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�#bi`�+i
q2 bim/v KQ/mH�` 7Q`Kb KQ/mHQ pm rBi? H2p2H bi`m+im`2 Γ1(N)- r?2`2 m ! 1- p ! 5 Bb
T`BK2- �M/ N Bb +QT`BK2 iQ pX q2 2t?B#Bi T`QT2`iB2b Q7 i?2 r2B;?i }Hi`�iBQMb Q7 i?2b2
KQ/mH�` 7Q`Kb #v �TT`Q�+?BM; i?2B` +QMbi`m+iBQM 7`QK i?2 T2`bT2+iBp2 Q7 a2``2 p@�/B+
KQ/mH�` 7Q`Kb- �M/ T`2b2Mi *?2M �M/ EBKBM;Ƕb +QMbi`m+iBQM (9) Q7 i?2 i?2i� QT2`�iQ`
θX h?2 T`BK�`v KQiBp�iBQM 7Q` i?Bb i?2bBb Bb iQ bim/v �M/ +QKTmi2 i?2i� +v+H2b Q7 i?2b2
KQ/mH�` 7Q`Kb- bmTTH2K2MiBM; i?2 `2bmHib Q7 EBK �M/ G22 (Rj)- �M/ iQ mb2 i?2 iQQHb
/2p2HQT2/ #v *?2M �M/ EBKBM; iQ +QKK2Mi QM i?2 r2B;?i }Hi`�iBQM 7Q` i?2 /Bz2`2MiB�H
QT2`�iQ` ∂X

.2+H�`�iBQM Q7 �mi?Q`b?BT
A- JBH2b EQmKQm`Bb- /2+H�`2 i?�i i?Bb i?2bBb 2MiBiH2/ JQ/mH�` 6Q`Kb JQ/mHQ SQr2`b Q7
S`BK2b �M/ i?2 rQ`F T`2b2Mi2/ BM Bi �`2 Kv QrMX A +QM}`K i?�i,

Ç h?2 i?2bBb +QKT`Bb2b QMHv Kv Q`B;BM�H rQ`F iQr�`/b i?2 /2;`22 Q7 J�bi2` Q7
a+B2M+2 UJ*@a*AJ�hV 2t+2Ti r?2`2 BM/B+�i2/ BM i?2 T`27�+2c

Ç /m2 �+FMQrH2/;2K2Mi ?�b #22M K�/2 BM i?2 i2ti iQ �HH Qi?2` K�i2`B�H mb2/c �M/

Ç i?2 i?2bBb Bb 72r2` i?�M i?2 K�tBKmK rQ`/ HBKBi BM H2M;i?- 2t+HmbBp2 Q7 i�#H2b-
K�Tb- #B#HBQ;`�T?B2b �M/ �TT2M/B+2b �b �TT`Qp2/ #v i?2 _2b2�`+? >B;?2` .2;`22b
*QKKBii22X

aB;M2/,

.�i2, 16 / 10 / 2023



S`27�+2
h?2 rQ`F Q7 i?Bb i?2bBb

! Bb �TT`QT`B�i2Hv +Bi2/ r?2M `272`2M+BM; mMQ`B;BM�H `2bmHibc

! Bb Q`B;BM�H �M/ +QKTH2i2/ rBi?Qmi +QHH�#Q`�iBQM r?2M mM+Bi2/- ?Qr2p2` rBi? bm@
T2`pBbQ`v �bbBbi�M+2 �M/ +Q``2+iBQMb K2MiBQM2/ BM i?2 b2+iBQM #2HQrc

! Bb mMTm#HBb?2/ �i i?2 /�i2 Q7 bm#KBbbBQMc

! r�b +�``B2/ Qmi rBi? i?2 �bbBbi�M+2 Q7 J�bi2`b Q7 a+B2M+2 a+?QH�`b?BTb 7`QK i?2
a+?QQH Q7 J�i?2K�iB+b �M/ ai�iBbiB+b- #mi rBi? MQ �//BiBQM�H }M�M+B�H �bbBbi�M+2
7`QK ;`�Mib Q` :Qp2`MK2Mi _2b2�`+? h`�BMBM; S`Q;`�K a+?QH�`b?BTbX

�+FMQrH2/;2K2Mib
A rQmH/ HBF2 iQ i?�MF Kv bmT2`pBbQ` �fS`Q7 �H2t�M/`m :?Bix� 7Q` ?Bb BMp�Hm�#H2

;mB/�M+2- 2tTH�M�iBQMb- T�iB2M+2- �M/ +Q``2+iBQMb- �M/ 7Q` ?Bb ;2M2`QbBiv `2;�`/BM; i?2
Tm`+?�b2 Q7 i?2 T�T2` (Rj) #v EBK �M/ G22X A rQmH/ �HbQ HBF2 iQ i?�MF .` *?2Mv�M

qm- uB�MMBb- *?2M;DBM;- �M/ "Qr�M 7Q` i?2B` bm;;2biBQMb �M/ bmTTQ`i- �M/ Kv 7`B2M/b
_BH2v- um?�M- PHBp2`- hvH2`- u�M+?�Q- umv�M;- :`�+2- C�K2b �M/ >�`Bb 7Q` i?2B`

`2H2MiH2bb /Bb+BTHBM�`v 2M+Qm`�;2K2MiX
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*QMi2Mib
�#bi`�+i B

ai�i2K2Mi Q7 �mi?Q`b?BT B

S`27�+2 BB

�+FMQrH2/;2K2Mib BB

R .2}MBM; KQ/mH�` 7Q`Kb KQ/mHQ pm j
RXR *H�bbB+�H KQ/mH�` 7Q`Kb X X X X X X X X X X X X X X X X X X X X X X X X X X j

RXRXR .2}MBM; +H�bbB+�H KQ/mH�` 7Q`Kb X X X X X X X X X X X X X X X X X j
RXRXk 6Qm`B2` 2tT�MbBQMb 7Q` +2`i�BM KQ/mH�` 7Q`Kb X X X X X X X X X X 9
RXRXj *QM;`m2M+2b #2ir22M KQ/mH�` 7Q`Kb X X X X X X X X X X X X X X X 8
RXRX9 1[mBp�H2Mi /2}MBiBQM /m2 iQ E�ix X X X X X X X X X X X X X X X X X e

RXk a2``2 p@�/B+ KQ/mH�` 7Q`Kb X X X X X X X X X X X X X X X X X X X X X X X X d
RXkXR .2}MBM; a2``2 p@�/B+ KQ/mH�` 7Q`Kb X X X X X X X X X X X X X X X d
RXkXk q2B;?ib Q7 p@�/B+ KQ/mH�` 7Q`Kb X X X X X X X X X X X X X X X X X d

RXj JQ/mH�` 7Q`Kb KQ/mHQ pm X X X X X X X X X X X X X X X X X X X X X X X X X N
RXjXR 6B`bi /2}MBiBQMb �M/ T`QT2`iB2b X X X X X X X X X X X X X X X X X X N
RXjXk S`QpBM; h?2Q`2K R X X X X X X X X X X X X X X X X X X X X X X X X X RR
RXjXj _2H�iBQMb?BT iQ p@�/B+ KQ/mH�` 7Q`Kb X X X X X X X X X X X X X X X Rj

k h?2i� QT2`�iQ` 7Q` KQ/mH�` 7Q`Kb
KQ/mHQ pm R9
kXR h?2i� QT2`�iQ` QM p@�/B+ KQ/mH�` 7Q`Kb X X X X X X X X X X X X X X X X X R9
kXk h?2 +QMbi`m+iBQM 7Q` KQ/mH�` 7Q`Kb KQ/mHQ pm X X X X X X X X X X X X X Re
kXj .2}MBM; }Hi`�iBQMb X X X X X X X X X X X X X X X X X X X X X X X X X X X X X Rd

kXjXR h?2i� QT2`�iQ` QM p@}Hi`�iBQMb X X X X X X X X X X X X X X X X X X Rd
kX9 h?2i� QT2`�iQ` QM pm@}Hi`�iBQMb 7Q` m ! 2 X X X X X X X X X X X X X X X X RN

kX9XR 6BM/BM; i?2 mTT2` #QmM/ 7Q` i?2 pm@}Hi`�iBQM X X X X X X X X X X RN
kX9Xk q?2M i?2 mTT2` #QmM/ QM i?2 pm@}Hi`�iBQM Bb �+?B2p2/ X X X X X kd

j h?2i� +v+H2b jR
jXR *H�bbB7vBM; p@}Hi`�iBQM i?2i� +v+H2b X X X X X X X X X X X X X X X X X X X X jR
jXk pm@}Hi`�iBQM i?2i� +v+H2b X X X X X X X X X X X X X X X X X X X X X X X X X X j8

S�;2 BBB
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jXkXR EMQrM `2bmHib X X X X X X X X X X X X X X X X X X X X X X X X X X X j8
jXkXk a�;2J�i?@N@d +QKTmi�iBQMb 7Q` pm@}Hi`�iBQM i?2i� +v+H2b X X X X je

9 *QM+HmbBQM 9y

8 �TT2M/Bt 9j
8XR G2p2H 1 KQ/mH�` 7Q`Kb X X X X X X X X X X X X X X X X X X X X X X X X X X X 9j

8XRXR *mbT 7Q`Kb X X X X X X X X X X X X X X X X X X X X X X X X X X X X X 9j
8XRXk LQM@+mbT 7Q`Kb X X X X X X X X X X X X X X X X X X X X X X X X X X X 9e

8Xk G2p2H 2 KQ/mH�` 7Q`Kb X X X X X X X X X X X X X X X X X X X X X X X X X X X 93
8XkXR *mbT 7Q`Kb X X X X X X X X X X X X X X X X X X X X X X X X X X X X X 93

S�;2 Bp
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AMi`Q/m+iBQM
G2i p ! 5 #2 T`BK2- �M/ N,m ! 1 #2 BMi2;2`bX AM i?Bb i?2bBb- r2 BMi`Q/m+2 KQ/mH�`
7Q`Kb KQ/mHQ pm rBi? H2p2H bi`m+im`2 Γ1(N) #v �TT`Q�+?BM; 7`QK #Qi? +H�bbB+�H KQ/mH�`
7Q`Kb �M/ p@�/B+ KQ/mH�` 7Q`Kb UBM i?2 b2Mb2 Q7 a2``2- (R8)VX Pm` K�BM Q#D2+iBp2 Bb iQ
/2p2HQT i?2 i?2Q`v M2+2bb�`v iQ mM/2`bi�M/ *?2M �M/ EBKBM;Ƕb +QMbi`m+iBQM Q7 i?2
i?2i� QT2`�iQ` QM KQ/mH�` 7Q`Kb KQ/mHQ pm- �M/ Bib +Q``2bTQM/BM; 2z2+i QM i?2B`
r2B;?i }Hi`�iBQMbX

6Q` KQbi H2p2H bi`m+im`2b- r2 +�M B/2MiB7v KQ/mH�` 7Q`Kb rBi? i?2B` +Q``2bTQM/BM;
q@2tT�MbBQMb �i ∞- BM T�`iB+mH�` 7Q` a2``2 p@�/B+ KQ/mH�` 7Q`Kb Qp2` Γ1(N)X AM (R8)-
a2``2 /2KQMbi`�i2b i?2 +H�bbB+�H i?2i� QT2`�iQ` θ = q d

dq QM q@2tT�MbBQMb �+im�HHv /2}M2b
� K�T QM p@�/B+ KQ/mH�` 7Q`Kb Q7 H2p2H 1- b2M/BM; � 7Q`K Q7 r2B;?i k iQ � 7Q`K Q7 r2B;?i
k+2X AM 7�+i- i?2 �`;mK2Mib +�M #2 ;2M2`�HBb2/ iQ b?Qr i?Bb K�T 2tBbib BM �HH H2p2Hb N
7Q` r?B+? p ! N X

q2 i?2M M�im`�HHv /2}M2 � i?2i� QT2`�iQ` QM KQ/mH�` 7Q`Kb KQ/mHQ pmc i?2
/2}MBiBQM pB� p@�/B+ KQ/mH�` 7Q`Kb �HHQrb *?2M �M/ EBKBM; iQ b?Qr i?Bb QT2`�iQ` Bb
r2HH@/2}M2/- �M/ i?2 +QM;`m2M+2 `2bmHib 7Q` +H�bbB+�H KQ/mH�` 7Q`Kb �HHQr mb iQ /2i2`@
KBM2 i?2 r2B;?i }Hi`�iBQM BM +2`i�BM +�b2bX AM i?Bb r�v- r2 mb2 #Qi? �TT`Q�+?2b BM
/2}MBM; KQ/mH�` 7Q`Kb KQ/mHQ pm 7`QK i?2 i?2Q`v /2p2HQT2/ BM *?�Ti2` RX

6`QK i?2 +QM;`m2M+2 `2bmHib �M/ *?2M �M/ EBKBM;Ƕb i?2Q`2K Ub22 h?2Q`2K jV- r2
mb2 a�;2J�i?@N@d iQ +QKTmi2 p@}Hi`�iBQM i?2i� +v+H2b 7Q` bQK2 KQ/mH�` 7Q`Kb KQ/mHQ
pX q2 �HbQ i2bi � `2bmHi /m2 iQ EBK �M/ G22 QM i?2i� +v+H2b 7Q` m ! 2X

S�;2 R
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LQi�iBQM
Ç Qp := {

∑∞
i=k aip

i | k ∈ Z, 0 " ai < p BMi2;2`b} Bb i?2 p@�/B+ MmK#2`bc

Ç Zp := {
∑∞

i=0 aip
i | 0 " ai < p BMi2;2`b} ⊂ Qp Bb i?2 p@�/B+ BMi2;2`bc

Ç 7Q` p � T`BK2 MmK#2`- νp : Qp −→ Z Bb i?2 p@�/B+ p�Hm�iBQMc

Ç 7Q` N ! 1 �M BMi2;2`- Γ1(N) := {( a b
c d ) ∈ aGk(Z) | c ≡ 0, a ≡ d ≡ 1 (KQ/ N)} Bb

i?2 �`Bi?K2iB+ ;`QmT ;BpBM; H2p2H N H2p2H bi`m+im`2 iQ � KQ/mH�` 7Q`Kc

Ç Γ1 := Γ1(N) = aGk(Z)c

Ç Γ0(N) := {( a b
c d ) ∈ aGk(Z) | c ≡ 0 (KQ/ N)}c

Ç H := {z | BK(z) > 0} ⊂ C Bb i?2 mTT2` ?�H7@TH�M2c

Ç 7Q` f � 7mM+iBQM QM i?2 mTT2` ?�H7@TH�M2- γ = ( a b
c d ) � `2�H K�i`Bt Q7 TQbBiBp2

/2i2`KBM�Mi- �M/ k �M BMi2;2`- r2 /2}M2 i?2 bH�b? QT2`�iQ`

(f |k γ)(z) := /2i(γ)k/2(cz + d)−kf

(
az + b

cz + d

)
.

LQi2 i?�i (f |k γ)|k γ
′ = f |k γγ′X

S�;2 k
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R .2}MBM; KQ/mH�` 7Q`Kb KQ/mHQ pm

AM i?Bb +?�Ti2`- r2 }`bi /2}M2 +H�bbB+�H KQ/mH�` 7Q`Kb BM i?2 bi�M/�`/ �M�HviB+ r�v- �M/
;Bp2 �M BKTQ`i�Mi +H�bb Q7 2t�KTH2b, i?2 1Bb2Mbi2BM b2`B2bX q2 �HbQ bi�i2 �M 2[mBp�H2Mi
�H;2#`�B+@;2QK2i`B+ /2}MBiBQM Q`B;BM�HHv /m2 iQ E�ix (RR)- �b i?2 T`QQ7b Q7 +2`i�BM `2bmHib
r2 rBHH M22/ U7Q` 2t�KTH2 h?2Q`2K 8X9 BM (d)V �`2 2�bB2` mbBM; � ;2QK2i`B+ �TT`Q�+?X

q2 +QM+Hm/2 rBi? i?2 /2}MBiBQMb Q7 a2``2 p@�/B+ KQ/mH�` 7Q`Kb �M/ KQ/mH�` 7Q`Kb
KQ/mHQ pm- K�FBM; bm`2 r2 T`Qp2 i?2b2 �`2 BM 7�+i 2[mBp�H2MiX h?2 i?2Q`v U2bT2+B�HHv
7Q` i?2 +�b2 m = 1V Bb HQM; 2bi�#HBb?2/- �Hi?Qm;? biBHH ?�b iQ #2 2Hm+B/�i2/ rBi? bQK2
+�`2 /m2 iQ bm#iH2iB2b �`BbBM; 7`QK i?2 H2p2H �M/ 7`QK i?2 bi`m+im`2 Q7 i?2 `BM; Q7 `�iBQM�H
KQ/mH�` 7Q`KbX

RXR *H�bbB+�H KQ/mH�` 7Q`Kb
RXRXR .2}MBM; +H�bbB+�H KQ/mH�` 7Q`Kb

.2}MBiBQM RX G2i Γ ⊆ aGk(Z) #2 � ;`QmT Q7 }MBi2 BM/2t U+�HH2/- 7Q` +QMp2MB2M+2- �M
�`Bi?K2iB+ ;`QmT BM i?Bb i?2bBbVX � KQ/mH�` 7Q`K Q7 H2p2H Γ �M/ r2B;?i k ∈ Z!0 Bb �
?QHQKQ`T?B+ 7mM+iBQM f : H→ C 7`QK i?2 mTT2` ?�H7@TH�M2 H b�iBb7vBM;

U�V 7Q` �Mv ( a b
c d ) ∈ Γ- f(az+b

cz+d) = (cz + d)kf(z) Ui?Bb Bb i?2 �miQKQ`T?v +QM/BiBQMVc

U#V 7Q` �Mv ( a b
c d ) ∈ aGk(Z)- (cz + d)−kf(az+b

cz+d) Bb #QmM/2/ �b BK(z) → ∞ Ui?Bb Bb i?2
;`Qri? +QM/BiBQMVX

Ai Bb +H2�` 7`QK i?2 /2}MBiBQM i?�i i?2 b2i Q7 �HH bm+? KQ/mH�` 7Q`Kb f Bb � C@p2+iQ`
bT�+2- r?B+? r2 /2MQi2 #v Mk(Γ)X Ai Bb �HbQ +H2�` 7`QK i?2 /2}MBiBQM i?�i KmHiBTHvBM;
irQ bm+? KQ/mH�` 7Q`Kb f �M/ f ′ Q7 r2B;?ib k �M/ k′ `2bT2+iBp2Hv `2bmHib BM � KQ/mH�`
7Q`K Q7 H2p2H Γ �M/ r2B;?i k + k′X h?mb

M(Γ) :=
⊕

k>0

Mk(Γ)

Bb � ;`�/2/ `BM;- r?B+? r2 `272` iQ �b U+H�bbB+�HV KQ/mH�` 7Q`Kb rBi? H2p2H bi`m+im`2 Γ-
7Q` i?2 Tm`TQb2b Q7 /BbiBM;mBb?BM; i?2K 7`QK i?2 7Q`Kb bQQM iQ #2 /2}M2/X A7 r2 QKBi
bi�iBM; i?2 H2p2H bi`m+im`2- Bi Bb �bbmK2/ iQ #2 aGk(Z) mMH2bb Qi?2`rBb2 Q#pBQmb 7`QK
i?2 +QMi2tiX

S�;2 j
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RXRXk 6Qm`B2` 2tT�MbBQMb 7Q` +2`i�BM KQ/mH�` 7Q`Kb

P#b2`p2 i?�i ( 1 1
0 1 ) ∈ Γ0(p) ∩ Γ1(N) ∩ aGk(Z)- bQ 7Q` � KQ/mH�` 7Q`K f BM M(Γ0(p))-

M(Γ1(N)) Q` M(aGk(Z))- r2 ?�p2 f(z) = f(z+1) #v i?2 �miQKQ`T?v +QM/BiBQMX h?Bb
K2�Mb i?�i f ?�b � 6Qm`B2` 2tT�MbBQM U�i ∞V ;Bp2M #v

∑∞
n=−∞ anqn- rBi? q := e2πiz

�M/ +Q2{+B2Mib an ∈ C 7Q` �HH nX "mi #v i?2 ;`Qri? +QM/BiBQM- r2 Kmbi ?�p2 an = 0 7Q`
�HH n < 0X h?�i Bb- 2p2`v KQ/mH�` 7Q`K BM M(Γ0(p))- M(Γ1(N)) Q` M(aGk(Z)) +�M #2
B/2MiB}2/ rBi? � 7Q`K�H TQr2` b2`B2b

∑∞
n=0 anq

n ∈ C!q"- +�HH2/ Bib q@2tT�MbBQM U�i ∞VX
h?2 b�K2 �`;mK2Mi b?Qrb i?�i i?2 C@p2+iQ` bT�+2 Q7 KQ/mH�` 7Q`Kb rBi? H2p2H

bi`m+im`2 ;Bp2M #v �Mv �`Bi?K2iB+ ;`QmT Γ +QMi�BMBM; ( 1 1
0 1 ) Bb bQK2 bm#KQ/mH2 Q7 C!q"X

.2}MBiBQM kX 6Q` Γ = Γ0(p),Γ1(N), aGk(Z) �M/ �Mv bm#`BM; R ⊂ C- r2 /2}M2

Mk(Γ, R) :=

{
f ∈Mk(Γ) | f =

∞∑

n=0

anq
n rBi? an ∈ R ∀ n

}

iQ #2 i?Qb2 KQ/mH�` 7Q`Kb BM Mk(Γ) r?Qb2 q@2tT�MbBQMb ?�p2 +Q2{+B2Mib BM RX

>2M+27Q`i?- iQ +QM7Q`K iQ +QMp2MiBQM- r2 r`Bi2

Mk(N,R) := Mk(Γ1(N), R) �M/ M(N,R) := M(Γ1(N), R).

