y3) =9y3-2=11662=34-7=0 (mod 7°).
And so on. ]

If this whole discussion of recursively constructing a unique solution reminds you of the
Banach Fixed Point Theorem (Theorem 2.46), you’ll be happy to hear that there is a proof of
Hensel’s Lemma that uses the Banach Fixed Point Theorem, see [1, Section 6].

Several of you have asked whether our study of normed spaces over F = R or C can be
done over other fields as well. Although we won’t pursue the topic in this subject, one can
definitely look at normed spaces over Q,: just take the definition of norm in Section 3.1 and
replace any appearance of the usual absolute value by the p-adic absolute value |- |,. Many of
the results we proved for real and complex normed spaces are also valid in this p-adic setting,
including the fact that all norms on a finite-dimensional vector space are equivalent, and that
finite-dimensional normed spaces are complete. For a proof, see [3, Theorem 5.2.1]; some of
the arguments are the same as the ones we used, but others do not carry over to Q, and need
replacement. In contrast, there is (as far as I know) no reasonable theory of p-adic Hilbert
spaces. Nonetheless, there is a well-developed theory of p-adic functional analysis, which is
heavily used in certain parts of number theory and representation theory.
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