LQr i?�i r2 +�M /2b+`B#2 +2`i�BM +H�bbB+�H KQ/mH�` 7Q`Kb BM i2`Kb Q7 i?2B` q@2tT�MbBQMb-
r2 +�M bi�i2 i?2 7QHHQrBM; /2}MBiBQM Q7 bQK2 p2`v BKTQ`i�Mi KQ/mH�` 7Q`Kb,

.2}MBiBQM jX h?2 bi�M/�`/ 1Bb2Mbi2BM b2`B2b QM aGk(Z) �`2 ;Bp2M #v

Ek := 1− 2k

Bk

∞∑

n=1

σk−1(n)q
n

7Q` 2p2M k ∈ Z>0X >2`2- Bk Bb i?2 ki? "2`MQmHHB MmK#2`- σt(n) :=
∑

d|n d
t Bb i?2 bmK Q7

i?2 ti? TQr2`b Q7 i?2 TQbBiBp2 /BpBbQ`b Q7 n- �M/ q = e2πizX q2 r`Bi2 P := E2- Q := E4

�M/ R := E6X

S`QTQbBiBQM RX Ua22 ȜkXR �M/ S`QTQbBiBQM 8 BM (k)VX 6Q` 2p2M k ! 4- r2 ?�p2 Ek ∈
Mk(aGk(Z))X

S`QTQbBiBQM kX Ua22 S`QTQbBiBQM e BM (k)VX q?BHbi P b�iBb}2b i?2 ;`Qri? +QM/BiBQM- Bi
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/Q2b MQi b�iBb7v i?2 �miQKQ`T?v +QM/BiBQMc BMbi2�/- 7Q` �Mv ( a b
c d ) ∈ aGk(Z)- r2 ?�p2

P

(
az + b

cz + d

)
= (cz + d)2P (z)− 6ic

π
(cz + d).

�Hi?Qm;? P Bb MQi � KQ/mH�` 7Q`K- Bi Bb � p@�/B+ KQ/mH�` 7Q`K Q7 r2B;?i 2 Ui?Bb
Bb � `2bmHi Q7 S`QTQbBiBQM Rk- Q` Q7 i?2 B/2MiBiv UNVVX AM 7�+i- P rBHH #2 BKTQ`i�Mi BM i?2
+QMbi`m+iBQM Q7 i?2 i?2i� QT2`�iQ` QM a2``2 p@�/B+ KQ/mH�` 7Q`Kb- �M/ 2p2Mim�HHv QM
KQ/mH�` 7Q`Kb KQ/mHQ pmX Ai Bb �T`QTQb BM i?2 +QMi2ti Q7 Qm` /Bb+mbbBQM Q7 1Bb2Mbi2BM
b2`B2b iQ bi�i2 �MQi?2` BKTQ`i�Mi +H�bbB+�H `2bmHi QM KQ/mH�` 7Q`Kb Q7 H2p2H Γ1,

S`QTQbBiBQM jX US`QTQbBiBQM 9 BM (k)VX h?2 `BM; M(Γ1) Bb 7`22Hv ;2M2`�i2/ #v i?2
KQ/mH�` 7Q`Kb Q �M/ RX h?2M 2p2`v KQ/mH�` 7Q`K BM Mk(Γ1) +�M #2 2tT`2bb2/ �b �M
BbQ#�`B+ UBM i?2 b2Mb2 Q7 r2B;?iV TQHvMQKB�H BM Q �M/ RX

RXRXj *QM;`m2M+2b #2ir22M KQ/mH�` 7Q`Kb

.2}MBiBQM 9X A7 f =
∑

anqn ∈ Qp!q" Bb � 7Q`K�H b2`B2b BM QM2 p�`B�#H2 q- r2 b2i

νp(f) := BM7 νp(an),

r?2`2 νp : Qp −→ Z Bb i?2 p@�/B+ p�Hm�iBQM 7Q` bQK2 T`BK2 pX LQi2 i?�i νp(f) ! 0

BKTHB2b f ∈ Zp!q"X A7 νp(f) ! m > 0- r2 r`Bi2 f ≡ 0 (KQ/ pm)X G2i (fi) #2 � b2[m2M+2
Q7 2H2K2Mib Q7 Qp!q"X q2 b�v i?�i fi +QMp2`;2b iQ f U�M/ r`Bi2 HBK fi = fV B7 i?2
+Q2{+B2Mib Q7 fi +QMp2`;2 mMB7Q`KHv iQ i?Qb2 Q7 f - i?�i Bb B7 νp(f − fi)→ +∞X

h?2Q`2K RX U"�b2/ QM h?ûQ`ĕK2 R BM ȜRXj Q7 (R8)VX G2i m ! 1 #2 �M BMi2;2`- H2i
p ! 5 #2 � T`BK2 MmK#2`- �M/ H2i N ! 1 #2 +QT`BK2 iQ pX G2i f, f ′ ∈ M(N,Q) #2 irQ
KQ/mH�` 7Q`Kb rBi? `�iBQM�H +Q2{+B2Mib- Q7 `2bT2+iBp2 r2B;?ib k �M/ k′X amTTQb2 i?�i
f ̸= 0 �M/ νp(f − f ′) ! νp(f) +mX h?2M

k′ ≡ k (KQ/ (p− 1)pm−1).

q2 T`2b2Mi i?2 T`QQ7 Q7 i?Bb i?2Q`2K BM ȜRXj BM i?2 +�b2 N ̸= 2, 3, 4- QM+2 r2 ?�p2
/2}M2/ KQ/mH�` 7Q`Kb KQ/mHQ TQr2`b Q7 T`BK2bX

S�;2 8



.$�4$*."5 KFQmKQm`Bb!bim/2MiXmMBK2H#X2/mX�m 0DUPCFS ����

RXRX9 1[mBp�H2Mi /2}MBiBQM /m2 iQ E�ix

h?2`2 Bb �HbQ �M �H;2#`�B+ ;2QK2i`B+ �TT`Q�+? iQ /2}MBM; KQ/mH�` 7Q`Kb- �M/ mM/2`
+2`i�BM +QM/BiBQMb- i?Bb /2}MBiBQM ;Bp2b i?2 b�K2 `2bmHiX "v /2}MBM; KQ/mH�` 7Q`Kb �b
;HQ#�H b2+iBQMb Q7 � b?2�7 QM bQK2 KQ/mHB bT�+2- QM2 +�M KQ`2 2�bBHv /2/m+2 +2`i�BM
`2bmHib �#Qmi i?2K #v +�HHBM; mTQM KQ`2 2bi�#HBb?2/ i?2Q`vX PM2 bm+? `2bmHi UQ`B;BM�HHv
�ii`B#mi2/ iQ a2``2 �M/ arBMM2`iQM@.v2`- #mi bi�i2/ #v :Q`2M BM (d)V Bb mb2/ BM ȜRXjX

.2}MBiBQM 8X � UE�ixV KQ/mH�` 7Q`K Q7 r2B;?i k �M/ H2p2H Γ = Γ1(N) Bb � ;HQ#�H b2+iBQM
Q7 i?2 HBM2 #mM/H2 ω⊗k Qp2` i?2 +QKT�+iB}2/ KQ/mH�` +m`p2 Γ \H∗ := Γ \ (H ∪ P1(Q))-
BX2X- �M 2H2K2Mi Q7 ME�ix

k (Γ) := H0(Γ \ H∗,ω⊗k)X >2`2- ω⊗k Bb BM 7�+i i?2 >Q/;2
#mM/H2 /2}M2/ �b i?2 [mQiB2Mi Γ \ H∗ × C rBi? i?2 �+iBQM Q7 γ = ( a b

c d ) ∈ Γ ;Bp2M #v
(z,α) -→ (γz, (cz + d)kα)X

AM E�ixǶb Q`B;BM�H /2}MBiBQM BM (8)- i?2 KQ/mH�` +m`p2 Γ \H Bb mb2/- i?mb ;BpBM; �
/2}MBiBQM rBi? MQ ;`Qri? +QM/BiBQMX "mi Bi Bb � 7�+i i?�i Mk(Γ) = ME�ix

k (Γ) U/Bb+mbb2/
7Q` 2t�KTH2 BM Ȝ9 Q7 *?�Ti2` R BM (d)VX �MQi?2` �/p�Mi�;2 Q7 i?Bb �TT`Q�+? Bb i?�i QM2
+�M �TTHv #�b2 +?�M;2 iQ i?2 `BM; Qp2` r?B+? i?2 KQ/mH�` +m`p2 Bb /2}M2/ iQ �``Bp2 �i
� KQ`2 ;2M2`�H /2}MBiBQMX AM (8)- .B�KQM/ �M/ AK +Bi2 E�ixǶb /2}MBiBQM Q7 i?2 bT�+2
ME�ix

k (N,R) Q7 UE�ixV KQ/mH�` 7Q`Kb Q7 r2B;?i k QM Γ1(N) Qp2` i?2 `BM; R ⊂ CX AM
(Rk)- E�ix mb2b i?Bb /2}MBiBQM iQ T`Qp2 `2bmHib mb2/ BM ȜkX9Xk- r?B+? Bb TQbbB#H2 �b �
`2bmHi Q7 i?2 7QHHQrBM; 2[m�HBiv,

S`QTQbBiBQM 9X Uh?2Q`2K RkXjXd BM (8) 7Q` N ! 5- 7Q` N " 4 +QMbmHi (9)VX 6Q` p ! 5-
r2 ?�p2

ME�ix
k (N,Fp) ∼= Mk(N,Fp) = Mk(N,Z)⊗Z Fp

B7 k ̸= 1 �M/ p ! N X
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RXk a2``2 p@�/B+ KQ/mH�` 7Q`Kb
RXkXR .2}MBM; a2``2 p@�/B+ KQ/mH�` 7Q`Kb

q?2M /2}MBM; a2``2 p@�/B+ KQ/mH�` 7Q`Kb- r2 �bbmK2 i?�i p ̸= 2 iQ �pQB/ +QKTHB+�iBQMb
Ub22 ȜRX9 BM (R8)VX h?Bb Bb MQi �M Bbbm2- bBM+2 i?2 K�BM 7Q+mb Q7 Qm` bim/v Bb QM i?2 2z2+i
Q7 i?2 i?2i� QT2`�iQ` 7Q` T`BK2b p ! 5X

.2}MBiBQM eX � Ua2``2V p@�/B+ KQ/mH�` 7Q`K Q7 H2p2H N Bb � 7Q`K�H b2`B2b

f =
∞∑

n=0

anq
n

rBi? +Q2{+B2Mib an ∈ Qp bm+? i?�i i?2`2 2tBbib � b2[m2M+2 (fi) Q7 +H�bbB+�H KQ/mH�`
7Q`Kb Q7 H2p2H N rBi? `�iBQM�H +Q2{+B2Mib UBX2X fi ∈ M(N,Q)V b�iBb7vBM; HBK fi = f UBM
i?2 b2Mb2 i?�i νp(f − fi)→ +∞VX

LQi2 i?�i BM (R8)- a2``2 QMHv /2}M2b p@�/B+ KQ/mH�` 7Q`Kb 7Q` H2p2H 1X

.2}MBiBQM dX G2i m ! 1 #2 �M BMi2;2` �M/ p ̸= 2 #2 � T`BK2 MmK#2`X .2}M2

Xm := Z/pm−1(p− 1)Z.

�b m→∞- i?2 Xm 7Q`K � T`QD2+iBp2 bvbi2K Q7 ;`QmTb rBi? i`�MbBiBQM KQ`T?BbKb ;Bp2M
#v i?2 M�im`�H BM+HmbBQMbc r2 /2MQi2 #v X i?2 T`QD2+iBp2 HBKBi Q7 i?Bb bvbi2KX q2 ?�p2

X = HBK←−Xm = Zp × Z/(p− 1)Z.

RXkXk q2B;?ib Q7 p@�/B+ KQ/mH�` 7Q`Kb

S`QTQbBiBQM 8X Uh?2Q`2K k BM ȜRX9 Q7 (R8)VX G2i f #2 � MQMx2`Q p@�/B+ KQ/mH�` 7Q`K-
�M/ H2i (fi) #2 � b2[m2M+2 Q7 KQ/mH�` 7Q`Kb Q7 r2B;?ib (ki)- rBi? `�iBQM�H +Q2{+B2Mib-
+QMp2`;BM; iQ f X h?2M i?2 b2[m2M+2 (ki) ?�b � HBKBi BM i?2 ;`QmT X = T`QD HBKXm-
+�HH2/ i?2 ǳr2B;?iǴX h?Bb HBKBi /2T2M/b QM f - #mi MQi QM i?2 +?Qb2M b2[m2M+2 (fi)X

S`QQ7 "v ?vTQi?2bBb- r2 ?�p2 νp(fi − fj) → ∞c QM i?2 Qi?2` ?�M/- νp(fi) Bb 2[m�H iQ
νp(f) 7Q` bm{+B2MiHv H�`;2 iX 6`QK h?2Q`2K R r2 /2/m+2 i?�i- 7Q` �HH m ! 1- i?2 BK�;2
Q7 i?2 b2[m2M+2 ki BM Xm bi�#BHBb2bc i?Bb K2�Mb i?�i i?2 ki ?�p2 � HBKBi k BM XX h?2 7�+i
i?Bb HBKBi /Q2b MQi /2T2M/ QM i?2 +?Qb2M b2[m2M+2 Bb BKK2/B�i2 7`QK h?2Q`2K RX #
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LQi2 i?�i Bi Bb Q7i2M i`m2 i?2 r2B;?ib (ki) bi�#BHBb2 bBKmHi�M2QmbHv BM �HH Xm rBi?
m > M 7Q` bQK2 M X AM i?Bb b+2M�`BQ- i?2 HBKBi k +�M #2 BMi2`T`2i2/ M�im`�HHv �b �M
BMi2;2`X >2M+27Q`i?- r2 /2MQi2 #v o(Zp, k,N) i?2 b2i Q7 p@�/B+ KQ/mH�` 7Q`Kb Q7 r2B;?i
k �M/ H2p2H N X AM 7�+i- i?Bb Bb � Qp@KQ/mH2X

G2KK� RX a2``2 p@�/B+ KQ/mH�` 7Q`Kb ?�p2 � M�im`�H Qp@`BM; bi`m+im`2X

S`QQ7 *H2�`Hv a2``2 p@�/B+ KQ/mH�` 7Q`Kb +QMbiBimi2 � Qp@KQ/mH2 rBi? b+�H�` KmHiBTHB@
+�iBQM ;Bp2M #v i?2 MQ`K�H Qp KmHiBTHB+�iBQM- �M/ �//BiBQM r2HH@/2}M2/ #v +Q2{+B2Mi@
rBb2 �//BiBQM BM i?2 q@2tT�MbBQMb UbmT2`�//BiBp2 rBi? `2bT2+i iQ νpVX

hQ +QKTH2i2 Qm` T`QQ7 Q7 i?2 `BM; bi`m+im`2- H2i f �M/ f ′ #2 p@�/B+ KQ/mH�` 7Q`Kb
rBi? `2bT2+iBp2 r2B;?ib k �M/ k′c r2 +H�BK i?�i ff ′ Bb � p@�/B+ KQ/mH�` 7Q`K rBi? r2B;?i
2[m�H iQ i?2 HBKBi Q7 kik′

i BM XX G2i (fi) �M/ (f ′
i) #2 b2[m2M+2b Q7 KQ/mH�` 7Q`Kb rBi?

`2bT2+iBp2 r2B;?ib (ki) �M/ (k′
i) +QMp2`;BM; `2bT2+iBp2Hv iQ f �M/ f ′X 6`QK ȜRXRXR- r2

FMQr i?�i (fif ′
i) Bb � b2[m2M+2 Q7 KQ/mH�` 7Q`Kb rBi? r2B;?ib (kik′

i)X LQr #v 7�+iQ`BM;
Qmi i?2 ?B;?2bi TQr2` Q7 p 7`QK �HH +Q2{+B2Mib BM i?2 q@2tT�MbBQM- r2 ?�p2

νp(f
′(f − fi)) ! νp(f − fi)→ +∞,

νp(fi(f
′ − f ′

i)) ! νp(f
′ − f ′

i)→ +∞.

>2M+2-
νp(ff

′ − fif
′
i) ! νp(f

′(f − fi)) + νp(fi(f
′ − f ′

i))→ +∞

�M/ ff ′ Bb BM/22/ � p@�/B+ KQ/mH�` 7Q`K rBi? r2B;?i 2[m�H iQ i?2 HBKBi Q7 kik′
i BM XX #
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RXj JQ/mH�` 7Q`Kb KQ/mHQ pm

RXjXR 6B`bi /2}MBiBQMb �M/ T`QT2`iB2b

.2}MBiBQM 3X G2i p #2 T`BK2 �M/ m ! 1 #2 �M BMi2;2`X G2i Γ #2 �M �`Bi?K2iB+
;`QmT +QMi�BMBM; ( 1 1

0 1 ) bQ i?�i Mk(Γ,Z) +QMbBbib Q7 KQ/mH�` 7Q`Kb Q7 r2B;?i k �M/ H2p2H
bi`m+im`2 Γ �HH ?�pBM; q@2tT�MbBQMb rBi? BMi2;2` +Q2{+B2MibX

G2i M̃k(Γ) := Mk(Γ,Z) ⊗Z Z/pmZ i?2 b2i Q7 �HH i?2b2 q@2tT�MbBQMb #mi rBi? i?2
+Q2{+B2Mib `2/m+2/ KQ/mHQ pm- r?B+? 7Q`Kb � `BM; BM i?2 M�im`�H r�vX q2 +�HH i?2b2
KQ/mH�` 7Q`Kb rBi? r2B;?i k �M/ H2p2H bi`m+im`2 Γ KQ/mHQ pmX

a2i M̃(Γ) :=
∑

k!0 M̃k(Γ,Z)X h?2b2 �`2 KQ/mH�` 7Q`Kb rBi? H2p2H bi`m+im`2 Γ KQ/@
mHQ pmX q2 r`Bi2 M̃k(N) := M̃k(Γ1(N))- M̃(N) := M̃(Γ1(N)) �M/ M̃ := M̃(aGk(Z))-
�M/ `272` iQ KQ/mH�` 7Q`Kb KQ/mHQ pm B7 i?2 H2p2H bi`m+im`2 Bb aGk(Z)- Q` Qi?2`rBb2
Q#pBQmb 7`QK i?2 +QMi2tiX

S`QTQbBiBQM eX *QMbB/2` i?Qb2 7Q`Kb BM Mk(Γ,Q) r?Qb2 q@2tT�MbBQMb ?�p2 QMHv p@
BMi2;`�H +Q2{+B2MibX q2 +�M 2[mBp�H2MiHv /2}M2 M̃k(Γ) �b i?Bb b2i Q7 q@2tT�MbBQMb #mi
rBi? i?2 +Q2{+B2Mib `2/m+2/ KQ/mHQ pmX

S`QQ7 q2 QMHv M22/ iQ T`Qp2 r2 /Q MQi ;2i 2ti`� b2`B2b rBi? i?Bb �Hi2`M�iBp2 /2}MBiBQMX
h?Bb Bb 2[mBp�H2Mi iQ b?QrBM; i?�i 2p2`v f ∈ Mk(Γ,Q) rBi? p@BMi2;`�H +Q2{+B2Mib BM
i?2 q@2tT�MbBQM ?�b i?2 �//BiBQM�H T`QT2`iv i?�i i?2 /2MQKBM�iQ`b Q7 i?2b2 +Q2{+B2Mib
�`2 #QmM/2/c i?Bb r�v- i?2`2 2tBbib c ∈ Z rBi? ;+/(c, p) = 1 bm+? i?�i cf ∈ Mk(Γ,Z)X
h?2 7�+i i?�i i?2 /2MQKBM�iQ`b Q7 i?2 +Q2{+B2Mib �`2 #QmM/2/ Bb � r2HH@FMQrM `2bmHi
Ub22- 7Q` 2t�KTH2- h?2Q`2K jX8k BM (Re)VX #

.2}MBiBQM NX 6Q` f =
∑∞

n=0 anq
n ∈ Z!q" ⊗Z Q UBX2X q@2tT�MbBQMb rBi? `�iBQM�H +Q27@

}+B2Mib r?Qb2 /2MQKBM�iQ`b �`2 #QmM/2/V- /2MQi2 #v f̃ i?2 KQ/mH�` 7Q`K KQ/mHQ pm

Q#i�BM2/ #v `2/m+BM; i?2 +Q2{+B2Mib Q7 i?2 q@2tT�MbBQM KQ/mHQ pmX q2 mb2 i?2 b�K2
MQi�iBQM iQ /2MQi2 i?2 `2bmHi�Mi q@2tT�MbBQM B7 f Bb � p@�/B+ KQ/mH�` 7Q`K Ui?Bb �HbQ
�Hr�vb im`Mb Qmi iQ #2 � KQ/mH�` 7Q`K KQ/mHQ pm- b22 S`QTQbBiBQM dVX

LQiB+2 i?�i BM i?2 /2}MBiBQM Q7 M̃(Γ)- r2 mb2 � bmK `�i?2` i?�M � /B`2+i bmKX
h?Bb Bb #2+�mb2 Q7 i?2 7QHHQrBM; H2KK�,
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G2KK� kX 6Q` p ! 5- r2 ?�p2 i?2 BM+HmbBQMb

M̃k(Γ) ⊂ M̃k+pm−1(p−1)(Γ) ⊂ M̃k+2pm−1(p−1)(Γ) ⊂ · · · .

6Q` α ∈ Z/pm−1(p− 1)Z- r2 r`Bi2 M̃α(Γ) 7Q` i?2 mMBQM Q7 M̃k(Γ) rBi? k BM αX

hQ T`Qp2 i?Bb H2KK�- r2 M22/ i?2 7QHHQrBM; 7�KQmb 7�+i �#Qmi "2`MQmHHB MmK#2`b
UT`Qp2/ 7Q` 2t�KTH2 BM (Ry)V,

G2KK� jX Uh?2 *H�mb2M@pQM ai�m/i h?2Q`2KVX 6Q` �Mv TQbBiBp2 BMi2;2` n- r2 ?�p2

B2n +
∑

p T`BK2 :
p−1|2n

1

p
∈ Z

_2K�`FX LQi2 i?2 Q#pBQmb +Q`QHH�`v νp(Bt(p−1)) = νp(1/p) = −1 7Q` �Mv TQbBiBp2
BMi2;2` tX

S`QQ7 Q7 G2KK� k h?2b2 BM+HmbBQMb �`2 BM/m+2/ #v KmHiBTHB+�iBQM #v Ẽpm−1

p−1 - r?B+?
Bb mbm�HHv +�HH2/ i?2 >�bb2 BMp�`B�Mi 7Q` KQ/mH�` 7Q`Kb KQ/mHQ pmc ?2M+2 Bi bm{+2b iQ
b?Qr Epm−1

p−1 ≡ 1 (KQ/ pm)X "v i?2 *H�mb2M@pQM ai�m/i i?2Q`2K- r2 ?�p2

νp

(
p− 1

Bp−1

)
= νp(p− 1) + 1 = 1,

bQ Ep−1 ≡ 1 (KQ/ pm)X q2 T`Q+22/ #v BM/m+iBQM QM mc ?�pBM; Dmbi b?Qr2/ i?2 #�b2 +�b2
m = 1- bmTTQb2 m ! 2X "v i?2 BM/m+iBp2 ?vTQi?2bBb- r2 ?�p2 Epm−2

p−1 ≡ 1 (KQ/ pm−1)-
r?B+? Bb i?2 b�K2 �b r`BiBM; Epm−2

p−1 = 1+pm−1f 7Q` bQK2 f ∈ Z!q"⊗ZQX LQr νp
(
p
i

)
= 1

7Q` �HH 0 < i < p bBM+2 p Bb T`BK2- ?2M+2

Epm−1

p−1 = (1 + pm−1f)p

≡ 1p + (pm−1f)p (KQ/ pm)

≡ 1 (KQ/ pm) UbBM+2 p(m− 1) ! mV

�b `2[mB`2/X #

S�;2 Ry
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LQi2 i?�i #v i?2 *H�mb2M@pQM ai�m/i i?2Q`2K-

νp

(
(p− 1)pm−1

B(p−1)pm−1

)
= νp((p− 1)pm−1) + 1 = m− 1 + 1 = m,

bQ E(p−1)pm−1 ≡ 1 (KQ/ pm)X AM Qi?2` rQ`/b- QM2 +�M i?BMF Q7 i?2b2 BM+HmbBQMb �HbQ
#2BM; BM/m+2/ #v KmHiBTHB+�iBQM #v Ẽ(p−1)pm−1 = 1X q2 rBHH b22 BM i?2 T`QQ7 Q7 h?2Q`2K
R i?�i 7Q` m = 1 �M/ N ̸= 2, 3, 4- i?Bb Bb i?2 QMHv `2H�iBQM QM KQ/mH�` 7Q`Kb KQ/mHQ
p BM i?2 b2Mb2 i?�i irQ KQ/mH�` 7Q`Kb �`2 +QM;`m2Mi KQ/mHQ p B7 �M/ QMHv B7 i?2v �`2
2[m�H mT iQ bQK2 TQr2` Q7 i?2 >�bb2 BMp�`B�MiX h?2 KQ`2 ;2M2`�H `2bmHi 7Q` p ! N �M/
�`#Bi`�`v m ! 1 Bb ;Bp2M BM G2KK� kXR BM (Rj)X

RXjXk S`QpBM; h?2Q`2K R

.2}MBiBQM RyX �M 2H2K2Mi x ∈ Qp Bb p@BMi2;`�H B7 x ∈ Zp ⊂ Qp- Q` 2[mBp�H2MiHv B7
νp(x) ! 0X

S`QQ7 Q7 h?2Q`2K R h?Bb i?2Q`2K 7QHHQrb /B`2+iHv 7`QK *Q`QHH�`v 9X9Xk BM (RR)X >Qr@
2p2`- r2 T`2b2Mi � T`QQ7 #v bi`2M;i?2MBM; i?2 �`;mK2Mi Q7 h?ûQ`ĕK2 R BM ȜRXj Q7 (R8)X

6Q` f ∈ Q!q" rBi? p@BMi2;`�H +Q2{+B2Mib- H2i f /2MQi2 i?2 b2`B2b rBi? +Q2{+B2Mib
`2/m+2/ KQ/mHQ p UBX2X- f = f̃ r?2M m = 1VX �HbQ- H2i M := M̃(N) 7Q` m = 1X

aBM+2 i?2 /2MQKBM�iQ`b Q7 i?2 +Q2{+B2Mib Q7 f Kmbi #2 #QmM/2/- r2 +�M KmHiBTHv
f #v bQK2 b+�H�` iQ K�F2 i?2 +Q2{+B2Mib p@BMi2;`�H- H2�pBM; i?2 r2B;?i mM�z2+i2/X
h?mb r2 K�v �bbmK2 rBi?Qmi i?2 HQbb Q7 ;2M2`�HBiv i?�i νp(f) = 0- BM r?B+? +�b2 i?2
+QM/BiBQM Bb 2[mBp�H2Mi iQ

f ′ ≡ f (KQ/ pm).

aBM+2 i?2 +Q2{+B2Mib Q7 f �M/ f ′ �`2 p@BMi2;`�H �M/ m ! 1- r2 +2`i�BMHv ?�p2 f = f ′ ̸= 0

U�M/ �HbQ f̃ = f̃ ′VX A7 p ! 5- r2 b22 i?�i f �M/ f ′ #2HQM; iQ i?2 b�K2 +QKTQM2Mi
M

α
:= M

α
(N) Q7 i?2 �H;2#`� M X h?Bb 7QHHQrb 7`QK h?2Q`2K 8X9 BM (d)c �Hi?Qm;?

i?2 T`QQ7 Q7 i?Bb i?2Q`2K �bbmK2b N > 4- i?2 +QM+HmbBQM ?QH/b 7Q` �HH N ! 1 bBM+2
N | M 4⇒ Γ(M) ⊂ Γ(N)X LQi2 i?�i � T`QQ7 7Q` 7Q` N = 1 Bb �HbQ ;Bp2M #v arBMM2`iQM@
.v2` BM G2KK� 8 UBV Q7 (R3)X AM bmKK�`v- k′ ≡ k (KQ/ p−1)X h?2 i?2Q`2K Bb i?2`27Q`2
T`Qp2/ 7Q` m = 1X

�bbmK2 MQr i?�i m ! 2X G2i h := k′ − kX lT iQ `2TH�+BM; f ′ #v

f ′E(p−1)pn

S�;2 RR
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rBi? H�`;2 2MQm;? n- r2 K�v �bbmK2 i?�i h ! 4X h?2 1Bb2Mbi2BM b2`B2b Eh Bb i?2M �
KQ/mH�` 7Q`K Q7 r2B;?i hc �b h Bb /BpBbB#H2 #v p − 1- r2 ?�p2 Eh ≡ 1 (KQ/ p)X a2i
r = νp(h) + 1X q2 M22/ iQ b?Qr i?�i r ! mX amTTQb2 r < mX q2 ?�p2 fEh − f ′ =

f − f ′ + f(Eh − 1)X
aBM+2 h ≡ 0 (KQ/ (p− 1)pr−1)- r2 ?�p2 #v i?2 *H�mb2M@pQM ai�m/i i?2Q`2K

νp(Eh − 1) ! νp

(
h

Bh

)
= νp(h) + 1 = r − 1 + 1 = r,

bQ Eh − 1 ≡ 0 (KQ/ pr)X "mi f − f ′ ≡ (KQ/ pm)- bQ r2 +QM+Hm/2 i?�i fEh − f ′ ≡ 0

(KQ/ pr) �M/
p−r(fEh − f ′) ≡ p−rf(Eh − 1) (KQ/ p).

�;�BM mbBM; i?2 *H�mb2M@pQM ai�m/i h?2Q`2K- r2 ?�p2

p−r(Eh − 1) = λφ,

r?2`2 φ =
∑∞

n=1 σh−1(n)qn �M/ νp(λ) = 0X h?2 �#Qp2 +QM;`m2M+2 Bb i?2`27Q`2 2[mBp�H2Mi
iQ

fφ ≡ g (KQ/ p),

r?2`2 g Bb i?2 KQ/mH�` 7Q`K λ−1p−r(fEh − f ′)- Q7 r2B;?i k′X �b f ̸= 0- i?Bb +�M #2
r`Bii2M �b φ = g/f �M/ b?Qrb i?�i φ #2HQM;b iQ i?2 7`�+iBQM }2H/ Q7 M c KQ`2Qp2`- g
�M/ f ?�p2 i?2 b�K2 r2B;?i KQ/mHQ p− 1c r2 +QM+Hm/2 i?�i φ #2HQM;b iQ i?2 7`�+iBQM
}2H/ Q7 M0X q2 ?�p2

φ− φp
= ψ, rBi? ψ =

∑

(p,n)=1

σh−1(n)q
n,

�M/ r2 2�bBHv +?2+F i?�i

ψ ≡ θh−1

( ∞∑

n=1

σ1(n)q
n

)
, r?2`2 θ = q

d

dq
Ub22 kXkVX

AM Q`/2` iQ ;2i � +QMi`�/B+iBQM- Q#b2`p2 i?�i r2 ?�p2

ψ = − 1

24
θh−1(P ) = − 1

24
θp−2(Ep+1),

S�;2 Rk
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r?2M+2 ψ ∈M
0- ;Bp2M i?2 T`QT2`iB2b Q7 i?2 QT2`�iQ` θ Ub22 kXkVX h?2 2[m�iBQM φ−φp

=

ψ b?Qrb i?�i φ Bb BMi2;`�H Qp2` M
0- ?2M+2 #2HQM;b iQ M

0 bBM+2 M
0 Bb BMi2;`�HHv +HQb2/

Ui?Bb Bb � +QMb2[m2M+2 Q7 S`QTQbBiBQM j- +QM72` (R) 7Q` /2i�BHbVc #mi i?Bb +QMi`�/B+ib
G2KK2 U9ReĜRRV BM (R9)X #

RXjXj _2H�iBQMb?BT iQ p@�/B+ KQ/mH�` 7Q`Kb

*QM+Hm/BM; i?Bb +?�Ti2` Bb � bBKTH2 K�ii2` Q7 b?QrBM; i?�i r2 +�M 2zQ`iH2bbHv brBi+?
#2ir22M HB7iBM; � KQ/mH�` 7Q`K KQ/mHQ pm iQ � a2``2 p@�/B+ KQ/mH�` 7Q`K �M/ HB7iBM;
iQ � +H�bbB+�H KQ/mH�` 7Q`K rBi? BMi2;2` +Q2{+B2Mib,

S`QTQbBiBQM dX G2i õ(Zp, k,N) #2 i?2 q@2tT�MbBQM BM i?2 Qp@KQ/mH2 o(Zp, k,N)

rBi? p@BMi2;`�H +Q2{+B2Mib- r?Qb2 +Q2{+B2Mib ?�p2 #22M `2/m+2/ KQ/mHQ pmX h?2M
õ(Zp, k,N) = M̃k(N)X

S`QQ7 6B`bi Q#b2`p2 i?�i 2p2`v +H�bbB+�H KQ/mH�` 7Q`K f rBi? H2p2H N �M/ `�iBQM�H +Q@
2{+B2Mib +�M #2 BMi2`T`2i2/ �b � p@�/B+ KQ/mH�` 7Q`Kc i?2 +QMbi�Mi b2[m2M+2 f, f, f, . . .

BM/22/ +QMp2`;2b iQ f X >2M+2- õ(Zp, k,N) ⊇ M̃k(N)X
LQr 7Q` �Mv f ∈ o(Zp, k,N) rBi? p@BMi2;`�H +Q2{+B2Mib- i?2`2 2tBbib � b2[m2M+2

(fi) Q7 KQ/mH�` 7Q`Kb rBi? H2p2H N �M/ `�iBQM�H +Q2{+B2Mib +QMp2`;BM; iQ f X AM T�`iB+@
mH�`- i?Bb K2�Mb i?2`2 2tBbib ℓ ∈ Z>0 bm+? i?�i 7Q` �HH i ! ℓ- r2 ?�p2 νp(f − fi) ! mX
>2M+2- f̃ = f̃ℓ bQ i?�i õ(Zp, k,N) ⊆ M̃k(N) Ur2 +�M `2/m+2 i?2 +Q2{+B2Mib KQ/mHQ pm

bBM+2 i?2v �`2 p@BMi2;`�HVX #

S�;2 Rj
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k h?2i� QT2`�iQ` 7Q` KQ/mH�` 7Q`Kb
KQ/mHQ pm

kXR h?2i� QT2`�iQ` QM p@�/B+ KQ/mH�` 7Q`Kb
S`QTQbBiBQM 3X Uh?2Q`2K 8 U�V BM ȜkXR Q7 (R8)VX G2i f =

∑
anqn #2 � p@�/B+ KQ/mH�`

7Q`K Q7 r2B;?i k �M/ H2p2H N X h?2 b2`B2b

θf := q
df

dq
=
∑

nanq
n

Bb � p@�/B+ KQ/mH�` 7Q`K Q7 r2B;?i k + 2X >2M+2- r2 ?�p2 � K�T θ : o(Zp, k,N) →
o(Zp, k + 2, N)X

"27Q`2 T`QpBM; i?Bb- r2 /2}M2 i?2 ∂ QT2`�iQ`,

S`QTQbBiBQM NX G2i f ∈ Mk(Γ,Q)- r?2`2 Γ Bb �M �`Bi?K2iB+ ;`QmT +QMi�BMBM; ( 1 1
0 1 )X

h?2M
∂f := 12θf − kPf ∈Mk+2(Γ,Q).

S`QQ7 *H2�`Hv ∂f ?�b � q@2tT�MbBQM rBi? `�iBQM�H +Q2{+B2Mib �M/ b�iBb}2b i?2 ;`Qri?
+QM/BiBQM- �b i?2 q@2tT�MbBQMb 7Q` θf - P �M/ f �`2 �HH `�iBQM�H �M/ b�iBb7v i?2 ;`Qri?
+QM/BiBQMX hQ b?Qr ∂f ?�b r2B;?i k + 2- +QMbB/2` �Mv γ = ( a b

c d ) ∈ Γ rBi? γz := az+b
cz+d -

S�;2 R9
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�M/ Q#b2`p2 i?�i

(∂f)(γz) = 12(θf)(γz)− kP (γz)f(γz)

= 12

(
q
d

dq
(f)

)
(γz)− kP (γz)(cz + d)kf(z) UbBM+2 f ?�b r2B;?i kV

=
6

πi
f ′(γz)− kP (γz)(cz + d)kf(z) UbBM+2 d

dz = dq
dz ·

d
dq = 2πiq d

dq V

=
6

πi
f ′(γz)− k

(
(cz + d)2P (z)− 6ic

π
(cz + d)

)
(cz + d)kf(z) U7`QK kV

=
6

πi
·

d
dz (f(γz))

d
dz (γz)

− k

(
(cz + d)P (z) +

6c

πi

)
(cz + d)k+1f(z)

U#v i?2 +?�BM `mH2V

=
6

πi
·

d
dz

(
(cz + d)kf(z)

)

ad−bc
(cz+d)2

− k

(
(cz + d)P (z) +

6c

πi

)
(cz + d)k+1f(z)

=
6

πi
· (cz + d)2

(
ck(cz + d)k−1f(z) + (cz + d)kf ′(z)

)

− k

(
(cz + d)P (z) +

6c

πi

)
(cz + d)k+1f(z) UbBM+2 ad− bc = 1V

=
6

πi
(cz + d)k+2f ′(z)− k(cz + d)k+2P (z)f(z)

= (cz + d)k+2 · 12
(
q
d

dq
(f)

)
(z)− (cz + d)k+2kP (z)f(z)

= (cz + d)k+2 (12(θf)(z)− kP (z)f(z))

= (cz + d)k+2(∂f)(z),

�b +H�BK2/X #

S`QQ7 Q7 S`QTQbBiBQM 3 G2i (fi) #2 � b2[m2M+2 Q7 KQ/mH�` 7Q`Kb rBi? `�iBQM�H +Q27@
}+B2Mib bm+? i?�i HBK fi = f - �M/ H2i ki #2 i?2 r2B;?i Q7 fiX aBM+2 P Bb � p@�/B+ KQ/mH�`
7Q`K Q7 r2B;?i 2 U�b � `2bmHi Q7 S`QTQbBiBQM Rk Q` i?2 B/2MiBiv UNVV- ∂fi +�M #2 BMi2`@
T`2i2/ �b � p@�/B+ KQ/mH�` 7Q`K Q7 r2B;?i k + 2 U#v S`QTQbBiBQM NV BM i?2 mbm�H r�v-
�M/ fi +�M #2 BMi2`T`2i2/ �b � p@�/B+ KQ/mH�` 7Q`K BM i?2 mbm�H r�v- Bi 7QHHQrb i?�i

θfi =
1

12
∂fi +

k

12
Pfi

Bb � p@�/B+ KQ/mH�` 7Q`K Q7 r2B;?i ki + 2X aQ i?2`2 2tBbib � b2[m2M+2 (hi,j)j Q7 +H�bbB+�H

S�;2 R8
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KQ/mH�` 7Q`Kb Q7 H2p2H N rBi? `�iBQM�H +Q2{+B2Mib b�iBb7vBM; HBKj→∞ hi,j = θfiX
LQi2 i?�i r2 +�M brBi+? � HBKBi QM KQ/mH�` 7Q`Kb rBi? i?2 i?2i� QT2`�iQ` �b Bi

Bb +Q2{+B2Mi@rBb2 +QMiBMmQmbX >2M+2- r2 mb2 � /B�;QM�H �`;mK2Mi iQ /2/m+2

HBKhi,i = HBK θfi = θ HBK fi = θf.

aQ θf Bb BM/22/ � p@�/B+ KQ/mH�` 7Q`K Q7 r2B;?i HBK(ki + 2) = k + 2X #

kXk h?2 +QMbi`m+iBQM 7Q` KQ/mH�` 7Q`Kb KQ/mHQ pm

LQr r2 T`2b2Mi i?2 +QMbi`m+iBQM Q7 i?2 i?2i� QT2`�iQ` 7Q` KQ/mH�` 7Q`Kb KQ/mHQ pm

rBi? H2p2H N X LQr i?�i r2 ?�p2 /2}M2/ i?2 i?2i� QT2`�iQ` 7Q` a2``2 p@�/B+ KQ/m@
H�` 7Q`Kb- �M/ ?�p2 /2}M2/ KQ/mH�` 7Q`Kb KQ/mHQ pm pB� p@�/B+ KQ/mH�` 7Q`Kb- i?2
+QMbi`m+iBQM Bb 2�bv,

.2}MBiBQM RRX �#mbBM; i?2 b�K2 bvK#QH �b 7Q` p@�/B+ KQ/mH�` 7Q`Kb- r2 /2}M2 i?2
K�T

θ : M̃(N) −→ M̃(N)

f̃ -→ θ̃f,

r?2`2 r2 BMi2`T`2i f ∈M(N,Z) �b � p@�/B+ KQ/mH�` 7Q`K BM Q`/2` iQ 2p�Hm�i2 θf X

P#b2`p2 i?�i i?2 HB7i f ∈ M(N,Z) Q7 f̃ Bb MQi mMB[m2 Ub22 G2KK� kV- bQ r2 M22/
iQ DmbiB7v i?Bb Bb BM/22/ � r2HH@/2}M2/ QT2`�iQ`X h?Bb Bb bBKTH2, B7 f =

∑∞
n=0 anq

n �M/
f ′ =

∑∞
n=0 a

′
nq

n �`2 H2p2H N KQ/mH�` 7Q`Kb rBi? BMi2;2` +Q2{+B2Mib- i?2M

f ≡ f ′ (KQ/ pm)

⇐⇒ an ≡ a′n (KQ/ pm) ∀ n

4⇒ nan ≡ na′n (KQ/ pm) ∀ n

⇐⇒ θf ≡ θf ′ (KQ/ pm).

S�;2 Re
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kXj .2}MBM; }Hi`�iBQMb
6Q` � KQ/mH�` 7Q`K KQ/mHQ pm- Bi QMHv K�F2b b2Mb2 iQ i�HF �#Qmi r2B;?i rBi? `2bT2+i
iQ Bib HB7ib iQ +H�bbB+�H KQ/mH�` 7Q`KbX >2M+2- r2 /2}M2 }Hi`�iBQMb,

.2}MBiBQM RkX 6Q` p � T`BK2- m ∈ Z>0- �M/ f ∈ M(N,Z)- i?2 pm@}Hi`�iBQM Q7 f

UbQK2iBK2b `272``2/ iQ �b i?2 Ur2B;?iV }Hi`�iBQMV Bb /2}M2/ iQ #2

wpm(f) := BM7{k′ | f ≡ g (KQ/ pm) 7Q` bQK2 g ∈Mk′(N,Z)}.

LQi2 i?�i i?2 }Hi`�iBQM Bb /2}M2/ �#Qp2 QM M(N,Z)- #mi Bi Bb �HbQ � K�T M̃(N) −→ Z
#v pB`im2 Q7 i?2 7�+i i?�i f, g ∈M(N,Z) b�iBb7vBM; f ≡ g (KQ/ pm) BKTHB2b wpm(f) =

wpm(g)X >2M+27Q`i?- r2 mb2 wpm(f) �M/ wpm(f̃) BMi2`+?�M;2�#HvX q2 b�v i?�i � HB7i f

Q7 f̃ U� KQ/mH�` 7Q`K KQ/mHQ pmV ?�b 2t�+i pm@}Hi`�iBQM B7 Bib r2B;?i Bb 2[m�H iQ Bib
}Hi`�iBQM wpm(f) = wpm(f̃)X

6`QK i?Bb /2}MBiBQM- B7 m′ ! m ! 1 �`2 BMi2;2`b �M/ f ∈Mk(N,Z)- i?2M

wpm(f) " wpm′ (f) " k.

JQ`2Qp2`- 7Q` p ! 5 �M/ p ! N r2 Kmbi ?�p2 wpm(f) ≡ k (KQ/ (p− 1)pm−1) #v h?2Q@
`2K RX

PM2 +�M MQr �bF i?2 [m2biBQM, r?�i 2z2+i /Q2b i?2 i?2i� QT2`�iQ` θ ?�p2 QM
i?2 pm@}Hi`�iBQM Q7 KQ/mH�` 7Q`Kb KQ/mHQ pm\ �;�BM rQ`FBM; rBi? p ! 5 �M/ p ! N -
Q#b2`p2 i?�i 7Q` f Q7 2t�+i }Hi`�iBQM k- r2 Kmbi ?�p2

wpm(θf̃) ≡ k + 2 (KQ/ pm−1(p− 1)). URV

h?Bb Bb #2+�mb2 θf̃ HB7ib iQ � p@�/B+ KQ/mH�` 7Q`K Q7 r2B;?i k + 2- K2�MBM; i?2`2 Kmbi
2tBbi bQK2 KQ/mH�` 7Q`K g rBi? r2B;?i +QM;`m2Mi iQ k + 2 KQ/mHQ pm−1(p − 1) bm+?
i?�i g̃ = θ̃f = θf̃ X h?2 +QM;`m2M+2 URV i?2M 7QHHQrb 7`QK h?2Q`2K RX

kXjXR h?2i� QT2`�iQ` QM p@}Hi`�iBQMb

>�pBM; /2}M2/ i?2 i?2i� QT2`�iQ` QM KQ/mH�` 7Q`Kb KQ/mHQ pm �b r2HH �b }Hi`�iBQMb-
r2 MQr ?�p2 i?2 iQQHb iQ 2t�KBM2 i?2 2z2+i Q7 θ QM }Hi`�iBQMbX AM i?2 +�b2 m = 1-

S�;2 Rd
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i?Bb 2z2+i Bb r2HH FMQrM 7Q` �HH T`BK2b p ! 5 �M/ H2p2Hb b�iBb7vBM; p ! N X h?Bb 2z2+i Bb
/2b+`B#2/ BM i?2 i?2Q`2K #2HQr,

h?2Q`2K kX Ua22 (Rk)VX G2i p ! 5 #2 T`BK2- m = 1- �M/ N ! 1 #2 �M BMi2;2` bm+?
i?�i p ! N X A7 f ∈Mk(N,Z) ?�b 2t�+i }Hi`�iBQM UBX2X wp(f) = kV- i?2M

wp(θf) " wp(f) + p+ 1 UkV

rBi? 2[m�HBiv B7 �M/ QMHv B7 p ! wp(f) = kX

q?BH2 E�ix T`QpB/2b � T`QQ7 7Q` �HH H2p2Hb N b�iBb7vBM; p ! N BM (Rk) mbBM; �M
�H;2#`�B+@;2QK2i`B+ �TT`Q�+?- � 72r �mi?Q`b T`Qp2 i?Bb `2bmHi 7Q` H2p2H 1 Ub22 G2KK� 8
UBBV BM (R3)- �M/ *Q`QHH�B`2 j BM (R9)VX q2 T`2b2Mi � bF2i+? Q7 i?2 T`QQ7 7Q` H2p2H 1 rBi?
i?2 �B/ Q7 i?2 7QHHQrBM; H2KK�,

G2KK� 9X 6Q` p ! 5 T`BK2- b2i A := Ep−1 �M/ B := Ep+1X h?2M B = P U?2`2- ·
/2MQi2b `2/m+iBQM Q7 i?2 +Q2{+B2Mib KQ/mHQ p �b mbm�HV- �M/ A �M/ B �`2 `2H�iBp2Hv
T`BK2 BMbB/2 M(Γ1)X

S`QQ7 q2 T`QpB/2 � bF2i+? Q7 i?2 T`QQ7 #�b2/ QM a2``2Ƕb *Q`QHH�B`2 j BM (R9), i?2 }`bi
T�`i Q7 i?2 H2KK� 7QHHQrb 7`QK U3V rBi? m = 1X 1ti2M/BM; i?2 /2}MBiBQM Q7 ∂ iQ KQ/mH�`
7Q`Kb KQ/mHQ p BM i?2 b�K2 r�v �b 7Q` θ- QM2 +�M +?2+F /B`2+iHv i?�i ∂2A ≡ −E4A �M/
∂2B ≡ −4E6A − E4BX _2+�HHBM; i?�i M(Γ1) +�M #2 }MBi2Hv ;2M2`�i2/ #v E4 �M/ E6-
r2 ?�p2 i?�i A �M/ B �`2 TQHvMQKB�Hb BM E4 �M/ E6 b�iBb7vBM; � b2+QM/ Q`/2` bvbi2KX
h?2M A;mb� b?Qrb BM (N) i?�i r2 Kmbi ?�p2 A +QT`BK2 iQ B bBM+2 ∂A ≡ B- �b +H�BK2/X #

S`QQ7 Q7 h?2Q`2K k 7Q` N = 1X _2+�HH i?�i Ep−1 = 1 �M/ Ep+1 = E2- bQ

θf = 1
12 (kBf + A∂f).

A7 p ! k- i?2M wp(θf) = wp(kBf + A∂f)X "mi A /Q2b MQi /BpB/2 kBf + A∂f bBM+2
A �M/ B �`2 +QT`BK2 BM M(Γ1)- θf ∈ M(Γ1)- �M/ f ?�b 2t�+i p@}Hi`�iBQMX LQr
`2+�HH i?�i irQ KQ/mH�` 7Q`Kb Q7 H2p2H 1 �`2 +QM;`m2Mi KQ/mHQ p B7 �M/ QMHv B7 i?2v
�`2 2[m�H mT iQ bQK2 TQr2` Q7 i?2 >�bb2 BMp�`B�Mi Ub22 G2KK� 8 UBV BM (R3)VX >2M+2-
kBf + A∂f ?�b 2t�+i p@}Hi`�iBQM- K2�MBM; wp(θf) = k + p + 1X AM i?2 +�b2 p | k- r2
?�p2 wp(θf) = wp(A∂f) = wp(∂f) " k + 2 < k + p+ 1X #

S�;2 R3
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kX9 h?2i� QT2`�iQ` QM pm@}Hi`�iBQMb 7Q` m ! 2

PM2 KB;?i 2tT2+i i?2 ;2M2`�HBb�iBQM iQ m ! 1 Q7 i?2 T`2pBQmb `2bmHi iQ #2

wpm(θf̃) " wpm(f) + 2 + pm−1(p− 1)

rBi? 2[m�HBiv BM bQK2 +�b2b- #v pB`im2 Q7 i?2 7�+i i?�i i?2 HB7i Q7 i?2 >�bb2 BMp�`B�Mi 7Q`
KQ/mH�` 7Q`Kb KQ/mHQ pm ?�b r2B;?i pm−1(p−1)- �M/ i?Bb BM2[m�HBiv rQmH/ K�i+? Qm`
`2bmHi 7Q` m = 1X >Qr2p2`- *?2M �M/ EBKBM; T`Qp2 i?Bb Bb 7�Hb2,

h?2Q`2K jX Uh?2Q`2K R UBV-UBBBV BM (9)VX G2i m ! 2 �M/ f ∈Mk(N) rBi? p ! 5 T`BK2
�M/ p ! N X h?2M

wpm(θf̃) " k + k(m),

r?2`2 k(m) := 2 + 2pm−1(p − 1)X q2 ?�p2 2[m�HBiv B7 f ̸≡ 0 (KQ/ p)- p ! k �M/
wp(f) = kX

P#b2`p2 i?�i i?Bb bi�i2K2Mi Bb r2�F2` i?�M i?2 `2bmHi 7Q` m = 1 #Qi? BM i?2 b2Mb2
i?�i r2 #QmM/ �#Qp2 #v i?2 r2B;?i �M/ MQi i?2 }Hi`�iBQM- �M/ 7m`i?2`- i?�i 2[m�HBiv
/Q2b MQi ;m�`�Mi22 f ̸≡ 0 (KQ/ p)- p ! k �M/ wp(f) = kX q2 T`2b2Mi i?2 T`QQ7 Q7 i?Bb
i?2Q`2K BM irQ T�`ib, }`bi r2 T`Qp2 i?2 BM2[m�HBiv- �M/ i?2M i?2 +QM/BiBQM�H 2[m�HBivX

kX9XR 6BM/BM; i?2 mTT2` #QmM/ 7Q` i?2 pm@}Hi`�iBQM

S`QpBM; i?2 BM2[m�HBiv BM h?2Q`2K j Bb i?2 b�K2 �b T`QpBM; i?�i θ Bb � K�T

θ : M̃k(N) −→ M̃k+k(m)(N). UjV

AM i?Bb bm#b2+iBQM- r2 T`2b2Mi i?2 T`QQ7 Q7 i?Bb 7�+i- #`2�FBM; /QrM �HH +QKTQM2Mib Q7
i?2 T`QQ7 bm++2bbBp2Hv,

"v S`QTQbBiBQM Rk- r2 ?�p2

E2 ≡ −24
m−1∑

j=0

pjfj (KQ/ pm) U9V

S�;2 RN
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r?2`2 7Q` �HH j- fj ∈Mkj(N,Q) b�iBb}2b νp(fj) = 0- �M/

kj :=

⎧
⎨

⎩
2 + pm−j−1(pj+1 − 1) 7Q` j = 0, . . . ,m− 2

pm−1(p+ 1) 7Q` j = m− 1
. U8V

h?2 TQBMi ?2`2 Bb i?�i k(m) − kj Bb � UTQbBiBp2 BMi2;2`V KmHiBTH2 tj Q7 (p − 1)pm−j−1-
r?B+? Bb i?2 r2B;?i Q7 i?2 HB7i Q7 i?2 >�bb2 BMp�`B�Mi 7Q` KQ/mH�` 7Q`Kb KQ/mHQ pm−jc
BM/22/- r2 +QKTmi2

tj =

⎧
⎨

⎩
pj − pj−1 − · · ·− p− 1 7Q` j = 0, . . . ,m− 2

pm−1 − 2pm−2 − · · ·− 2p− 2 7Q` j = m− 1
. UeV

aQ r2 +�M �/Dmbi 2�+? bmKK�M/ BM U9V #v bQK2 TQr2` Q7 Epm−j−1

p−1 iQ K�F2 Bib r2B;?i
2[m�H iQ k(m)X h?Bb ;Bp2b `Bb2 iQ i?2 +QM;`m2M+2

θf ≡ 1

12
E2pm−1

p−1 ∂f − 2kf
m−1∑

j=0

pjE
pm−j−1tj
p−1 fj (KQ/ pm). UdV

h?2 _>a ?�b r2B;?i k + k(m)- bQ r2 BM/22/ ?�p2 i?2 K�T UjV �b +H�BK2/X

hQ b22 ?Qr *?2M �M/ EBKBM; �``Bp2 �i S`QTQbBiBQM Rk- r2 T`Q+22/ BM bi2Tb,

.2}MBiBQM RjX h?2 V QT2`�iQ` Bb /2}M2/ QM 7Q`K�H q@2tT�MbBQMb �b
(∑

anq
n
)
| V :=

∑
anq

np.

A7 i?2 q@2tT�MbBQM BMTmi `2T`2b2Mib � KQ/mH�` 7Q`K f - i?2M i?2 QT2`�iQ` �+ib #v (f |
V )(z) = f(pz)X

S`QTQbBiBQM RyX U*Q`QHH�`v k BM (9)VX 6Q` �HH 2p2M k ! 4- /2}M2 Gk :=
−Bk
2k Ek- r?2`2

Bk Bb i?2 ki? "2`MQmHHB MmK#2`X q2 +H�BK i?�i �b q@2tT�MbBQMb-

G2 ≡
m−1∑

j=0

pj · (G2+pm−j−1(p−1) | V j) (KQ/ pm), U3V

r?2`2 m ! 1 �M/ p ! 5 Bb T`BK2X

"27Q`2 T`QpBM; i?Bb `2bmHi- r2 M22/ i?2 7�KQmb EmKK2` +QM;`m2M+2b 7Q` "2`MQmHHB

S�;2 ky
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MmK#2`b UT`Qp2/ BM K�Mv TH�+2b- bm+? �b BM (j)V,

G2KK� 8X UEmKK2` R38RVX 6Q` ℓ ! 1- r2

(1− pu−1)
Bu

u
≡ (1− pv−1)

Bv

v
(KQ/ pℓ)

r?2M2p2` u �M/ v �`2 TQbBiBp2 2p2M BMi2;2`b MQi /BpBbB#H2 #v p − 1 b�iBb7vBM; u ≡ v

(KQ/ ϕ(pℓ))X

S`QQ7 Q7 S`QTQbBiBQM Ry AM (9)- *?2M �M/ EBKBM; T`Qp2 i?Bb `2bmHi mbBM; i?2 B/2MiBiv

Gk = G∗
k | (1− pk−1V )−1 = G∗

k + pk−1G∗
k | V + · · ·+ pm(k−1)G∗

k | V m + · · · UNV

�i i?2 2M/ Q7 a2``2Ƕb T`QQ7 Q7 h?ûQ`ĕK2 9 BM (R8) U?2`2 G∗
k /2MQi2b i?2 p@�/B+ HBKBi

Gki → G∗
kV- iQ;2i?2` rBi? bQK2 +QM;`m2M+2b T`Qp2/ #v a2``2 BM (R9)X q2 T`2b2Mi �M

�Hi2`M�iBp2- /B`2+i T`QQ7 i?�i Bb KQbiHv b2H7@+QMi�BM2/X
6B`bi `2+�HH i?�i

Gk := −
Bk

2k
+

∞∑

n=1

σk−1(n)q
n, URyV

r?2`2 σt(n) :=
∑

d|n d
t Bb i?2 /BpBbQ` bmKX amTTQb2 n ! 1 rBi? n = pℓx r?2`2

;+/(x, p) = 1X h?2M an(G2) UBX2X i?2 +Q2{+B2Mi Q7 qn QM i?2 G>a Q7 U3VV Bb ;Bp2M
#v σ1(n)- �M/ i?2 +Q2{+B2Mi Q7 qn QM i?2 _>a Q7 U3V Bb ;Bp2M #v

an

(
m−1∑

j=0

pj · (G2+pm−j−1(p−1) | V j)

)
=

KBM{m−1,ℓ}∑

j=0

pjσ1+pm−j−1(p−1)(p
ℓ−jx). URRV

LQi2 i?�i 7Q` �HH 0 " j " m− 1- ;+/(x, pm−j) = 1 �M/ ϕ(pm−j) = pm−j−1(p− 1)- r?2`2
ϕ Bb i?2 iQiB2Mi 7mM+iBQMX aQ mbBM; 1mH2`Ƕb i?2Q`2K �M/ i?2 /2}MBiBQM Q7 σt- r2 ?�p2

σ1+pm−j−1(p−1)(x) ≡ σ1(x) (KQ/ pm−j)

4⇒ pjσ1+pm−j−1(p−1)(x) ≡ pjσ1(x) (KQ/ pm).

JQ`2Qp2`- 7`QK i?2 7�+i i?�i p Bb T`BK2- r2 ?�p2 σt(pix) = σt(x)+ptσt(x)+· · ·+pitσt(x)X
SmiiBM; i?2b2 7�+ib iQ;2i?2`- r2 ;2i i?�i i?2 _>a Q7 URRV Bb +QM;`m2Mi iQ Sℓσ1(x) KQ/mHQ
pm- r?2`2

Sℓ :=
KBM{m−1,ℓ}∑

j=0

pj
ℓ−j∑

i=0

pi(1+ϕ(pm−j)).

S�;2 kR
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P#b2`p2 i?�i ϕ(pm−j) > pm−j−1 ! m− j − 1 bQ i?�i 7Q` i ! 1-

j + i(1 + ϕ(pm−j)) ! j + 1 + ϕ(pm−j) > j + 1 +m− j − 1 = m.

aQ QMHv i?2 i = 0 bmKK�M/ Q7 i?2 BMM2` bmK BM i?2 �#Qp2 2tT`2bbBQM 7Q` Sℓ +QMi`B#mi2b
KQ/mHQ pmX h?mb i?2 _>a Q7 URRV 7m`i?2` bBKTHB}2b iQ

Sℓσ1(x) ≡

⎛

⎝
KBM{m−1,ℓ}∑

j=0

pj

⎞

⎠σ1(x) ≡
(

ℓ∑

j=0

pj
)
σ1(x) = σ1(n) (KQ/ pm),

r?B+? Bb BM/22/ an(G2)X Ai `2K�BMb iQ b?Qr

a0(G2) ≡ a0

(
m−1∑

j=0

pj · (G2+pm−j−1(p−1) | V j)

)
(KQ/ pm)

⇐⇒ −B2

4
≡

m−1∑

j=0

pj
( −B2+ϕ(pm−j)

2(2 + ϕ(pm−j))

)
(KQ/ pm).

q2 �+?B2p2 i?Bb mbBM; EmKK2`Ƕb +QM;`m2M+2bc +H2�`Hv p − 1 ! 2 + ϕ(pm−j) bBM+2 p ! 5X
aQ 7Q` 2�+? j = 0, . . . ,m− 1- r2 ?�p2

−B2+ϕ(pm−j)

2 + ϕ(pm−j)
≡ 1− p

1− p1+ϕ(pm−j)
· −B2

4
(KQ/ pm−j)

≡ (1− p) · −B2

4
(KQ/ pm−j), UbBM+2 1 + ϕ(pm−j) ! m− jV

vB2H/BM;

m−1∑

j=0

pj
( −B2+ϕ(pm−j)

2(2 + ϕ(pm−j))

)
≡

m−1∑

j=0

pj(1− p) · −B2

4
≡ (1− pm) · −B2

4
≡ −B2

4
(KQ/ pm),

�b +H�BK2/X #

S�;2 kk
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G2KK� eX G2i f ∈Mk(aGk(Z))c i?2M f | V ∈Mk(Γ0(p))X

S`QQ7 �b 2tTH�BM2/ BM ȜjXR Q7 (R8)- iQ b?Qr f | V ∈ Mk(Γ0(p))- r2 Kmbi b?Qr i?�i
f |k γ = f 7Q` �HH γ ∈ Γ0(p)- �M/ i?�i f Bb ?QHQKQ`T?B+ �i i?2 irQ +mbTb 0 �M/ i∞ Q7
Γ0(p)X AM/22/- 7Q` �Mv γ = ( a b

c d ) ∈ Γ0(p) r2 ?�p2

((f | V )|k γ) (z) = (cz + d)−kf

(
p · az + b

cz + d

)

UbBM+2 /2i(γ) = 1 �M/ (f | V )(z) = f(pz)V

= ( cp(pz) + d)−kf

(
a(pz) + pb
c
p(pz) + d

)

= f(pz) UbBM+2 f ∈Mk(aGk(Z) �M/
(

a pb
c/p d

)
∈ aGk(Z)V

= (f | V )(z),

bQ i?2 }`bi +QM/BiBQM ?QH/bX
�b 7Q` i?2 b2+QM/ +QM/BiBQM- H2i f =

∑∞
n=0 anq

n- �M/ MQi2 7`QK ȜjXR Q7 (R8) i?�i
f | V Bb ?QHQKQ`T?B+ �i i?2 +mbTb Q7 Γ0(p) B7 �M/ QMHv B7 i?2 b2`B2b

f | V =
∞∑

n=0

anq
pn �M/ (f | V )|k W =

∞∑

n=0

bnq
n

+QMp2`;2 7Q` �HH |q| < 1- r?2`2 W :=
(
0 −1
p 0

)
X h?2 }`bi b2`B2b BM/22/ +QMp2`;2b bBM+2

|qp| < 1 �M/ f ∈Mk(aGk(Z))X �b 7Q` i?2 b2+QM/ b2`B2b- Q#b2`p2 i?�i

(f | V )|k W =
(
p−k/2 f |k

(
p 0
0 1

))∣∣
k

(
0 −1
p 0

)

= p−k/2 f |k
(
p 0
0 1

)(
0 −1
p 0

)

= p−k/2 f |k
(
0 −p
p 0

)

= p−k/2 f |k ( 0 −1
1 0 )

(
p 0
0 p

)

= p−k/2 f |k
(
p 0
0 p

)
UbBM+2 /2i( 0 −1

1 0 ) = 1 �M/ f ∈Mk(aGk(Z))V

= p−k/2
(
/2i
(
p 0
0 p

))k/2
p−kf

= p−k/2
(
p2
)k/2

p−kf

= p−k/2f,

bQ bn = p−k/2an- �M/ i?Bb b2`B2b +QMp2`;2b U�;�BM #2+�mb2 f ∈Mk(aGk(Z))VX #

S�;2 kj
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G2KK� dX G2i h` /2MQi2 i?2 i`�+2 7`QK Γ0(p) iQ aGk(Z)- /2}M2/ #v a2``2 BM ȜjXk Q7
(R8) iQ #2

h`(f) :=
p+1∑

j=1

f |k γj,

7Q` f ∈Mk(Γ0(p))- r?2`2 γ1, . . . , γp+1 �`2 `2T`2b2Mi�iBp2b Q7 i?2 [mQiB2Mi Γ0(p)\aGk(Z)X
h?2M h`(f) /Q2b MQi /2T2M/ QM i?2 +?QB+2 Q7 γj- �M/ h`(f) ∈Mk(aGk(Z))X

S`QQ7 h?2 7�+i i?�i h` /Q2b MQi /2T2M/ QM i?2 +?QB+2 Q7 γj Bb �M BKK2/B�i2 +QMb2@
[m2M+2 Q7 G2KK� ec 7Q` �MQi?2` b2i Q7 `2T`2b2Mi�iBp2b γ′1, . . . , γ ′p+1- r2 ?�p2 UrBi?Qmi
HQbb Q7 ;2M2`�HBivV i?�i γ′j Bb i?2 b�K2 �b γj mT iQ bQK2 2H2K2Mi αj ∈ Γ0(p)X "mi
f |k αjγj = f |k γj #v G2KK� eX

hQ b?Qr h`(f) ∈ Mk(aGk(Z))- }`bi Q#b2`p2 i?�i B7 [γj] /2MQi2b i?2 +Qb2i `2T`2@
b2Mi2/ #v γj- i?2M KmHiBTHvBM; i?2 `2T`2b2Mi�iBp2b #v �Mv γ = ( a b

c d ) ∈ aGk(Z) +Q``2@
bTQM/b iQ T2`KmiBM; i?2 +Qb2ibX AM Qi?2` rQ`/b- {[γ1], . . . , [γp+1]} = {[γ1γ], . . . , [γp+1γ]}X
aQ

h`(f)(γz) = (cz + d)k
p+1∑

j=1

(f |k γjγ) (z) UbBM+2 g(γz) = (cz + d)k(g|k γ)(z) 7Q` �Mv gV

= (cz + d)k
p+1∑

j=1

(f |k γj) (z)

Uh` /Q2b MQi /2T2M/ QM i?2 +?QB+2 Q7 `2T`2b2Mi�iBp2bV
= (cz + d)kh`(f)(z).

AM Q`/2` iQ b?Qr h`(f) b�iBb}2b i?2 ;`Qri? +QM/BiBQM- Bi MQr bm{+2b iQ T`Qp2 h`(f)(z)
Bb #QmM/2/ �b BK(z)→∞X "mi i?Bb 7QHHQrb BKK2/B�i2Hv 7`QK i?2 7�+i i?�i i?2 ;`Qri?
+QM/BiBQM �TTHB2b iQ f ∈Mk(Γ0(p)) UBX2X- (f |k γj)(z) Bb #QmM/2/ �b BK(z)→∞ ∀ jVX #

_2K�`FX AM h?2Q`2K Ry Q7 ȜjXk BM (R8)- a2``2 mb2b i?2 i`�+2 h` 7`QK Γ0(p) iQ aGk(Z)
iQ T`Qp2 i?�i � KQ/mH�` 7Q`K Q7 r2B;?i k QM Γ0(p) Bb BM 7�+i � p@�/B+ KQ/mH�` 7Q`K Q7
r2B;?i k �M/ H2p2H 1X

S`QTQbBiBQM RRX UG2KK� k BM (9)VX G2i f ∈Mk(aGk(Z),Q) �M/ bmTTQb2 i?�i νp(f) = 0X
G2i t ∈ Z>0 �M/ bmTTQb2 i?�i s ∈ Z!0 Bb bm+? i?�i

BM7{s+ 1, ps + 1− k} ! t.
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h?2M i?2`2 Bb h ∈Mk+ps(p−1)(aGk(Z),Q) rBi? νp(h) = 0 bm+? i?�i

f | V ≡ h (KQ/ pt).

S`QQ7 h?2 B/2� Bb iQ i�F2 h := h`((f | V ) · (Ep−1 − pp−1(Ep−1 | V ))p
s
)X 6`QK G2KK�

e- r2 FMQr i?�i f | V ∈Mk(Γ0(p),Q) �M/ Ep−1− pp−1(Ep−1 | V ) ∈Mp−1(Γ0(p),Q)- bQ

(f | V ) · (Ep−1 − pp−1(Ep−1 | V ))p
s ∈Mk+ps(p−1)(Γ0(p)).

h?2M #v G2KK� d- r2 ?�p2 h ∈Mk+ps(p−1)(aGk(Z),Q)X LQr +H2�`Hv νp(f | V ) = 0 bBM+2
νp(f) = 0X Pm` ;Q�H Bb iQ mb2 G2KK2 N BM (R8) iQ �`;m2

νp(h− (f | V )) ! BM7(s+ 1, ps + 1 + νp((f | V )|k W )− k/2)

= BM7(s+ 1, ps + 1− k)

! t,

r?2`2 W =
(
0 −1
p 0

)
X h?2M f | V ≡ h (KQ/ pt)- �M/ bBM+2 νp(f | V ) = 0- r2 Kmbi ?�p2

νp(h) = 0- �M/ r2 rBHH #2 /QM2X
6Q` i?2 BM2[m�HBiv �#Qp2 iQ rQ`F- r2 Dmbi M22/ νp((f | V )|k W ) = −k/2X "mi

7`QK i?2 T`QQ7 Q7 G2KK� e- r2 ?�p2 (f | V )|k W = p−k/2f X h?2M bBM+2 νp(f) = 0 #v
�bbmKTiBQM- r2 BM/22/ ?�p2 νp((f | V )|k W ) = −k/2X #

S`QTQbBiBQM RkX US`QTQbBiBQM R BM (9)VX G2i m ∈ NX 6Q` m ! 2- /2}M2 i?2 TQbBiBp2
2p2M BMi2;2`b k0, . . . , km−1 �b BM U8V- rBi? k0 := p + 1 B7 m = 1X h?2M k0 < · · · < km−1

�M/ i?2`2 �`2 KQ/mH�` 7Q`Kb f0, . . . , fm−1- /2T2M/BM; QMHv QM p �M/ m- Q7 H2p2H QM2 �M/
Q7 r2B;?ib k0, . . . , km−1 `2bT2+iBp2Hv- i?�i ?�p2 `�iBQM�H q@2tT�MbBQMb- b�iBb7v νp(fj) = 0

7Q` �HH j- �M/ �`2 bm+? i?�i

G2 =
−E2

24
≡

m−1∑

j=0

pjfj (KQ/ pm)

�b � +QM;`m2M+2 #2ir22M q@2tT�MbBQMbX _2+�HH 7`QK U8V i?�i

kj :=

⎧
⎨

⎩
2 + pm−j−1(pj+1 − 1) 7Q` j = 0, . . . ,m− 2

pm−1(p+ 1) 7Q` j = m− 1
. URkV
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S`QQ7 "v S`QTQbBiBQM Ry- Bi bm{+2b iQ T`Qp2 i?2`2 2tBbi KQ/mH�` 7Q`Kb f0, . . . , fm−1

Q7 r2B;?ib k0, . . . , km−1 rBi? `�iBQM�H q@2tT�MbBQMb �M/ νp(fj) = 0 bm+? i?�i fj ≡
G2+pm−j−1(p−1) | V j (KQ/ pm−j) 7Q` 2�+? j = 0, . . . ,m − 1X AM i?2 +�b2 m = 1- b2i
f0 := Gp+1X h?2M BM/22/ k0 = p+ 1- f0 ≡ Gp+1 | V 0 (KQ/ pm)- �M/ νp(f0) = 0 UBM 7�+i
νp(Gk) = 0 7Q` �HH k �b i?2 qp@+Q2{+B2Mi BM i?2 q@2tT�MbBQM Bb M2p2` /BpBbB#H2 #v pVX

>2M+27Q`i?- bmTTQb2 m ! 2X a2i fm−1 := Gpm−1

p+1 - �M/ Q#b2`p2 i?�i

fm−1 = Gpm−1

p+1 ≡ Gp+1 | V m−1 (KQ/ p),

�M/ fm−1 ?�b r2B;?i km−1 = pm−1(p+ 1) Ub22 ȜRXRXRVX 6`QK i?2 �#Qp2 +QM;`m2M+2- r2
�HbQ +QM+Hm/2 i?�i νp(f0) = 0 U�b νp(Gp+1) = 0VX LQr bmTTQb2 j " m − 2, iQ }M/ i?2
`2[mB`2/ fj- r2 T`Qp2 U#v BM/m+iBQMV i?2 2tBbi2M+2 Q7 KQ/mH�` 7Q`Kb fj,0, . . . , fj,j- r?2`2
fj,r ?�b r2B;?i 2 + pm−j−1(pr+1 − 1) �M/ `�iBQM�H q@2tT�MbBQM rBi? νp(fj,r) = 0 �M/

fj,r ≡ G2+pm−j−1(p−1) | V r (KQ/ pm−j).

q2 i?2M ;2i i?2 /2bB`2/ 7Q`K #v b2iiBM; fj := fj,jX LQr b2i fj,0 := G2+pm−j−1(p−1)-
�M/ Q#b2`p2 i?�i νp(fj,0) = 0 bQ i?�i fj,0 +H2�`Hv b�iBb}2b i?2 `2[mB`2/ T`QT2`iB2bX LQr
bmTTQb2 fj,r b�iBb}2b i?2 `2[mB`2/ T`QT2`iB2b 7Q` bQK2 0 " r < m−2X a2i s = m− j+ r-
t = m− j �M/ k = 2 + pm−j−1(pr+1 − 1)- �M/ Q#b2`p2 i?�i

s+ 1 = pm−j+r + 2 > pm−j > m− j = t

�M/ �HbQ i?�i

ps + 1− k = pm−j+r − pm−j−1(pr+1 − 1)− 1 = pm−j−1 − 1 ! m− j = t,

r?2`2 i?2 H�bi BM2[m�HBiv 7QHHQrb 7`QK i?2 7�+i i?�i p > 2 �M/ m − j ! 2X aQ #v
S`QTQbBiBQM RR Uh = fj,r BM i?2 H�M;m�;2 Q7 i?2 T`QTQbBiBQMV- i?2`2 2tBbib � KQ/mH�`
7Q`K fj,r+1 rBi? `�iBQM�H q@2tT�MbBQM �M/ νp(fj,r+1) = 0 bm+? i?�i

fj,r+1 ≡ fj,r | V ≡ G2+pm−j−1(p−1) | V r+1 (KQ/ pm−j),

S�;2 ke
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r?2`2 fj,r+1 ?�b r2B;?i

k + ps(p− 1) = 2 + pm−j−1(pr+1 − 1) + pm−j+r(p− 1)

= 2 + pm−j−1(pr+1 − 1 + pr+1(p− 1))

= 2 + pm−j−1(pr+2 − 1).

h?Bb +QKTH2i2b i?2 BM/m+iBQMX #

_2K�`FX PM2 +QmH/ M�śp2Hv �bF r?v r2 +�MMQi i�F2 fj = G2+pm−j−1(pj+1−1) 7Q` 0 "
j < m− 1X AM Qi?2` rQ`/b- r?v /Q r2 MQi UBM ;2M2`�HV ?�p2

G2+pm−j−1(p−1) | V j ≡ G2+pm−j−1(pj+1−1) (KQ/ pm−j)?

lbBM; i?2 7Q`KmH� 7Q` i?2 q@2tT�MbBQM Q7 Gk ;Bp2M BM URyV �M/ 1mH2`Ƕb h?2Q`2K- Bi im`Mb
Qmi i?�i

an
(
G2+pm−j−1(p−1) | V j

)
= σ1+pm−j−1(p−1)(n/p

j)

≡ σ1+pm−j−1(pj+1−1)(n) (KQ/ pm−j)

= an
(
G2+pm−j−1(pj+1−1)

)

7Q` �HH n rBi? pj | n- H2M/BM; +`2/2M+2 iQ i?Bb ?QT2X >Qr2p2`- r2 /Q MQi BM ;2M2`�H ?�p2

an
(
G2+pm−j−1(pj+1−1)

)
≡ 0 (KQ/ pm−j)

r?2M2p2` pj ! nX h�F2 7Q` 2t�KTH2 n = 1- �M/ i?2 q1@+Q2{+B2Mi Q7 G2+pm−j−1(pj+1−1) Bb
Dmbi 2[m�H iQ 1X

kX9Xk q?2M i?2 mTT2` #QmM/ QM i?2 pm@}Hi`�iBQM Bb �+?B2p2/

hQ +QKTH2i2 i?2 T`QQ7 Q7 h?2Q`2K j- r2 Kmbi b?Qr i?�i B7 f ∈ Mk(N) rBi? f ̸≡ 0

(KQ/ p)- p ! k �M/ wp(f) = k- i?2M wpm(θf̃) = k + k(m)X amTTQb2 7Q` i?2 b�F2 Q7
+QMi`�/B+iBQM i?�i wpm(θf̃) = k′ < k + k(m)X aQ i?2`2 2tBbib bQK2 g ∈ Mk′(N) bm+?
i?�i θf ≡ g (KQ/ pm)X h?2M #v h?2Q`2K R- r2 ?�p2 k + k(m) = k′ + t · pm−1(p − 1)

7Q` bQK2 t ! 1X a2i
h := Epm−1(t−1)

p−1 g

S�;2 kd
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bQ i?�i
θf ≡ Epm−1

p−1 h (KQ/ pm).

am#biBimiBM; i?Bb BMiQ UdV- r2 ;2i i?2 +QM;`m2M+2

2kpm−1Etm−1
p−1 fm−1f ≡ −Epm−1

p−1 h+
1

12
E2pm−1

p−1 ∂f − 2kf
m−2∑

j=0

pjE
pm−j−1tj
p−1 fj (KQ/ pm).

URjV
P#b2`p2 i?�i

tm−1 = pm−1 − 2pm−2 − · · ·− 2p− 2 < pm−1

�M/ �HbQ

tm−1 = pm−1 − 2pm−2 − · · ·− 2p− 2

< pm−1 − pm−2 − · · ·− pm−j−1

= pm−j−1(pj − pj−1 − · · ·− 1)

= pm−j−1tj

7Q` �HH j = 0, 1, . . . ,m − 2X aQ r2 +�M 7�+iQ` Qmi Etm−1+1
p−1 QM i?2 _>a Q7 UdV- �M/ �HbQ

/BpB/2 #Qi? bB/2b #v 2k UbBM+2 p ! k �M/ p Bb Q//V iQ /2/m+2

pm−1Etm−1
p−1 fm−1f ≡ Etm−1+1

p−1 h′ (KQ/ pm)

7Q` bQK2 h′ ∈Mk+k(m)−(p−1)(tm−1+1)(N)X h?mb

Etm−1
p−1 fm−1f ≡ Etm−1+1

p−1 h′′ (KQ/ p)

7Q` h′′ := h′/pm−1X Ai 7QHHQrb i?�i

wp(fm−1f) < k + k(m)− tm−1(p− 1)

= k + 2 + 2pm−1(p− 1)− (3pm−1 − 2(pm−1 + pm−2 + · · ·+ 1))(p− 1)

= k + 2 + 2pm−1(p− 1)− 3pm−1(p− 1) + 2(pm − 1)

= k + pm + pm−1

= k + pm−1(p+ 1).
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LQr `2+�HH 7`QK i?2 T`QQ7 Q7 S`QTQbBiBQM Rk i?�i fm−1 = Gpm−1

p+1 X �b Gp+1 = −(Bp+1/2(p+

1))Ep+1 rBi? Bp+1/2(p+ 1) BMp2`iB#H2 KQ/mHQ p- r2 /2/m+2

wp(E
pm−1

p+1 f) < k + pm−1(p+ 1). UR9V

>Qr2p2`- �b wp(f) = k ̸= p U�b p ! kV- i?Bb +QMi`�/B+ib G2KK� 3,

G2KK� 3X UG2KK� j BM (9)VX amTTQb2 i?�i p ̸= κ ∈ Z>0 �M/ i?�i 0 ̸= φ ∈ M̃κ(N) rBi?
wp(φ) = κX h?2M- 7Q` a ∈ Z>0-

wp(E
a
p+1φ) = wp(φ) + a(p+ 1).

S`QQ7 amTTQb2 wp(Ep+1φ) < κ + p + 1c i?2M Ep+1φ ≡ Ep−1ψ (KQ/ p) 7Q` bQK2 ψ ∈
M2+κ(N)X "v h?2Q`2K 9- r2 +�M `2�/ i?Bb +QM;`m2M+2 �b �M 2[m�HBiv Q7 7Q`Kb BM
ME�ix

κ+p+1(N,Fp)X "v i?2 `2K�`F �7i2` G2KK� R BM (Rk)- Ẽp−1 �M/ Ẽp+1 /Q MQi b?�`2 �Mv
x2`QbX >2M+2- φ̃ p�MBb?2b �i 2p2`v x2`Q Q7 Ẽp−1 iQ �i H2�bi i?2 Q`/2` i?�i Ẽp−1 p�MBb?2b
�i i?�i x2`QX h?mb κ ! p−1 �M/ φ̃ = Ẽp−1η̃ 7Q` bQK2 η̃ ∈ME�ix

κ−(p−1)(N,Fp)X "v h?2Q`2K
9- r2 ?�p2 � +Q``2bTQM/BM; HB7i η ∈ Mκ−(p−1)(N,Z)X "mi i?2M wp(φ) " κ − (p − 1)- �
+QMi`�/B+iBQMX #

_2K�`FX LQi2 i?�i B7 G2KK� 3 `2[mB`2b QMHv p ! κ- i?2M i?2`2 Bb � bBKTH2 T`QQ7 7Q`
i?2 +�b2 a = 1, bmTTQb2 wp(Ep+1φ) < κ+ p+1c i?2M Ep+1φ ≡ Ep−1ψ (KQ/ p) 7Q` bQK2
ψ ∈M2+κ(N)X h?2M #v h?2Q`2K k- r2 ?�p2

κ+ p+ 1 = wp(θφ̃)

= wp(κẼ2φ̃+ Ẽp−1∂̃φ)

= wp(κẼp+1φ̃+ Ẽp−1∂̃φ)

= wp(κẼp−1ψ̃ + Ẽp−1∂̃φ)

= wp(κψ + ∂φ)

" κ+ 2 UbBM+2 ψ, ∂φ ∈M2+κ(N)V

� +QMi`�/B+iBQMX
h?Bb �`;mK2Mi /Q2b MQi H2�/ iQ �M mM`2bi`B+i2/ BM/m+iBQM i?Qm;?- �M/ QMHv ;Bp2b

i?2 `2bmHi mT iQ a ≡ −κ (KQ/ p)- �b 7Q` bm+? � p�Hm2 Q7 a r2 ?�p2 p | wp(Ea
p+1φ)X h?Bb

p�Hm2 Q7 a Bb M2+2bb�`BHv H2bb i?�M p- �M/ bQ +�MMQi #2 mb2/ iQ �`;m2 � +QMi`�/B+iBQM BM
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UR9V 2p2M 7Q` m = 2X
q2 +QM+Hm/2 i?Bb b2+iBQM #v +QKK2MiBM; QM bQK2 2z2+ib Q7 ∂ QM i?2 pm@}Hi`�iBQM,

S`QTQbBiBQM RjX G2i m ! 2 �M/ f ∈ Mk(N) rBi? p ! 5 T`BK2- p ! N - �M/ wp(f) =

k ̸= pX h?2M ∂f ?�b 2t�+i pm@}Hi`�iBQM B7 k < ϕ(pm)X A7 pm | k U#mi i?2`2 Bb MQ #QmM/
QM kV- i?2M wpm(∂f) = wpm(θf̃)- �M/ B7 �HbQ anp(f) ≡ 0 (KQ/ pm) 7Q` �HH n ∈ Z>0- i?2M
wp(∂f) ! k − (ϕ(pm)− 1)(p+ 1)X

S`QQ7 "v h?2Q`2K R- r2 ?�p2 wpm(∂f) = k + 2 − t · ϕ(pm) 7Q` bQK2 t ∈ Z!0X aQ B7
k < ϕ(pm)- r2 Kmbi ?�p2 t = 0 iQ F22T wpm(f) > 1X A7 pm | k- i?2M ∂f̃ = θf̃ bQ i?�i
BM/22/ wpm(∂f) = wpm(θf̃)X

A7 �HbQ anp(f) ≡ 0 (KQ/ pm) 7Q` �HH n ∈ Z>0- i?2M f ≡ θϕ(p
m)f (KQ/ pm) �b q@

2tT�MbBQMb #v 1mH2`Ƕb h?2Q`2KX aBM+2 �TTHvBM; θ �//b �i KQbi p+1 iQ i?2 p@}Hi`�iBQM
#v h?2Q`2K k- r2 ?�p2

wp(∂f) = wp(θf̃) ! k − (ϕ(pm)− 1)(p+ 1),

�b +H�BK2/X #

h?2 Q#b2`p�iBQM i?�i f ≡ θϕ(p
m)f (KQ/ pm) BM i?2 H�bi T`QQ7 M�im`�HHv ?2`�H/b

i?2 i?2Q`v /2p2HQT2/ BM i?2 7QHHQrBM; b2+iBQMX
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j h?2i� +v+H2b
G2i f ∈ Mk(N,Z) bQ i?�i f ∈ Mk(N) = Mk(N,Fp)- �M/ bmTTQb2 r2 ?�p2 anp(f) = 0

7Q` �HH n ! 1X q2 +�M r`Bi2 f =
∑

anqn 7Q` an ∈ Fpc `2+�HH i?2 2z2+i Q7 θ QM f Bb
;Bp2M #v

∑
anqn -→ nanqnX h?2M #v 62`K�iǶb GBiiH2 h?2Q`2K- r2 Kmbi ?�p2 θp−1f ≡ f

(KQ/ p)- r?B+? BKTHB2b θp−1f = Aℓf 7Q` bQK2 ℓ ! 0- r?2`2 A = Ep−1 Bb i?2 HB7i Q7
i?2 >�bb2 BMp�`B�MiX h?mb B7 r2 `2KQp2 i?2 `2bi`B+iBQM QM i?2 +Q2{+B2Mib Q7 f - r2 biBHH
�Hr�vb ?�p2

θpf = θf

�b �M 2[m�HBiv Q7 q@2tT�MbBQMb 7Q` bQK2 ℓ ! 0X h?Bb K2�Mb wp(θpf) = wp(θf)- r?B+?
M�im`�HHv H2�/b mb iQ i?2 MQiBQM Q7 � i?2i� +v+H2X

.2}MBiBQM R9X G2i f ∈ Mk(N) #2 � KQ/mH�` 7Q`K KQ/mHQ pX h?2 p@}Hi`�iBQM i?2i�
+v+H2 Q7 f UQ` Q7 fV Bb i?2 imTH2

(
wp(θf), wp(θ

2f), . . . , wp(θ
p−1f)

)
∈ Zp−1.

jXR *H�bbB7vBM; p@}Hi`�iBQM i?2i� +v+H2b
>2`2 r2 T`2b2Mi bQK2 `2bmHib QM i?2 +H�bbB}+�iBQM Q7 p@}Hi`�iBQM i?2i� +v+H2b #v }`bi
T`2b2MiBM; � r2�F #mi ;2M2`�H +H�bbB}+�iBQM- �M/ i?2M bi�iBM; � bi`QM;2` #mi H2bb ;2M2`�H
+H�bbB}+�iBQM /m2 iQ 1/Bt?Qp2M Ub22 S`QTQbBiBQM jXj BM (e)VX

S`QTQbBiBQM R9X G2i p ! 5 #2 T`BK2 �M/ N ! 1 #2 +QT`BK2 iQ pX G2i f ∈ Mk(N,Z)
bQ i?�i f ∈Mk(N) = Mk(N,Fp)X G2i x := wp(θf)- �M/ H2i t ∈ {1, . . . , p} #2 i?2 mMB[m2
BMi2;2` 7Q` r?B+? x− t ≡ 0 (KQ/ p)X h?2M i?2 p@}Hi`�iBQM i?2i� +v+H2 Q7 f Bb ;Bp2M #v
2Bi?2`

⎧
⎨

⎩
(x, . . . , x + (p− 2)(p+ 1)) B7 t = 2

(x, . . . , x + (p− t)(p+ 1), x+ (2− t)(p+ 1), . . . , x− (p+ 1)) B7 t > 2

Ur?2`2 �HH QKBii2/ i2`Kb �`2 ;Bp2M #v bm++2bbBp2 BM+`2�b2b Q7 p+ 1V- Q`

(
x, . . . , x + (p− t)(p+ 1), x+ (p− t+ 1)(p+ 1)− (p− c1)(p− 1), . . . ,

x+ (p− t+ c1)(p+ 1)− (p− c1)(p− 1), x+ (2− t+ c1)(p+ 1), . . . , x− (p+ 1)
)
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7Q` bQK2 BMi2;2` 1 " c1 " p− 2X �HbQ- t = 1 /Q2b MQi Q++m`- �M/ t = 2 7Q`+2b i?2 }`bi
+�b2X

S`QQ7 "v h?2Q`2K k- r2 ?�p2 wp(θf) = k + p+ 1X G2i

n := O{1 " i " p− 1 | wp(θ
i+1f)− wp(θ

if) ̸= p+ 1}

#2 i?2 MmK#2` Q7 ǳ/`QTbǴ BM i?2 i?2i� +v+H2- r?2`2 +H2�`Hv n ! 1X h?2M H2i θr1f, . . . , θrnf
Ur?2`2 1 " r1 < · · · < rn " p− 1V #2 i?2 KQ/mH�` 7Q`Kb r?Qb2 }Hi`�iBQMb Q++m` #27Q`2
� /`QT BM i?2 i?2i� +v+H2X aQ B7 fi := θrif 7Q` �HH 1 " i " n- r2 ?�p2 wp(θfi)−wp(fi) ̸=
p+ 1X LQi2 i?�i #v �;�BM #v h?2Q`2K k- f1, . . . , fn �`2 i?2 QMHv KQ/mH�` 7Q`Kb r?Qb2
}Hi`�iBQMb BM i?2 i?2i� +v+H2 �`2 /BpBbB#H2 #v p- �M/ KQ`2Qp2`-

wp(θfi)− wp(fi) = p+ 1− bi(p− 1)

7Q` bQK2 bi ! 1X 6Q` 1 " i " p− 1- H2i

ci := ri+1 − ri,

r?2`2 rn+1 := p− 1 + r1X h?2M ci − 1 ! 0 Bb i?2 MmK#2` Q7 BM+`2�b2b #v p+ 1 #2ir22M
i?2 ii? �M/ (i + 1)i? /`QTb BM i?2 i?2i� +v+H2X h?2 +v+H2 Bb Q7 H2M;i? p− 1- �M/ BM/22/
r2 ?�p2

n∑

i=1

ci = p− 1.

�HbQ- r2 7�HH �b 7�` �b r2 `Bb2- bQ

n∑

i=1

bi(p− 1) =
n∑

i=1

ci(p+ 1) = (p− 1)(p+ 1) 4⇒
n∑

i=1

bi = p+ 1.

�7i2` � 7�HH- r2 +�MMQi 7�HH �;�BM mMiBH `2�+?BM; i?2 M2ti }Hi`�iBQM /BpBbB#H2 #v pX aQ 7Q`
�HH i-

ci + bi ≡ ci(p+ 1)− bi(p− 1) ≡ 0 (KQ/ p).

"mi ci + bi > 0 7Q` �HH i- �M/ �HbQ

n∑

i=1

ci + bi =
n∑

i=1

ci +
n∑

i=1

bi = p− 1 + p+ 1 = 2p,
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bQ i?Bb 7Q`+2b irQ +�b2b, 2Bi?2` c1 + b1 = 2p UrBi? n = 1V- Q` c1 + b1 = c2 + b2 = p UrBi?
n = 2VX

*�b2 R, QM2 7�HHX h?2M c1 + b1 = 2p 4⇒ c1 = p− 1, b1 = p+1X h?Bb +Q``2bTQM/b iQ i?2
}`bi +�b2 BM i?2 T`QTQbBiBQMX h?2 7QHHQrBM; /B�;`�K /2TB+ib i?2 `2bmHi�Mi i?2i� +v+H2,

wp(θf) = x

wp(θ2f) = x+ p+ 1

wp(θp−t+1f) = x+ (p− t)(p+ 1)

wp(θp−t+2f) = x+ (2− t)(p+ 1)

wp(θp−t+3f) = x+ (3− t)(p+ 1)

wp(θpf) = x

6B;m`2 R, � ;`�T?B+�H /2TB+iBQM Q7 i?2 p@}Hi`�iBQM i?2i� +v+H2 BM i?2 +�b2 Q7 QM2 7�HH rBi? t > 2X
"H�+F HBM2b /2MQi2 � `Bb2 Q7 p+ 1 �M/ `2/ HBM2b /2MQi2 � 7�HHX

*�b2 k, irQ 7�HHbX h?2M c1 + b1 = c2 + b2 = p- r?B+? BKTHB2b b1 = p− c1- c2 = p− 1− c1

�M/ b2 = c1 + 1X h?Bb +Q``2bTQM/b iQ i?2 b2+QM/ +�b2 BM i?2 T`QTQbBiBQMX h?2 `2bmHi�Mi
i?2i� +v+H2 Bb /2TB+i2/ #2HQr,

wp(θf) = x

wp(θ2f) = x+ p+ 1

wp(θp−t+1f) = x+ (p− t)(p+ 1)

wp(θp−t+2f) = x+ (p− t+ 1)(p+ 1)− (p− c1)(p− 1)

wp(θp−t+3f)

wp(θp−t+c1+1f) = x+ (p− t+ c1)(p+ 1)− (p− c1)(p− 1)

wp(θp−t+c1+2f) = x+ (2− t+ c1)(p+ 1)

wp(θp−t+c1+3f)

wp(θpf) = x

6B;m`2 k, � ;`�T?B+�H /2TB+iBQM Q7 i?2 p@}Hi`�iBQM i?2i� +v+H2 BM i?2 +�b2 Q7 irQ 7�HHb rBi?
t− 1 > c1 > 1X "H�+F HBM2b /2MQi2 � `Bb2 Q7 p+ 1 �M/ `2/ HBM2b /2MQi2 � 7�HHX

*H2�`Hv t = 2 +�MMQi Q++m` BM i?Bb +�b2- �b Qi?2`rBb2 i?2`2 rQmH/ #2 MQ 7�HHb �7i2`
i?2 }`bi p− 2 }Hi`�iBQMb BM i?2 i?2i� +v+H2X LQr bmTTQb2 7Q` i?2 b�F2 Q7 +QMi`�/B+iBQM
i?�i t = 1 /Q2b Q++m` BM 2Bi?2` +�b2c Q#b2`p2 i?�i x + ℓ(p + 1) ̸≡ 0 (KQ/ p) 7Q` �HH
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0 " ℓ " p− 2X aQ #v h?2Q`2K k-

wp(θ
pf) = x+ (p− 1)(p+ 1) ̸= x = wp(θf),

� +QMi`�/B+iBQMX aQ BM/22/- t = 1 /Q2b MQi Q++m`X #

6Q` bK�HH r2B;?ib �M/ +2`i�BM 2B;2Mp�Hm2b- Bi Bb TQbbB#H2 iQ `2bi`B+i i?2 bi �M/
Q#i�BM � KQ`2 T`2+Bb2 +H�bbB}+�iBQM Q7 i?2 i?2i� +v+H2b BM i?2 b2+QM/ +�b2,

*Q`QHH�`v RX US`QTQbBiBQM jXj BM (e)VX G2i p ! 5 #2 T`BK2- �M/ H2i f #2 � +mbTB/�H
2B;2M7Q`K Q7 ivT2 (N, k, ε) r?2`2 p ! N �M/ 1 " k " p+1X h?�i Bb- a0(f) = 0- �M/ f Bb
� KQ/mH�` 7Q`K Q7 r2B;?i k �M/ H2p2H N i?�i Bb �M 2B;2Mp2+iQ` 7Q` �HH >2+F2 QT2`�iQ`b
Tℓ Ub22- 7Q` 2t�KTH2- BM ȜkXR Q7 (R8)V- rBi? +Q``2bTQM/BM; 2B;2Mp�Hm2b λℓX amTTQb2 i?�i
f �HbQ ?�b 2t�+i p@}Hi`�iBQMX h?2M i?2 TQbbB#H2 i?2i� +v+H2b Q7 f �`2 ;Bp2M �b 7QHHQrb, B7
λp = 0- i?2M i?2 +v+H2b �`2
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(p+ 2, . . . , p+ 2 + (p− 2)(p+ 1)) B7 k = 1

(2 + p+ 1, . . . , 2 + (p− 2)(p+ 1), 2) B7 k = 2

(k + p+ 1, . . . , k + (p− k)(p+ 1), k1, . . . , k1 + (k − 3)(p+ 1), k) B7 3 " k " p− 1

(3, . . . , 3 + (p− 3)(p+ 1), p) B7 k = p

/Q2b MQi Q++m` B7 k = p+ 1

r?2`2 k1 := p+ 3− k- �M/ B7 λp ̸= 0- i?2M i?2 +v+H2b �`2
⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

(p+ 2, . . . , p+ 2 + (p− 2)(p+ 1)) B7 k = 1

(k + p+ 1, . . . , k + (p− k)(p+ 1), k′ + p+ 1, . . . , k′ + (k − 1)(p+ 1)) B7 2 " k " p− 1

(p+ 2, . . . , p+ 2 + (p− 2)(p+ 1)) B7 k = p

(2p+ 2, . . . , 2p+ 2 + (p− 2)(p+ 1)) B7 k = p+ 1,

r?2`2 k′ := p+ 1− kX
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jXk pm@}Hi`�iBQM i?2i� +v+H2b
G2i p #2 T`BK2- m ! 1 #2 �M BMi2;2`- �M/ f ∈Mk(N,Z) rBi? f̃ #2BM; i?2 `2/m+iBQM iQ
� KQ/mH�` 7Q`K KQ/mHQ pmX _2+�HHBM; i?2 2z2+i Q7 i?2 i?2i� QT2`�iQ` QM q@2tT�MbBQMb-
Q#b2`p2 i?�i atp(θmf̃) = 0 7Q` �Mv BMi2;2` t ! 1X h?Bb M�im`�HHv BKTHB2b

atp
(
θϕ(p

m)+mf̃
)
= atp

(
θmf̃

)

7Q` �Mv t ! 1- r?2`2 ϕ /2MQi2b 1mH2`Ƕb iQiB2Mi 7mM+iBQMX "mi 7Q` �Mv BMi2;2` n ! 1

+QT`BK2 iQ p- r2 ?�p2
an
(
θϕ(p

m)+mf̃
)
= an

(
θmf̃

)

#v 1mH2`Ƕb i?2Q`2KX >2M+2-
θϕ(p

m)+mf̃ = θmf̃ .

LQi2 i?�i r2 /Q MQi M2+2bb�`BHv ?�p2 θϕ(pm)+if̃ = θif̃ 7Q` i < m- bBM+2 r2 K�v ?�p2

atp(f) ̸≡ 0 (KQ/ pm−i)

7Q` bQK2 t ! 1X >2M+2- r2 �``Bp2 �i i?2 7QHHQrBM; /2}MBiBQM,

.2}MBiBQM R8X G2i p #2 T`BK2- m ! 1 #2 �M BMi2;2`- �M/ f ∈ Mk(N,Z) rBi? f̃ #2BM;
i?2 `2/m+iBQM iQ � KQ/mH�` 7Q`K KQ/mHQ pmX h?2M i?2 pm@}Hi`�iBQM i?2i� +v+H2 Q7 f̃

UQ` Q7 fV Bb i?2 ϕ(pm)@imTH2 Q7 BMi2;2`b

(wpm(θ
mf̃), wpm(θ

m+1f̃), . . . , wpm(θ
ϕ(pm)+m−1f̃)).

LQi2 i?�i rBi? m = 1- i?Bb /2}MBiBQM Bb +QMbBbi2Mi rBi? .2}MBiBQM R9X

jXkXR EMQrM `2bmHib

h?2 7�+i i?�i *?2M �M/ EBKBM;Ƕb h?2Q`2K j Bb � Km+? r2�F2` �M�HQ;m2 Q7 h?2Q`2K k
7Q` i?2 +�b2 m = 1 p�biHv BM?B#Bib Qm` �#BHBiv iQ +H�bbB7v i?2 pm@}Hi`�iBQM i?2i� +v+H2b 7Q`
m ! 2X LQM2i?2H2bb- EBK �M/ G22 #mBH/ QM i?2 `2bmHib Q7 h?2Q`2K j BM (Rj) iQ Q#i�BM
i?2 7QHHQrBM; `2bmHib,

h?2Q`2K 9X Uh?2Q`2K RXd BM (Rj)VX G2i p ! 5 #2 T`BK2- N ∈ Z>0 #2 +QT`BK2 iQ p- �M/
m ! 2 #2 �M BMi2;2`X G2i f ∈ Mk(N,Z) ?�p2 `2/m+iBQM f̃ iQ � KQ/mH�` 7Q`K KQ/mHQ
pm �b mbm�H- �M/ bmTTQb2 νp(f) = 0X G2i nt #2 �M BMi2;2` Q7 i?2 7Q`K nt = tpm−1 Q`
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nt = tpm−1 − k + 1 rBi? t ∈ ZX 6Q` bm+? nt rBi? 0 " nt " pm − pm−1 +m − 1- i?2`2
2tBbib �M BMi2;2` bf (m,nt) " 1 bm+? i?�i

wpm(θ
n1 f̃) = k + 2nt + bf (m,nt)p

m−1(p− 1).

JQ`2Qp2`- B7 m ! 3 �M/ nt ! p2- r2 ?�p2 wpm(θnt f̃) " k + 2ntX

AM i?2 +�b2 m = 2- EBK �M/ G22 +QKTmi2 bf (m,nt) KQ`2 T`2+Bb2Hv 7Q` +2`i�BM ivT2b
Q7 +mbT 7Q`Kb f Ui?Qb2 i?�i +�M #2 r`Bii2M �b HBM2�` +QK#BM�iBQMb Q7 KQ/mH�` 7Q`Kb
KQ/mHQ p i?�i �`2 bmT2`bBM;mH�` B7 i?2v ?�p2 bm{+B2Mi p@}Hi`�iBQMc +QM72` h?2Q`2K RX3
BM (Rj) 7Q` /2i�BHbVX Ai Bb +H2�` BM �Mv +�b2 i?�i +H�bbB7vBM; pm@}Hi`�iBQM i?2i� +v+H2b Bb
� Km+? ?�`/2` i�bF 7Q` m ! 2 i?�M Bi Bb 7Q` m = 1X q2 bmTTH2K2Mi i?2 `2bmHib Q7
h?2Q`2K 9 BM Ȝ8 rBi? i?2 +�H+mH�iBQM Q7 bQK2 pm@}Hi`�iBQM i?2i� +v+H2b 2tTH�BM2/ BM i?2
7QHHQrBM; bm#b2+iBQMX

jXkXk a�;2J�i?@N@d +QKTmi�iBQMb 7Q` pm@}Hi`�iBQM i?2i� +v+H2b

AM Q`/2` iQ +QKTmi2 pm@}Hi`�iBQM i?2i� +v+H2b- r2 Kmbi #2 �#H2 iQ mb2 � +QKTmi2` iQ
/2i2`KBM2 r?2i?2` i?2 q@2tT�MbBQM Q7 �M �`#Bi`�`v KQ/mH�` 7Q`K g Bb 2[mBp�H2Mi KQ/mHQ
pm iQ i?2 q@2tT�MbBQM Q7 bQK2 KQ/mH�` 7Q`K Q7 � ;Bp2M r2B;?iX h?Bb Bb- �i }`bi ;H�M+2-
MQi �M 2�bv i�bFX AM/22/- QM2 KB;?i 2tT2+i i?Bb iQ #2 �M BKTQbbB#H2 i�bF bBM+2 Bi Bb MQi
+H2�` rBi? r?B+? KQ/mH�` 7Q`K r2 �`2 i`vBM; iQ +QKT�`2 gc Bi K�v #2 2ti`2K2Hv /B{+mHi
iQ /2i2`KBM2 i?Bb KQ/mH�` 7Q`K �b Mk(N,Q) K�v MQi ?�p2 �M 2�bBHv +QKTmi�#H2 #�bBbX
�HbQ- Bi Bb MQi Q#pBQmb i?�i b?QrBM; i?2 +QM;`m2M+2 7Q` }MBi2Hv K�Mv +Q2{+B2Mib Q7 i?2
q@2tT�MbBQMb Bb 2MQm;?X

Gm+FBHv- i?2 aim`K #QmM/ Bb � ?2HT7mH `2DQBM/2` iQ i?Bb H�bi Bbbm2 Ub22 *Q`QHH�`v
NXky BM (Rd)V- �M/ KQ`2Qp2`- i?2`2 �`2 H�`;2 +H�bb2b Q7 KQ/mH�` 7Q`Kb i?�i ?�p2 2�bBHv
+QKTmi�#H2 }MBi2 #�b2bX 6Q` 2t�KTH2- KQ/mH�` 7Q`Kb Q7 H2p2H 1 �M/ }t2/ r2B;?i ?�p2
}MBi2 oB+iQ`@JBHH2` #�b2b Ui?Bb Bb � /B`2+i +Q`QHH�`v Q7 S`QTQbBiBQM j @ �Hi2`M�iBp2Hv +QM72`
G2KK� kXky BM (Rd)V- �M/ +mbT 7Q`Kb Q7 �Mv }t2/ H2p2H �M/ }t2/ r2B;?i �HbQ ?�p2 }MBi2
#�b2b Ub22 (3)V i?�i �`2 2�bv 7Q` a�;2 iQ 72i+?X q2 MQr 2tTH�BM i?2 `2+BT2 7Q` +QKTmiBM;
i?2 pm@}Hi`�iBQM i?2i� +v+H2b 7Q` KQ/mH�` 7Q`Kb BM i?2b2 +H�bb2b #v r�HFBM; i?`Qm;? i?2
+�H+mH�iBQM Q7 i?2 pm@}Hi`�iBQM i?2i� +v+H2 Q7 f̃ 7Q` p = 7 �M/ m = 1, 2- r?2`2 f Bb �
KQ/mH�` 7Q`K Q7 H2p2H 1 �M/ r2B;?i 12X

AM T�`iB+mH�`- r2 b2i

f = *mbT6Q`KbU:�KK�RURV- RkVX[nBMi2;`�Hn#�bBbU1sSnG1LV(y)
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iQ #2 i?2 }`bi +mbT 7Q`K UBX2X a0(f) = 0V BM i?2 #�bBb Q7 q@2tT�MbBQMb T`QpB/2/ #v a�;2
7Q` +mbT 7Q`Kb Q7 r2B;?i 12 �M/ H2p2H 1X >2`2- 1sSnG1L Bb i?2 MmK#2` Q7 i2`Kb Q7 i?2
q@2tT�MbBQM i?�i a�;2 ;2M2`�i2bX h?Bb ;Bp2b

f = [ @ k9 [�k Y k8k [�j @ R9dk [�9 Y 93jy [�8 @ ey93 [�e @ Red99 [�d Y
3993y [�3 @ RRje9j [�N Y PU[�RyVX

aBM+2 i?2 H2p2H Bb 1- r2 FMQr f +�M #2 2tT`2bb2/ �b �M BbQ#�`B+ r2B;?i@12 TQHvMQKB�H BM
Q �M/ R- r?B+? ;Bp2b � KQ`2 T`2+Bb2 /2b+`BTiBQM Q7 i?Bb +mbT 7Q`KX 6Q` Qm` +�H+mH�iBQMb
BM �TT2M/Bt 8- r2 T`QpB/2 i?Bb /2b+`BTiBQM r?2M2p2` i?2 KQ/mH�` 7Q`K Bb Q7 H2p2H 1- �b
Bi Bb KQ`2 T`2+Bb2 �M/ p2`b�iBH2 BM i?2 b2Mb2 i?�i Bi /Q2b MQi /2T2M/ QM i?2 �`#Bi`�`v
Q`/2`BM; Q7 #�b2b BM a�;2X 6Q` Qm` bT2+B}+ 2t�KTH2- i?2 QMHv r�vb iQ Q#i�BM 12 #v
�//BM; 4b �M/ 6b �`2 4 + 4 + 4 �M/ 6 + 6- bQ r2 Kmbi ?�p2

f = aQ3 + bR2

7Q` +QMbi�Mib a, b ∈ CX 1[m�iBM; [ �M/ [�k@+Q2{+B2Mib �M/ mbBM; i?2 2tT�MbBQM �#Qp2-
r2 Q#i�BM

a+ b = 0,

3× 240a− 2× 504b = 1

bQ i?�i a = 1/1728 �M/ b = −1/1728X
h?2 X[nBMi2;`�Hn#�bBbUV K2i?Q/ Bb 2ti`2K2Hv mb27mH- �M/ �HHQrb mb MQi QMHv

iQ ;2M2`�i2 KQ/mH�` 7Q`Kb #mi �HbQ iQ +?2+F r?2i?2` � ;Bp2M KQ/mH�` 7Q`K HB2b BM �
T�`iB+mH�` r2B;?i +H�bbX AM/22/- iQ Q#i�BM i?2 71@}Hi`�iBQM i?2i� +v+H2 Q7 f - 7Q` 2�+?
1 " t " p− 1 r2 b22 r?2i?2` θtf HB2b BM Mk(N) #v +?2+FBM; B7 Bi HB2b BM i?2 bT�M Q7 i?2
#�bBb Q7 q@2tT�MbBQMb UrBi? +Q2{+B2Mib `2/m+2/ KQ/mHQ 7V 7Q` i?2 +mbT 7Q`Kb Q7 H2p2H
1 �M/ r2B;?i k ;2M2`�i2/ #v i?Bb K2i?Q/- �M/ Bi2`�iBM; k iQ }M/ i?2 bK�HH2bi k i?�i
rQ`FbX Ai Bb 2MQm;? iQ +?2+F B7 Bi HB2b BM i?2 #�bBb 7Q` +mbT 7Q`Kb- �b B7 Bi Bb � HBM2�`
+QK#BM�iBQM Q7 MQM +mbT 7Q`Kb Q7 r2B;?i k KQ/mHQ 7- r2 +�M bm#i`�+i �M �TT`QT`B�i2
KmHiBTH2 Q7 Ek 7`QK 2�+? Q7 i?2b2 MQM@+mbT 7Q`Kb BM i?2 HBM2�` +QK#BM�iBQM iQ Q#i�BM �
HBM2�` +QK#BM�iBQM Q7 +mbT 7Q`KbX

hQ /2i2`KBM2 B7 θtf HB2b BM i?2 bT�M Q7 i?2 #�bBb Q7 q@2tT�MbBQMb rBi? +Q2{+B2Mib
`2/m+2/ KQ/mHQ 7 7Q` i?2 +mbT 7Q`Kb Q7 H2p2H 1 �M/ r2B;?i k- BX2X

#�bBb 4 (;X+?�M;2n`BM;UwKQ/Ud   RVV 7Q` ; BM *mbT6Q`KbU:�KK�RURV-
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rVX[nBMi2;`�Hn#�bBbU1sSnG1LV)-

r2 M22/ QMHv +?2+F r ≡ w7(θt−1f̃)+2 (KQ/ 6) #v URV Ui?Bb b�p2b bB;MB}+�Mi +QKTmi�iBQM
iBK2VX a�;2 bQHp2b � HBM2�` bvbi2K iQ K�i+? i?2 }`bi 1sSnG1L +Q2{+B2Mib Q7 i?2 q@
2tT�MbBQMb- r?B+?- T`QpB/2/ r2 b2i 1sSnG1L ;`2�i2` i?�M i?2 `2H2p�Mi aim`K #QmM/
U#v K�FBM; mb2 Q7 i?2 K2i?Q/ Xbim`Kn#QmM/UVV- rBHH ;Bp2 � TQbBiBp2 BM/B+�iBQM θtf HB2b
BM i?2 bT�M B7 i?2 bvbi2K ?�b � bQHmiBQMX

h?Bb Bb #2+�mb2- �Hi?Qm;? i?2 aim`K #QmM/ �TTHB2b iQ KQ/mH�` 7Q`Kb rBi? +QKTH2t
+Q2{+B2Mib U�M/ MQi +Q2{+B2Mib BM F7 HBF2 θtfV- r2 FMQr 7`QK i?2 2M/ Q7 ȜRXjXR i?�i
2[m�HBiv Q7 +Q2{+B2Mib BM i?2 q@2tT�MbBQMb Q7 KQ/mH�` 7Q`Kb KQ/mHQ 7 +Q``2bTQM/b iQ
2[m�HBiv Q7 +Q2{+B2Mib BM i?2 q@2tT�MbBQMb Q7 KQ/mH�` 7Q`Kb #v KmHiBTHvBM; #v bQK2
TQr2` Q7 i?2 HB7i Q7 i?2 >�bb2 BMp�`B�Mi E6X

AM ;2M2`�H- r2 FMQr i?2 q@2tT�MbBQM θtf Bb 2[mBp�H2Mi KQ/mHQ pm iQ bQK2 KQ/mH�`
7Q`K Q7 r2B;?i �i KQbi wpm(θt−1f)+k(m) #v h?2Q`2K j- bQ r2 b?QmH/ #2 b�72 #v b2iiBM;
1sSnG1L ;`2�i2` i?�M i?2 aim`K #QmM/ 7Q` 7Q`Kb Q7 r2B;?i wpm(θt−1f) + k(m)X

6Q` Qm` 2t�KTH2 f - r2 Q#i�BM i?2 71@}Hi`�iBQM i?2i� +v+H2

(ky- k3- Rk- ky- k3- Rk)X

Ai Bb 2�bv iQ +?2+F i?Bb Bb +QMbBbi2Mi rBi? i?2 `2bmHib Q7 h?2Q`2K kX q2 +�M mb2 i?2
b�K2 `2+BT2 iQ ;2i i?2 72@}Hi`�iBQM i?2i� +v+H2 7Q` f ,

(Ryy- ey- Ry9- Rye- Ry3- e3- RRk- RR9- d9- de- d3- 3y- 3k- 39- 3e- 33-
Ny- Nk- N9- Ne- N3- Ryy- Ryk- Ry9- Rye- Ry3- e3- RRk- RR9- d9- de- Rky-

3y- 9y- 39- 3e- 33- Ny- Nk- N9- Ne- N3)X

aBM+2 f ̸≡ 0 (KQ/ 7)- 7 ! 12 �M/ w7(f) = 12 U�b i?2 +Q``2bTQM/BM; BbQ#�`B+ TQHvMQKB�H
Bb MQi /BpBbB#H2 #v E6V- r2 b?QmH/ 2tT2+i

w72(θf̃) = 12 + 2 + 2× 7× 6 = 98,

#v h?2Q`2K j- r?B+? K�i+?2b w72(θϕ(7
2)+1f̃) 7`QK i?2 +�H+mH�iBQM �#Qp2X h?Bb Bb BM/22/

S�;2 j3
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iQ #2 2tT2+i2/- �b Bi im`Mb Qmi f Bb bmT2`bBM;mH�`X q2 �HbQ MQi2 i?�i

w72(θ
3f̃) = 60 = 12 + 2 · 3 + 42

w72(θ
7f̃) = 68 = 12 + 2 · 7 + 42

w72(θ
10f̃) = 74 = 12 + 2 · 10 + 42

w72(θ
14f̃) = 82 = 12 + 2 · 14 + 42

w72(θ
17f̃) = 88 = 12 + 2 · 17 + 42

w72(θ
21f̃) = 96 = 12 + 2 · 21 + 42

w72(θ
24f̃) = 102 = 12 + 2 · 24 + 42

w72(θ
28f̃) = 68 = 12 + 2 · 28 + 0 · 42

w72(θ
31f̃) = 74 = 12 + 2 · 31 + 0 · 42

w72(θ
35f̃) = 40 = 12 + 2 · 35 + (−1) · 42

w72(θ
42f̃) = 96 = 12 + 2 · 42 + 0 · 42,

r?B+? K�i+?2b r?�i EBK �M/ G22 T`2/B+i BM h?2Q`2K 9X
h?2 KQbi +QKTmi�iBQM�HHv 2tT2MbBp2 T�`i Q7 i?Bb `2+BT2 b22Kb iQ #2 i?2 72i+?BM;

Q7 i?2 q@BMi2;`�H #�b2b- r?B+? i�F2b � HQM; iBK2 7Q` ?B;?2` H2p2H N �b KQ`2 T`2+BbBQM Bb
M22/2/ BM i?2 #�bBb 2H2K2Mib /m2 iQ i?2 BM+`2�bBM; aim`K #QmM/X AM �TT2M/Bt 8- r2 i?mb
+QKTmi2 i?2 pm@}Hi`�iBQM i?2i� +v+H2b 7Q` bQK2 KQ/mH�` 7Q`Kb Q7 H2p2H N = 1, 2X q2
�HbQ `2bi`B+i iQ m " 3 �M/ p = 5, 7, 11 iQ T`2p2Mi i?2 +v+H2b 7`QK ;2iiBM; BKT`�+iB+�HHv
HQM;X q2 �HbQ +QMbB/2` QMHv r2B;?i k +QT`BK2 iQ p- �M/ H2p2H N +QT`BK2 iQ pX

S�;2 jN
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9 *QM+HmbBQM
AM i?Bb i?2bBb- r2 T`2b2Mi2/ i?2 i?2Q`v Q7 KQ/mH�` 7Q`Kb KQ/mHQ TQr2`b Q7 T`BK2b BM
Q`/2` iQ bim/v i?2B` pm@}Hi`�iBQM i?2i� +v+H2bX "v /2}MBM; +H�bbB+�H KQ/mH�` 7Q`Kb
#Qi? BM �M �M�HviB+ r�v Ub22 ȜRXRXRV �M/ �H;2#`�B+@;2QK2i`B+ r�v Ub22 .2}MBiBQM 8V-
�M/ T`QpBM; i?2 2[mBp�H2M+2 Q7 i?2b2 irQ /2}MBiBQMb mM/2` +2`i�BM +B`+mKbi�M+2b Ub22
h?2Q`2K 9V- *?2M �M/ EBKBM; T`Qp2 i?2 `2bmHi Ub22 G2KK� 3V i?�i i?2 p@}Hi`�iBQM Q7
� KQ/mH�` 7Q`K Q7 2t�+i }Hi`�iBQM κ ̸= p KmHiBTHB2/ #v Ep+1 Bb bBKTHv κ + p + 1X h?Bb
�HHQrb i?2K iQ T`Qp2 i?2 +�b2 Q7 2[m�HBiv BM i?2B` K�BM `2bmHi Ub22 h?2Q`2K jV QM i?2
2z2+i Q7 θ QM i?2 pm@}Hi`�iBQMX

�M BKTQ`i�Mi i�F2�r�v Bb i?�i Bi Bb Km+? ?�`/2` iQ +�H+mH�i2 HQr2` #QmM/b 7Q` i?2
pm@}Hi`�iBQM Q7 � KQ/mH�` 7Q`K Q7 �`#Bi`�`v r2B;?i- r?B+? K�F2b G2KK� 3 �M BKTQ`i�Mi
`2bmHiX AM/22/- Bi b22Kb � KQ`2 i`�+i�#H2 �TT`Q�+? iQ mb2 �H;2#`�B+@;2QK2i`B+ T`QT2`iB2b
Q7 KQ/mH�` 7Q`Kb iQ T`Qp2 HQr2` #QmM/b U�b BM i?2 T`QQ7 Q7 G2KK� 3VX LQM2i?2H2bb- r2
+�M /2/m+2- 7Q` 2t�KTH2- KQ/2bi `2bi`B+iBQMb QM i?2 2z2+i Q7 ∂ QM i?2 pm@}Hi`�iBQM 7Q`
HQr r2B;?ib Ub22 S`QTQbBiBQM RjVX

q?BHbi +H�bbB7vBM; p@}Hi`�iBQM i?2i� +v+H2b Bb �M QH/ T`Q#H2K rBi? K�Mv `2bmHib Ub22-
7Q` 2t�KTH2- S`QTQbBiBQM jXj BM (e)V- +H�bbB7vBM; pm@}Hi`�iBQM i?2i� +v+H2b 7Q` m ! 2 Bb �
Km+? M2r2` �M/ b22KBM;Hv KQ`2 /B{+mHi T`Q#H2KX EBK �M/ G22Ƕb `2bmHib BM (Rj) 7`QK
kykj T`QpB/2 bQK2 mTT2` #QmM/b QM i?2 }Hi`�iBQMb 7Q` ;2M2`�H m Ub22 h?2Q`2K 9V- �M/
bQK2 2t�+i `2bmHib 7Q` +2`i�BM +H�bb2b Q7 KQ/mH�` 7Q`Kb rBi? m = 2 Ub22 h?2Q`2K RX3 BM
(Rj)VX q2 +QM+Hm/2/ Qm` bim/v #v QmiHBMBM; � ;2M2`�H �TT`Q�+? iQ mb2 a�;2 iQ +QKTmi2
i?2b2 i?2i� +v+H2b- rBi? i?2 ;Q�H Q7 bmTTH2K2MiBM; i?2 +QMi2KTQ`�`v BMi2`2bi BM i?2b2
Q#D2+ibX

�7i2` +QKTmiBM; bQK2 pm@}Hi`�iBQM i?2i� +v+H2b 7Q` m ! 2 Ub22 Ȝ8V- bi`B+i +QK@
Tmi�iBQM�H HBKBi�iBQMb �`Qb2 �b i?2 H2p2H N BM+`2�b2b �M/ i?2 TQr2` m BM+`2�b2bX aBM+2
i?2b2 HBKBi�iBQMb Qbi2MbB#Hv 2K2`;2 7`QK i?2 BMi2`M�H Bbbm2 Q7 a�;2 72i+?BM; #�b2b- Bi Bb
MQi +H2�` ?Qr iQ Qp2`+QK2 i?2b2 +2BHBM;bX PM2 B/2� Bb iQ +`2�i2 � ?�b? i�#H2 Q7 #�b2b
7Q` i?2 `2H2p�Mi +H�bb2b Q7 KQ/mH�` 7Q`Kb Q7 �HH 2p2M r2B;?ib mT iQ bQK2 H�`;2 MmK#2`X
q?BH2 +QKTmi�iBQM�HHv 2tT2MbBp2- i?Bb �pQB/b a�;2 `2T2�i2/Hv 72i+?BM; i?2 b�K2 #�b2b
r?2M +QKTmiBM; i?2b2 i?2i� +v+H2bX

S�;2 9y
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_272`2M+2b
(R) "�BHv- C`X- qX GX (RN3k)- ǵh?2Q`2Kb QM i?2 }MBi2 ;2M2`�iBQM Q7 �H;2#`�b Q7 KQ/mH�`

7Q`KbǶ- �K2`X CX J�i?X Ry9UjV- e98Ĝe3kX

(k) "mBMB2`- C�M >2M/`BF �M/ p�M /2` :22`- :2`�`/ �M/ >�`/2`- :ɃMi2` �M/ w�;B2`-
.QM (kyy3)- h?2 R@k@j Q7 JQ/mH�` 6Q`Kb- G2+im`2b 7`QK i?2 bmKK2` b+?QQH QM
JQ/mH�` 6Q`Kb �M/ i?2B` �TTHB+�iBQMb BM LQ`/7DQ`/2B/- LQ`r�v- aT`BM;2`X

(j) *�`HBix- GX (RN8j)- ǵaQK2 i?2Q`2Kb QM EmKK2`Ƕb +QM;`m2M+2bǶ- .mF2 J�i?X CX
ky- 9kjĜ9jRX

(9) *?2M- AX �M/ EBKBM;- AX (kyRe)- ǵPM h?2 h?2i� PT2`�iQ` 6Q` JQ/mH�` 6Q`Kb
JQ/mHQ S`BK2 SQr2`bǶ- J�i?2K�iBF� ekUkV- jkRĜjjeX

(8) .B�KQM/- 6X �M/ AK- CX (RNN8)- JQ/mH�` 7Q`Kb �M/ KQ/mH�` +m`p2b- BM ǵa2KBM�` QM
62`K�iǶb G�bi h?2Q`2K UhQ`QMiQ- PL- RNNjĜRNN9VǶ- oQHX Rd Q7 *Ja *QM7X S`Q+X-
�K2`X J�i?X aQ+X- S`QpB/2M+2- _A- TTX jNĜRjjX

(e) 1/Bt?Qp2M- "X (RNNk)- ǵh?2 r2B;?i BM a2``2Ƕb +QMD2+im`2b QM KQ/mH�` 7Q`KbǶ- AMp2MiX
J�i?X RyNUjV- 8ejĜ8N9X

(d) :Q`2M- 1v�H wX (kyyk)- G2+im`2b QM >BH#2`i JQ/mH�` o�`B2iB2b �M/ JQ/mH�` 6Q`Kb-
oQHX R9 Q7 *_J JQMQ;`�T? a2`B2b- �K2`B+�M J�i?2K�iB+�H aQ+B2ivX

(3) >BDBF�i�- >X- SBx2`- �X EX �M/ a?2K�MbF2- hX _X (RN3N)- ǵh?2 #�bBb T`Q#H2K 7Q`
KQ/mH�` 7Q`Kb QM Γ0(N)Ƕ- J2KX �K2`X J�i?X aQ+X 3kU9R3V- pBYR8NX

(N) A;mb�- CX@BX (RN83)- ǵ*H�bb MmK#2` Q7 � /2}MBi2 [m�i2`MBQM rBi? T`BK2 /Bb+`BKBM�MiǶ-
S`Q+X L�iX �+�/X a+BX lXaX�X 99- jRkĜjR9X

(Ry) CQ?MbQM- qX (RNd8)- ǵp@�/B+ T`QQ7b Q7 *QM;`m2M+2b 7Q` i?2 "2`MQmHHB LmK#2`bǶ-
CQm`M�H Q7 LmK#2` h?2Q`v d- k8RĜke8X

(RR) E�ix- LX JX (RNdj)- p@�/B+ T`QT2`iB2b Q7 KQ/mH�` b+?2K2b �M/ KQ/mH�` 7Q`Kb-
BM ǵJQ/mH�` 7mM+iBQMb Q7 QM2 p�`B�#H2- AAA US`Q+X AMi2`M�iX amKK2` a+?QQH- lMBpX
�Mir2`T- �Mir2`T- RNdkVǶ- G2+im`2 LQi2b BM J�i?X- oQHX j8y- aT`BM;2`- "2`HBM-
TTX eNĜRNyX
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(Rk) E�ix- LX JX (RNdd)- � `2bmHi QM KQ/mH�` 7Q`Kb BM +?�`�+i2`BbiB+ p- BM ǵJQ/mH�`
7mM+iBQMb Q7 QM2 p�`B�#H2- o US`Q+X a2+QM/ AMi2`M�iX *QM7X- lMBpX "QMM- "QMM-
RNdeVǶ- G2+im`2 LQi2b BM J�i?X- oQHX eyR- aT`BM;2`- "2`HBM@L2r uQ`F- TTX 8jĜeRX

(Rj) EBK- CX �M/ G22- uX (kykR)- ǵh?2 i?2i� +v+H2b 7Q` KQ/mH�` 7Q`Kb KQ/mHQ T`BK2
TQr2`bǶ- 6Q`mK J�i?2K�iB+mK yk39X

(R9) a2``2- CX@SX (RNdj�)- *QM;`m2M+2b 2i 7Q`K2b KQ/mH�B`2b (/Ƕ�T`ĕb >X SX 6X
arBMM2`iQM@.v2`)- BM ǵaûKBM�B`2 "Qm`#�FB- k9ĕK2 �MMû2 URNdRfRNdkVǶ- G2+im`2
LQi2b BM J�i?X- oQHX jRd- aT`BM;2`- "2`HBM- TTX 1tTX LQX 9Re- TTX jRNĜjj3X

(R8) a2``2- CX@SX (RNdj#)- 6Q`K2b KQ/mH�B`2b 2i 7QM+iBQMb xāi� p@�/B[m2b- oQHX j8y Q7
G2+im`2 LQi2b BM J�i?2K�iB+b UJQ/mH�` 6mM+iBQMb Q7 PM2 o�`B�#H2 AAAV- aT`BM;2`X

(Re) a?BKm`�- :X (RNdR)- AMi`Q/m+iBQM iQ i?2 �`Bi?K2iB+ i?2Q`v Q7 �miQKQ`T?B+ 7mM+iBQMb-
E�MƬ J2KQ`B�H G2+im`2b- LQX R- Ar�M�KB a?Qi2M Sm#HBb?2`b- hQFvQc S`BM+2iQM
lMBp2`bBiv S`2bb- S`BM+2iQM- LCX Sm#HB+�iBQMb Q7 i?2 J�i?2K�iB+�H aQ+B2iv Q7
C�T�M- LQX RRX

(Rd) ai2BM- qX (kyyd)- JQ/mH�` 7Q`Kb- � +QKTmi�iBQM�H �TT`Q�+?- oQHX dN Q7 :`�/m�i2
aim/B2b BM J�i?2K�iB+b- �K2`B+�M J�i?2K�iB+�H aQ+B2iv- S`QpB/2M+2- _AX qBi?
�M �TT2M/Bt #v S�mH 1X :mMM2HHbX

(R3) arBMM2`iQM@.v2`- >X SX 6X (RNdj)- PM l@�/B+ `2T`2b2Mi�iBQMb �M/ +QM;`m2M+2b 7Q`
+Q2{+B2Mib Q7 KQ/mH�` 7Q`Kb- BM ǵJQ/mH�` 7mM+iBQMb Q7 QM2 p�`B�#H2- AAA US`Q+X AM@
i2`M�iX amKK2` a+?QQH- lMBpX �Mir2`T- �Mir2`T- RNdkVǶ- G2+im`2 LQi2b BM J�i?X-
oQHX j8y- aT`BM;2`- "2`HBM@L2r uQ`F- TTX RĜ88X

S�;2 9k
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8 �TT2M/Bt
h?2 a�;2 }H2b `2H2p�Mi iQ i?Bb �TT2M/Bt +�M #2 7QmM/ ?2`2X

8XR G2p2H 1 KQ/mH�` 7Q`Kb
8XRXR *mbT 7Q`Kb

f = *mbT6Q`KbU:�KK�RURV- RkVX[nBMi2;`�Hn#�bBbUV(y)

= [ @ k9 [�k Y k8k [�j @ R9dk [�9 Y 93jy [�8 @ ey93 [�e

@ Red99 [�d Y 3993y [�3 @ RRje9j [�N Y PU[�RyV

=
1

1728

(
Q3 −R2

)

h?2 +v+H2b 7Q` i?Bb f �`2 T`2b2Mi2/ QM i?2 M2ti T�;2 U�b i?2 i�#H2 /Q2b MQi }iVX

S�;2 9j
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m = 1 m = 2 m = 3

p = 5 UR3- k9- jy- RkV
U8e- 83- 9y- 9k- e9- ee- e3-
8y- 8k- 89- de- 83- 9y- 9k-

e9- 9e- 93- dy- dk- 89V

UkR3- Rky- Rkk- kk9- kke- kk3- Rjy-
Rjk- kj9- kje- kj3- R9y- 9k- k99-

k9e- k93- R8y- R8k- k89- k8e- k83-
ey- ek- ke9- kee- ke3- dy- dk-

Rd9- kde- Rd3- 3y- 3k- R39- R3e-
R33- Ny- Nk- RN9- RNe- RN3- Ryy-

Ryk- ky9- kye- ky3- RRy- RRk- kR9-
kRe- kR3- Rky- Rkk- kk9- kke- kk3-
Rjy- Rjk- kj9- kje- kj3- R9y- 9k-

k99- k9e- k93- R8y- R8k- k89- k8e-
k83- ey- ek- ke9- Ree- Re3- dy-
dk- Rd9- Rde- Rd3- 3y- 3k- R39-

R3e- R33- Ny- Nk- RN9- RNe- RN3-
Ryy- Ryk- ky9- kye- ky3- RRy- RRk-

kR9- kReV

p = 7 Uky- k3- Rk- ky- k3- RkV

URyy- ey- Ry9- Rye- Ry3- e3- RRk-
RR9- d9- de- d3- 3y- 3k- 39-
3e- 33- Ny- Nk- N9- Ne- N3-

Ryy- Ryk- Ry9- Rye- Ry3- e3- RRk-
RR9- d9- de- Rky- 3y- 9y- 39-
3e- 33- Ny- Nk- N9- Ne- N3V

UjRk- ey3- eRy- eRk- jky- eRe- eR3-
jke- ekk- ek9- eke- jj9- ejy- ejk-
j9y- eje- ej3- e9y- j93- e99- e9e-
j89- e8y- e8k- e89- jek- e83- eey-
je3- ee9- eee- ee3- 3k- edk- ed9-
33- ed3- e3y- e3k- Ne- e3e- e33-

Ryk- eNk- eN9- eNe- RRy- dyy- dyk-
RRe- 9Rk- dy3- 9Re- Rk9- 9ky- 9kk-
Rjy- 9ke- 9k3- 9jy- Rj3- 9j9- 9je-
R99- 99y- 99k- 999- R8k- 993- 98y-
R83- 989- 98e- 983- Ree- 9ek- 9e9-
Rdk- 9e3- 9dy- 9dk- R3y- 9de- 9d3-
R3e- 93k- 939- 93e- RN9- 9Ny- 9Nk-
kyy- 9Ne- 9N3- 8yy- ky3- 8y9- 8ye-
kR9- 8Ry- 8Rk- 8R9- kkk- 8R3- 8ky-
kk3- 8k9- 8ke- 8k3- kje- 8jk- 8j9-
k9k- 8j3- 89y- 89k- k8y- 89e- 893-
k8e- 88k- 889- 88e- ke9- 8ey- 8ek-
kdy- 8ee- 8e3- 8dy- kd3- 8d9- 8de-
k39- 83y- 83k- 839- kNk- 833- 8Ny-
kN3- 8N9- 8Ne- 8N3- jye- eyk- ey9-
jRk- ey3- eRy- eRk- jky- eRe- eR3-
jke- ekk- ek9- eke- jj9- ejy- ejk-
j9y- eje- ej3- e9y- j93- e99- e9e-
j89- e8y- e8k- e89- e3- e83- eey-

je3- ee9- eee- ee3- jde- edk- ed9-
j3k- ed3- e3y- e3k- jNy- e3e- e33-
jNe- eNk- eN9- eNe- 9y9- dyy- dyk-
9Ry- 9Rk- dy3- 9Re- Rk9- 9ky- 9kk-
Rjy- 9ke- 9k3- 9jy- Rj3- 9j9- 9je-
R99- 99y- 99k- 999- R8k- 993- 98y-
R83- 989- 98e- 983- Ree- 9ek- 9e9-
Rdk- 9e3- 9dy- 9dk- R3y- 9de- 9d3-
R3e- 93k- 939- 93e- RN9- 9Ny- 9Nk-
kyy- 9Ne- 9N3- 8yy- ky3- 8y9- 8ye-
kR9- 8Ry- 8Rk- 8R9- kkk- 8R3- 8ky-
kk3- 8k9- 8ke- 8k3- kje- 8jk- 8j9-
k9k- 8j3- 89y- 89k- k8y- 89e- 893-
k8e- 88k- 889- 88e- ke9- 8ey- 8ek-
kdy- 8ee- 8e3- 8dy- kd3- 8d9- 8de-
k39- 83y- 83k- 839- kNk- 833- 8Ny-
kN3- 8N9- 8Ne- 8N3- jye- eyk- ey9V
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= [ Y kRe [�k @ jj93 [�j Y Rj333 [�9 Y 8kRRy [�8 Y PU[�eV

=
1

1728

(
Q4 −R2Q
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m = 1 m = 2 m = 3

p = 5 UR3- k9- jy- RkV
Uey- ek- e9- 9e- 93- jy- 8k-
89- je- 83- ey- 9k- e9- ee-

e3- 8y- 8k- 89- de- 83V

Ukkk- kk9- Rke- kk3- kjy- kjk- kj9-
Rje- kj3- k9y- k9k- k99- R9e- k93-
k8y- k8k- k89- R8e- k83- key- kek-

ke9- ee- Re3- kdy- kdk- Rd9- de-
Rd3- R3y- R3k- R39- 3e- R33- RNy-
RNk- RN9- Ne- RN3- kyy- kyk- ky9-

Rye- ky3- kRy- kRk- kR9- RRe- kR3-
kky- kkk- kk9- Rke- kk3- kjy- kjk-
kj9- Rje- kj3- k9y- k9k- k99- 9e-
k93- k8y- k8k- k89- 8e- k83- key-
Rek- ke9- ee- ke3- Rdy- Rdk- Rd9-
Rde- Rd3- R3y- R3k- R39- 3e- R33-
RNy- RNk- RN9- Ne- RN3- kyy- kyk-

ky9- Rye- ky3- kRy- kRk- kR9- RRe-
kR3- kkyV

p = 7 Uk9- jk- 9y- 93- 8e- ReV

URy9- Rye- Ry3- RRy- dy- dk- RRe-
RR3- Rky- Rkk- Rk9- 39- 3e- 33-

Rjk- Rj9- Rje- Ne- N3- Ryy- Ryk-
Ry9- R93- Ry3- RRy- RRk- RR9- RRe-

RR3- d3- 3y- Rk9- 39- 3e- Rjy-
93- Nk- 8k- Ne- R9y- R9k- RykV

UeRy- eRk- eR9- jkk- jk9- eky- ekk-
ek9- eke- ek3- jje- jj3- ej9- eje-
ej3- e9y- e9k- j8y- j8k- e93- e8y-
e8k- e89- e8e- je9- jee- eek- ee9-
eee- ee3- edy- jd3- 3e- ede- ed3-

e3y- e3k- e39- jNk- jN9- eNy- eNk-
eN9- eNe- eN3- RRk- RR9- dy9- dye-
dy3- dRy- dRk- Rke- Rk3- 9k9- dky-
dkk- dk9- 9jk- R9y- R9k- 9j3- 99y-
dje- 999- 99e- R89- R8e- 98k- 989-
98e- 983- 9ey- Re3- Rdy- 9ee- 9e3-
9dy- 9dk- 9d9- R3k- R39- 93y- 93k-
939- 93e- 933- RNe- RN3- 9N9- 9Ne-
9N3- 8yy- 8yk- kRy- kRk- 8y3- 8Ry-
8Rk- 8R9- 8Re- kk9- kke- 8kk- 8k9-
8ke- 8k3- 8jy- kj3- k9y- 8je- 8j3-
89y- 89k- 899- k8k- k89- 88y- 88k-
889- 88e- 883- kee- ke3- 8e9- 8ee-
8e3- 8dy- 8dk- k3y- k3k- 8d3- 83y-
83k- 839- 83e- kN9- kNe- 8Nk- 8N9-
8Ne- 8N3- eyy- jy3- jRy- eye- ey3-
eRy- eRk- eR9- jkk- jk9- eky- ekk-
ek9- eke- ek3- jje- jj3- ej9- eje-
ej3- e9y- e9k- j8y- j8k- e93- e8y-

e8k- e89- e8e- dy- dk- eek- ee9-
eee- ee3- edy- jd3- j3y- ede- ed3-
e3y- e3k- e39- jNk- jN9- eNy- eNk-
eN9- eNe- eN3- 9ye- 9y3- dy9- dye-
9R9- 9Re- dRk- Rke- Rk3- dR3- 9ke-
9k3- 9jy- 9jk- R9y- R9k- 9j3- 99y-
99k- 999- 99e- R89- R8e- 98k- 989-
98e- 983- 9ey- Re3- Rdy- 9ee- 9e3-
9dy- 9dk- 9d9- R3k- R39- 93y- 93k-
939- 93e- 933- RNe- RN3- 9N9- 9Ne-
9N3- 8yy- 8yk- kRy- kRk- 8y3- 8Ry-
8Rk- 8R9- 8Re- kk9- kke- 8kk- 8k9-
8ke- 8k3- 8jy- kj3- k9y- 8je- 8j3-
89y- 89k- 899- k8k- k89- 88y- 88k-
889- 88e- 883- kee- ke3- 8e9- 8ee-
8e3- 8dy- 8dk- k3y- k3k- 8d3- 83y-
83k- 839- 83e- kN9- kNe- 8Nk- 8N9-
8Ne- 8N3- eyy- jy3- jRy- eye- ey3V
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f = JQ/mH�`6Q`KbU:�KK�RURV- 9VX[nBMi2;`�Hn#�bBbUV(y)

= R Y k9y [ Y kRey [�k Y edky [�j Y Rd8ky [�9 Y jyk9y [�8 Y PU[�eV

= Q

m = 1 m = 2 m = 3

p = 7 URk- ky- k3- Rk- ky- k3V

UNk- N9- 89- N3- Ryy- ey- Ry9-
Rye- Ry3- e3- RRk- RR9- d9- de-

Rky- 3y- 3k- 39- 3e- 33- Ny-
Nk- N9- Ne- N3- Ryy- Ryk- Ry9-

Rye- Ry3- e3- RRk- RR9- d9- de-
Rky- 3y- 3k- 39- 3e- 9e- NyV

U8N3- jye- eyk- ey9- jRk- ey3- eRy-
eRk- jky- eRe- eR3- jke- ekk- ek9-
eke- jj9- ejy- ejk- j9y- eje- ej3-
e9y- j93- e99- e9e- j89- e8y- e8k-
e89- jek- e83- eey- je3- ee9- eee-
ee3- jde- edk- ed9- 33- ed3- e3y-
e3k- Ne- e3e- e33- Ryk- eNk- eN9-

eNe- RRy- dyy- dyk- RRe- 9Rk- dy3-
9Re- Rk9- 9ky- 9kk- Rjy- 9ke- 9k3-
9jy- Rj3- 9j9- 9je- R99- 99y- 99k-
999- R8k- 993- 98y- R83- 989- 98e-
983- Ree- 9ek- 9e9- Rdk- 9e3- 9dy-
9dk- R3y- 9de- 9d3- R3e- 93k- 939-
93e- RN9- 9Ny- 9Nk- kyy- 9Ne- 9N3-
8yy- ky3- 8y9- 8ye- kR9- 8Ry- 8Rk-
8R9- kkk- 8R3- 8ky- kk3- 8k9- 8ke-
8k3- kje- 8jk- 8j9- k9k- 8j3- 89y-
89k- k8y- 89e- 893- k8e- 88k- 889-
88e- ke9- 8ey- 8ek- kdy- 8ee- 8e3-
8dy- kd3- 8d9- 8de- k39- 83y- 83k-
839- kNk- 833- 8Ny- kN3- 8N9- 8Ne-
8N3- jye- eyk- ey9- jRk- ey3- eRy-
eRk- jky- eRe- eR3- jke- ekk- ek9-
eke- jj9- ejy- ejk- j9y- eje- ej3-
e9y- j93- e99- e9e- j89- e8y- e8k-
e89- jek- e83- eey- je3- ee9- eee-
ee3- jde- edk- ed9- j3k- ed3- e3y-
e3k- jNy- e3e- e33- jNe- eNk- eN9-
eNe- 9y9- dyy- dyk- 9Ry- 9Rk- dy3-
9Re- Rk9- 9ky- 9kk- Rjy- 9ke- 9k3-
9jy- Rj3- 9j9- 9je- R99- 99y- 99k-
999- R8k- 993- 98y- R83- 989- 98e-
983- Ree- 9ek- 9e9- Rdk- 9e3- 9dy-
9dk- R3y- 9de- 9d3- R3e- 93k- 939-
93e- RN9- 9Ny- 9Nk- kyy- 9Ne- 9N3-
8yy- ky3- 8y9- 8ye- kR9- 8Ry- 8Rk-
8R9- kkk- 8R3- 8ky- kk3- 8k9- 8ke-
8k3- kje- 8jk- 8j9- k9k- 8j3- 89y-
89k- k8y- 89e- 893- k8e- 88k- 889-
88e- ke9- 8ey- 8ek- kdy- 8ee- 8e3-
8dy- kd3- 8d9- 8de- k39- 83y- 83k-
839- kNk- 833- 8Ny- kN3- 8N9- 8NeV

p = 11 URe- k3- 9y- 8k- e9- de- 33-
ky- jk- 99V

Ukk3- kjy- kjk- kj9- kje- kj3- Rjy-
k9k- k99- Rje- k93- k8y- k8k- k89-
k8e- k83- key- R8k- ke9- kee- R83-
Rey- kdk- kd9- kde- kd3- k3y- Rdk-
Rd9- Rde- e3- R3y- R3k- R39- kNe-

kN3- jyy- RNk- RN9- RNe- RN3- kyy-
kyk- ky9- kye- ky3- jky- kRk- kR9-
kRe- kR3- kky- kkk- kk9- kke- kk3-
kjy- kjk- kj9- kje- kj3- k9y- k9k-
k99- k9e- k93- k8y- k8k- k89- k8e-
R93- key- kek- ke9- kee- ke3- kdy-
Rek- Re9- kde- Re3- Rdy- Rdk- k39-
Rde- Rd3- kNy- R3k- R39- R3e- R33-
RNy- RNk- RN9- RNe- jy3- jRy- kyk-
ky9- kye- ky3- kRy- kRk- kR9- kRe-

kR3- kky- kkk- RR9- kkeV
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= R

m = 1 m = 2 m = 3

p = 5 URk- R3- k9- jyV
U8y- 8k- 89- je- 83- ey- ek-
e9- 9e- k3- dy- dk- 89- 8e-

83- ey- 9k- e9- 9e- e3V

UkRk- kR9- RRe- kR3- kky- kkk- kk9-
Rke- kk3- kjy- kjk- kj9- Rje- kj3-
k9y- k9k- k99- R9e- k93- k8y- k8k-
k89- R8e- k83- key- kek- ke9- ee-
Re3- kdy- kdk- Rd9- de- Rd3- R3y-
R3k- R39- 3e- R33- RNy- RNk- RN9-
Ne- RN3- kyy- kyk- ky9- Rye- ky3-

kRy- kRk- kR9- RRe- kR3- kky- kkk-
kk9- Rke- kk3- kjy- kjk- kj9- Rje-
kj3- k9y- k9k- k99- R9e- k93- k8y-
k8k- k89- R8e- k83- key- Rek- ke9-

ee- ke3- Rdy- Rdk- Rd9- de- Rd3-
R3y- R3k- R39- 3e- R33- RNy- RNk-
RN9- Ne- RN3- kyy- kyk- ky9- Rye-

ky3- kRyV

p = 11 UR3- jy- 9k- 89- ee- R3- jy-
9k- 89- eeV

Ukjy- kjk- kj9- kje- Rk3- k9y- k9k-
k99- k9e- Rj3- k8y- k8k- k89- k8e-
k83- R8y- kek- ke9- kee- ke3- Rey-
Rek- kd9- kde- kd3- Rdy- Rdk- Rd9-
k3e- k33- R3y- R3k- R39- R3e- kN3-
RNy- RNk- RN9- RNe- RN3- Ny- kyk-

ky9- kye- ky3- kRy- kRk- kR9- kRe-
kR3- kky- kkk- kk9- kke- kk3- kjy-
kjk- kj9- kje- kj3- k9y- k9k- k99-
k9e- k93- k8y- k8k- k89- k8e- k83-
R8y- kek- R89- R8e- ke3- Rey- Rek-
kd9- kde- kd3- Rdy- Rdk- Rd9- k3e-
k33- R3y- R3k- R39- R3e- kN3- RNy-
RNk- RN9- RNe- RN3- kyy- kyk- ky9-
kye- ky3- kRy- kRk- kR9- kRe- kR3-

kky- kkk- kk9- RRe- kk3V
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= [ @ 3 [�k Y Rk [�j Y e9 [�9 @ kRy [�8 @ Ne [�e

Y RyRe [�d @ 8Rk [�3 @ ky9j [�N Y PU[�RyV

m = 1 m = 2

p = 5 UR9- ky- Ry- 3V
U8k- j9- 8e- j3- ey- ek- 99-
9e- 93- 8y- jk- 89- 8e- 83-

9y- 9k- 99- ee- 93- 8yV

p = 7 URe- k9- jk- 9y- 93- 8eV

UNe- N3- Ryy- Ryk- Ry9- e9- Ry3-
RRy- dy- dk- RRe- RR3- d3- 3y-

Rk9- Rke- Rk3- Rjy- Ny- Nk- N9-
Ne- R9y- R9k- Ryk- Ry9- Rye- Ry3-
RRy- RRk- jy- RRe- RR3- Rky- Rkk-

Rk9- 39- 3e- 33- Rjk- Nk- RjeV
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m = 1 m = 2

p = 5 UR3- k9- jy- RkV
U8e- 83- 9y- 9k- e9- ee- e3-
8y- 8k- 89- de- 83- 9y- 9k-

e9- 9e- 93- dy- dk- 89V

p = 7 Uky- k3- Rk- ky- k3- RkV

URyy- ey- Ry9- Rye- Ry3- e3- RRk-
RR9- d9- de- d3- 3y- 3k- 39-
3e- 33- Ny- Nk- N9- Ne- N3-

Ryy- Ryk- Ry9- Rye- Ry3- e3- RRk-
RR9- d9- de- Rky- 3y- 9y- 39-
3e- 33- Ny- Nk- N9- Ne- N3V
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